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On Crazing of Linear High Polymers* 


C. C. Hstao ann J. A. SAUER 
The Pennsylvania State College, State College, Pennsylvania 


(Received April 21, 1950) 


The effect of various variables, such as type of stress, stress magnitude, duration of stressing, and environ- 
ment on the initiation and development of crazing in linear polymers is discussed. The basic nature of 
crazing is investigated in some detail for polystyrene specimens by means of the light microscope, the 
electron microscope and the x-ray spectrometer. The results of these observations and their bearing on the 
fundamental group structure of polystyrene molecules is presented. 

The relationship between crazing and orientation is discussed, as well as the effect of both of these factors 
on the mechanical properties. The experimental results are compared, wherever possible, with the previously 
reported data of other investigators. A short discussion is then given of a theory of crazing from the point of 


view of the molecular structure of the material. 





INTRODUCTION 


HE phenomenon of crazing of thermoplastic ma- 

terials, especially polystyrene, has been under 
intensive investigation recently by many scientists.!~* 
One of the aims of this research is to discover the cause 
of crazing and to find methods of eliminating it, if 
possible. The inception and subsequent growth of 
crazing are undesirable features that tend to destroy 
optical transparency and influence the mechanical be- 
havior. Although considerable information is now avail- 
able on the macroscopic effects of crazing and their 
relation with other variables such as birefringence, 
tensile stress, temperature, etc., the basic nature of 
crazing from the viewpoint of the molecular structure 
of the material is still not very well understood. It seems 


* This invited paper was presented at the meeting of the Divi- 
sion of High Polymer Physics of the American Physical Society 
in New York City, February 4, 1950. 

1E. W. Russell, Studies on Polymethyl Methacrylate, Part ITI— 
Crazing Effects, Report No. Chem. 447, Royal Aircraft Establish- 
ment, Farnborough Hants, England (August, 1948). Nature, 
London, No. 4186, 165, 91 (1950). 
ven Maxwell and L. F. Rahm, Ind. Eng. Chem. 41, 1988 

49). 

*J. R. McLoughlin, Crazing of Polystyrene Films, Plastics 
Laboratory Technical Report 12B, Princeton University, Prince- 
ton, New Jersey (December 15, 1948). 

*B. Maxwell and L. F. Rahm, Factors Affecting the Crazing of 
Polystyrene, Plastics Laboratory Technical Report 14B, Princeton 
University, Princeton, New Jersey (May 5, 1949). 

‘J. A. Sauer, J. Marin, and C. C. Hsiao, J. App. Phys. 20, 
507 (1949). 


advisable, therefore, not only to investigate and record 
the various external manifestations of this general 
phenomenon but to examine critically the fundamental 
nature of crazing from the microscopic and submicro- 
scopic viewpoint. This is the intent of the present 
investigation which reports the results of observations 
made with the light microscope, the electron microscope 
and the x-ray spectrometer. It is hoped that the results 
of this investigation will aid in providing a better 
understanding of the crazing of linear high polymers 
in general. 


DEFINITION OF CRAZING AND GENERAL 
OBSERVATIONS 

By “crazing” of thermoplastic materials is meant the 
development of a state in which the normal optical 
transparency of the material is reduced. For such 
thermoplastics as polystyrene or polymethyl methac- 
rylate, crazing may be described in terms of the 
development of mechanical cracks visible to the naked 
eye' or as a blushing of the material produced by the 
scattering and reflection of light.’ Several different 
patterns of crazing have been observed. Russell' has 
classified them as stress crazing, solvent crazing and 
combinations of the two. Maxwell and Rahm* have like- 
wise reported observations of crazing produced both by 
application of stress and by solvent action. Sauer, 
Marin and Hsiao® have shown pictures of stress crazing 
occurring on the fracture surfaces of tension and bending 
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Fic. 1. Crazing cracks in polystyrene. 


creep specimens of polystyrene subject to different 
stresses and different durations of load application. The 
latter authors have also summarized? their observations 
of the phenomena of stress crazing and interpreted the 
phenomena observed in terms of changes of molecular 
structure. It was their feeling that crazing is not merely 
a mechanical crack phenomenon, although it may be 
and frequently is closely associated with visible me- 
chanical cracks. 

In order to differentiate between these somewhat 
different descriptions of essentially the same phenome- 
non, we will consider ‘“‘crazing cracks” to be the visible 
cracks produced only after “crazing,” in the form of 
real but submicroscopic discontinuities, has previously 
come into existence. Crazing may then refer to or be 
observed in the form of a blushing or haze of a pre- 
viously transparent material. In other words, crazing is 
not necessarily actual cracks, but may be some sort of 
infinitesimal openings which are either still within the 
field of molecular attraction or are physically prevented 
by other neighboring molecules from developing into 
cracks. 

The most basic fact about the development of crazing 
in specimens of linear high polymers subject to load is 
that the observed crazing cracks are always found to 
be at right angles to the direction of maximum tensile 
stress. A microphotograph indicating this behavior for 
polystyrene is shown in Fig. 1. If, however, the specimen 
is subject to pure compression rather than tension, no 
crazing will occur. 

Both of the above facts are simultaneously observable 
when a rectangular specimen is subject to pure bending, 
as under this type of stress condition one-half of the 
specimen is subject to tension and the other half to 
compression. Figure 2 shows two views of a polystyrene 
specimen which had been continuously subject to a 
constant bending moment until fracture occurred. The 
left view clearly shows the absence of crazing on the 
compression side of the specimen and its strong presence 
on the tension side. The right view showing the fracture 
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surface reveals on close examination two distinct types 
of cracks; one type is the fracture cracks which spread 
radially outward from a more or less point source 
usually coincident with a flaw, and the second type is 
the crazing cracks which are seen as normal openings 
or planes starting from the surfaces of the specimen. 
Increase of crazing of polystyrene specimens with 
increase of time of load application is shown by the six 
specimens of Fig. 3, each of which was subject to a 
constant tensile stress varying from 3250 p.s.i. for the 
specimen on the left to 5500 p.s.i. for the specimen on 
the right as indicated. The specimens were allowed to 
remain under these stresses until fracture occurred; for 
the 5000-p.s.i. specimen the duration of test was very 
short (minutes), while for the 3250-p.s.i. specimen 
hundreds of hours elapsed before the specimen failed. 
The size, density and depth of penetration of crazing 
openings depends not only on stress and time but also 
on the particular material under investigation. For 
example, it is found that for comparable stress and 
time conditions, the crazing cracks on the surface of 
polymethyl methacrylate specimens are usually larger 
and less dense than those in polystyrene specimens, 
but at the same time, do not extend inward from the 
surface as deeply. This latter fact may be due to the 





Fic. 2. Bending creep specimen of polystyrene showing crazing 
along length and on cross section of tension side of specimen. 
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Fic. 3. Fracture surfaces of crazed tension creep specimens of 
polystyrene subject to different stresses and different durations of 
load application. 


inability of the relatively “brittle” polystyrene speci- 
mens to relieve themselves of high local stress con- 
centrations as readily as the more ductile methacrylate 
specimens. 

Another rather interesting observation is that crazing 
may extend throughout the entire cross-sectional area 
and yet the specimen can continue to carty load even 
though reduced in value. This is well shown by the 
stress-strain curve in Fig. 4 along with that of a standard 
amorphous polystyrene specimen. While the stress- 
strain curve of the crazed specimen indicates that it is 
considerably weaker than the original specimen, it is 
clear that even the entirely crazed regions of a specimen 
can carry considerable stress despite the existence of the 
numerous crazing openings or cracks. The stress-strain 
curve suggests that the material has been locally 
oriented due to stretching as the modulus of elasticity 
of the earlier part of the curve appears to be slightly 
higher than that of the amorphous material. Above 1500 
ps.i., the crazing openings grow rather rapidly into 


7 


visible cracks and fracture of the specimen occurs at 
usual strain values but at lower stress values. 

In order to determine whether any similar damage 
had been done to the apparently non-crazed central 
portions of a tension creep specimen, the crazed outer 
portion of the polystyrene specimen was machined 
off and the remaining central core then subject to 
tension. The stress-strain curve is shown in Fig. 4 and, 
on comparison with that of the original amorphous 
specimen, the change, if any, is seen to be very slight. 
The modulus of elasticity is slightly higher suggesting 
that some short-range orientation of the polymer chains 
might have occurred. Also, a slightly lower ultimate 
strength might be partly due to the existence of sub- 
microscopic crazing cracks too small to be seen. Both 
of these effects are, however, small enough to be caused 
by unavoidable differences between specimens. 

In order to find whether compression would be 
beneficial in eliminating crazing previously produced 
by tension, a piece of a crazed polystyrene specimen 
was compressed and released three different times and 
then tested in tension. Although all the crazing cracks 
had seemingly disappeared after the third compression, 
they reopened after tension was applied. The four stress- 
strain curves are shown in Fig. 5 and the tension 
stress-strain curve is shown to a larger scale in Fig. 4. 
While it is clear that the material does not regain com- 
pletely its original strength, it may be noted that its 
tensile strength is slightly higher than that of the fully 
crazed specimen, perhaps indicating that some of the 
submicroscopic crazing openings have been partially re- 
stored thereby providing some additional resistance to 
loading. 

The most noticeable effects of the compressions were 
the gradual reduction and apparent elimination of the 
crazing planes and the large increase in ductility. 

The effect of the environment on the initiation and 
development of crazing has been studied by running 
tensile creep tests on specimens of polystyrene subject 





| 
a ae 8 | 


I ! ! 

| AMORPHOUS POLYSTYRENE SPECIMEN — | 
| 

| 





| 
| 
| 


’ 








IN 1000 PSI 


| : 
| 4 | 
al I | 








uw 


yp 


——“NON-CRAZED PORTION OF ‘eeaiaie ee CREEP SPECIMEN 7 
| | 


—— 


t 

| 

| 

| 

| 

| CRAZED PORT 
{ ! 


' 1 ' 
JON OF POLYSTYRENE CREEP SPECIMEN | 
a | | 


) 
|| 


Py ft tt | 
i aa 


| 




















2 


\ CRAZED PORTION OF POLYSTYRENE CREEP 
SPECIMEN AFTER PLASTIC FLOW IN COMPRESSION 





TENSILE STRESS 
Ld 
| 
| 
} 


| 





a 

















| 
| 


| | 


| 
| 
ry 1.8 2 22 24 26 28 3 





aan a = 








4 
STRAIN 


IN %& se 


Fic. 4. Stress-strain curves of crazed and non-crazed polystyrene in tension. 
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to various atmospheric conditions. It was observed that 
in dry nitrogen, a specimen crazed rather easily and 
crazing seemed to penetrate deeper than in specimens 
subjected to the same stress in the ordinary atmosphere 
(SO percent R.H.). Less crazing was observed for a 
specimen tested in wet nitrogen. These results seem to 
indicate that water vapor has a healing effect on cracks 
that would otherwise open up under the prevalent 
stress system. This conclusion was subject to additional 
verification by running one creep test on a polystyrene 
specimen completely immersed in water. As expected, 
there was much less penetration of the crazing cracks 
into the specimen. It was also observed that crazing 
could be reduced considerably by coating the exterior 
surfaces of the polystyrene specimen before test. The 
results were somewhat spotty due probably to the fact 
that it was rather difficult to get a continuous uniform 
adherent coating on the square specimen. Nevertheless, 
the particular coating used, a compound of styrene 
monomer recommended for attachment of strain gauges 
to polystyrene specimens, was helpful in reducing 
crazing. 

Crazing can also be produced by action of ultraviolet 
or x-ray radiation. The effect of the radiation is to cause 
depolymerization of the material. After the radiation is 
removed, the material will tend to repolymerize al- 
though a fairly long period of time may be required if 
the temperature is low. On repolymerization, the ma- 
terial will shrink, thereby inducing tensile stresses which 
in turn will cause crazing cracks to open up at right 
angles to the stress direction. Since repolymerization is 
at random, crazing patterns produced by ultraviolet 
radiation show randomly directed crazing openings or 
planes and hence are somewhat similar to crazing 
patterns produced by solvent action. 

Although the external manifestations of crazing are 
now fairly well established for a wide variety of external 
conditions, little is known about their relation to in- 
ternal structural changes of the material itself. If crazing 
could be directly related to elastic or plastic extension 
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Fic. 5. Effect of compression on the stress-strain curve of 
crazed polystyrene specimen in tension. 
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of the chain linkages or to tensile or shear deformatigy 
between individual chains or to other rearrangements of 
the polymer chain structure, a major step in general 
understanding of the phenomena would have been made 
and would unquestionably lead to fruitful suggestions 
concerning its elimination. 

To accomplish the above, the first step would appear 
to be a careful detailed examination of the crazed ang 
non-crazed surfaces by the best means at our disposa| 
so that whatever changes were present could be de. 
tected. This examination is made first visually, then by 
the light microscope and finally by the electron micro. 
scope. In addition, a study has also been made of the 
crazed and non-crazed portions of the specimen using 
x-ray diffraction methods. The results of this genera] 
examination are now presented. 


DETAILED DESCRIPTION OF A PARTIALLY 
CRAZED POLYSTYRENE SPECIMEN 


Lustrex of an average molecular weight between 
67,600 and 68,700 was used in this investigation. The 
stress-strain properties of this material have been de- 
scribed previously by the authors.°® 

The fracture surfaces of tension creep specimens of 
polystyrene (Fig. 3) subject to different stresses and 
different durations of load application reveal the de- 
pendence of crazing and its growth on the tensile stress 
magnitude and its duration. The fracture surface is 
seen to consist of a crazed and a non-crazed portion, 
the relative amounts of each depending on the magni- 
tude and duration of stress to which each specimen was 
subjected. The amount of crazing is greater for the 
specimens subjected to the lower stress levels because 
the time of load application for these specimens was 
much greater. The relation between tensile stress and 
time to fracture appears to be a linear one on a semi-log 
plot (see Fig. 6). 

The specimen at the extreme right of Fig. 3 was 
loaded at a stress approximately equal to the ultimate 
strength of polystyrene in tension (~5500 p.s.i.) and 
hence fractured shortly after application of the load. 
There is no apparent crazing and no crazing cracks are 
visible on the fractured surface. The second specimen 
from the right was stressed at 5000 p.s.i. and hence 
lasted for some time longer before it failed. The growth 
of crazing from the edges normally inward toward the 
center of the specimen is very evident. It may also be 
noted that the crazing regions are uniformly distributed 
throughout the total gauge length of the specimen. 
(This is especially evident when cross-sectional planes 
other than the fractured surface are examined.) In 
general, as we go from right to left in Fig. 3, penetration 
of crazing increases. Meanwhile, the duration of load 
application also increases in the manner of Fig. 6. 

In order to clearly show the difference between crazed 
and non-crazed material, the fracture surface of 4 
partially crazed specimen of polystyrene was photo- 
graphed as shown in Fig. 7. This photograph was taken 
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Fic. 6. Effect of tensile stress on fracture time of polystyrene. 


by placing the polystyrene specimen against a black 
background so that the only reflected light would be 
that coming from the fracture surface. The crazed 
material along the edges of the specimen is easily 
differentiated from the centrally located non-crazed 
material by the smoother, mirror-like appearance. 

It should be emphasized that when fracture does 
occur, the fracture cracks of the material are not the 
same as crazing cracks and that the source of fracture 
is usually some flaw in the material and not one of the 
crazing openings. In Fig. 7, this flaw is located at the 
center of the smooth circular region. After initiation, 
the fracture cracks proceed (probably initially at a 
constant rate) in directions at right angles to the 
principal stress direction. In Fig. 7, they are seen to 
extend more or less radially outward from the region in 
which the fracture first started whereas the crazing 
cracks are seen to extend normally inward from all 
edges of the 3 in.X} in. specimen. During the propaga- 
tion of the crazing and fracture cracks, the effective 
cross-sectional area of the specimen reduces and hence 
the tensile stress increases. Accordingly, the molecular 
rupturing stress is reached at an increasing rate near 
the neighborhood of the fracture surface. Possibly, the 
velocity of propagation of the rupture is also increased. 
Two clear concentric rings just outside the smooth 
circle indicate that this type of propagation at a varying 
rate has taken place. Similar phenomena on the frac- 
ture of glass have been studied and reported by Smekal.° 


LIGHT MICROSCOPIC EXAMINATION OF 
CRAZED POLYSTYRENE 


When the fracture surface of a polystyrene tension 
creep specimen is examined under higher magnifica- 
tions, there are additional interesting features. Rochow 
and Rowe’ have previously reported the characteristic 


* A. Smekal, Glastech. Ber. 13, 141 (1935); Glastech. Ber. 13, 
222 A1935); J- ’Soc. Glass Tech. 20, 432 (1936). 
T. G. Rochow and F. G. Rowe, Anal. Chem. 21, 461 (1949). 
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structures of both fractured polystyrene and poly- 
methyl methacrylate surfaces, but did not report on 
the nature of the crazing regions and surfaces. Under 
microscopic examination, the blushed or crazed region 
of Fig. 7 is seen to be entirely different from the 
amorphous, non-crazed central region. The crazing sur- 
faces are found to be smooth parallel flat surfaces even 
when examined at a magnification as high as 500X. 
The flatness of these crazing surfaces as well as their 
parallel existence throughout the length of the speci- 
mens are largely responsible for the high reflectivity of 
these regions to white light. 

Under a magnification of 50X, the fracture surface 
of a tension creep specimen of polystyrene shows many 
interesting patterns. Figure 8a is the upper inset of 


We. 
; et 





eit od 1 ‘Wa: 


Fic. 7. Fracture surface of tension creep specimen of poly- 
styrene showing crazed and non-crazed areas and a starting circle 
from which the cracks are radiated throughout the entire cross- 
sectional area. 
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Fic. 8a. Fracture surface of tension creep specimen of polystyrene 
showing crazed areas and cracks (upper inset of Fig. 7). 








Fic. 8b. Fracture surface of tension creep specimen of poly- 
styrene showing the intersection of crazed and non-crazed sections 
and the starting circle (middle inset of Fig. 7). 





Fic. 8c. Fracture surface of tension creep specimen of polystyrene 
showing the rings of propagation (lower inset of Fig. 7). 
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Fic. 9a. Fracture surface of tension creep specimen of poly. 
styrene showing crazed areas and inner structure (upper inset of 
Fig. 8a). 








Fic. 9b. Fracture surface of tension creep specimen of poly- 
styrene showing different elevations of crazed areas (lower inset of 
Fig. 8a). 


Fig. 7 which illustrates principally many regions of 


crazing cracks. These surfaces are quite smooth and ° 


reflect white light, if not completely, at least, to a large 


degree. Both Russell’ and Maxwell and Rahm?‘ have | 


made investigations of crazed high polymers with 
reflected light as the means of determination of the 
amount of crazing or crazing cracks. It is evident that 
practically the entire crazed section of a crazed poly- 
styrene specimen can reflect light. The black lines in 
Fig. 8a are the boundaries of the crazing planes. These 
planes do not necessarily lie at one elevation as will be 
seen under higher magnifications later. 

The termination of the crazed regions and their 
juncture with the non-crazed central portion of the 
specimen is shown in Fig. 8b. The upper white regions 
are the flat crazing areas separated from one another 
only by fracture or crazing cracks. The central rupture 
surface is no longer smooth. As a matter of fact, it is so 
much different in its elevations that a micrograph at 
500X magnification will not show the details of even a 
very small portion of the texture. Figure 8b shows also, 
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Fic. 10a. Fracture surface of tension creep specimen of poly- 
styrene showing the connection of edge of the starting circle and 
the first ring of propagation (left inset of Fig. 8b). 


on the right half, part of the smooth starting circle 
which surrounds the flaw from which the fracture crack 
propagated. To the naked eye, this circular area is 
somewhat similar to the crazing area. However, it 

ssesses an entirely different texture. It is a region 
having needle-like structure with no preferred orienta- 
tion. Also, to be seen near this region are wavy and 
continuous lines or contours, indicating the presence of 
cavities. The clear arc in the middle of this figure is a 
part of the boundary of the starting circle. Successive 
rings of propagation are clearly shown in Fig. 8c. As was 
mentioned before, this is probably indicative of a 
changing rate of propagation of the crack that con- 
tinues until failure of the total cross section of the 
specimen takes place. 

The previous pictures have indicated that the surface 
of the crazing crack is different from that of the rupture 
crack originating from a flaw. This difference is even 
more strikingly illustrated by the higher magnification 
pictures of Figs. 9 and 10. Figures 9a and 9b two are 
pictures of the surfaces of the crazing areas. In these 
crazing planes, rather fine structure of the crazing 
surfaces shows that the smooth mirror-like surface is 
not a flat plane. Figure 10a shows the fracture surfaces 
in the region mostly bounded by the first ring of 
propagation. Figure 10b shows the enlarged cavity and 
the fine structure in the bottom of the cavity. In 
Fig. 10c the needle-like structure of the inside region of 
the starting circle is shown. This structure is somewhat 
similar to crazing patterns that are induced either by 
absorption of solvent vapor or by radiation depolymer- 
ization. Such patterns likewise show random orientation 
of the crazing openings. It should be noted that these 
cylindrical needles or openings are distributed at differ- 
ent elevations, whereas the fine structures on the surface 
of stress crazing cracks such as those shown in Figs. 9a 
and 9b are essentially located on one single plane. This 
latter fine structure is more clearly revealed by still 
higher magnifications such as Fig. 11 showing the inset 
of Fig. 9b. 
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Fic. 10b. Fracture surface of tension creep specimen of poly- 
styrene showing the wavy colored bands occurring inside the 
starting circle (middle inset of Fig. 8b). 


ELECTRON MICROSCOPE EXAMINATION OF 
CRAZED POLYSTYRENE 


In order to show the fine structure of crazed material 
still more clearly, electron micrographs were prepared. 
The results of both silica shadowed and beryllium 
shadowed crazed surfaces of polystyrene show similar 
structure. Here, only the electron micrograph of a 
beryllium shadowed crazed fracture surface is illustrated 
as shown in Fig. 12. This picture apparently correlates 
very well with Fig. 11. The double lines probably indi- 
cate the difference in elevations between two crazing 
planes. The order of the elevation in this particular 
picture is about two-tenths of a micron. The smoothness 
of the crazing surface is estimated to be less than one- 
tenth of a micron. 

It is difficult to obtain a definite interpretation of this 
picture in terms of the polystyrene molecular structure. 
Are the small circles, for example, the end views of a 
group of parallel polymer chains? Under the same 
conditions of preparation, occasionally figures of the 








Fic. 10c. Fracture surface of tension creep specimen of poly- 
styrene showing the needle-like structure occurring inside the 
starting circle (right inset of Fig. 8b). 


1077 











Fic. 11. Fracture surface of tension creep specimens of poly- 
styrene showing the fine structure of crazed area at different 
elevations (inset of Fig. 9b). 


type of Fig. 13 are obtained. Are these pictures of the 
inverse surface of Fig. 12 or do they indicate the 
existence of local regions or domains bounded by net- 
works? In contrast to Fig. 12, showing a crazed surface 
of polystyrene, a molded surface of the same material 
was also recorded as shown in Fig. 14. This molded 
surface is perpendicular to the crazing surface. Many 
fine scratches are shown and the central breakage of 
the beryllium film may possibly indicate one of the 
actual large crazing cracks. 

In addition to the electron-microscope pictures of 
the molded and fractured surfaces of solid polystyrene 
specimens, several additional electron-microscope pic- 
tures were taken of oriented polystyrene film. This was 
done both because the crazing properties of polystyrene 
are believed to be closely associated with orientation 
and also to provide some knowledge of the physical 
behavior of long-chain molecules under their natural 
configurations. The film was obtained by first dis- 
solving the resin in a solvent and then allowing a drop 
of the solution to fall into water. As the drop comes back 




















Fic. 13. Electron micrograph of beryllium shadowed crazed 
polystyrene showing crazing surface with various regions of 
domain structure. 


to the water surface, it spreads out radially, the solvent 
evaporates and the plastic film is left behind on the 
surface of the water. 

Figure 15 is an interesting picture of polystyrene 
film obtained by dropping polystyrene ethyl bromide 
solution on a cold water surface. This picture does 
seem to show the possible existence of domains bounded 
by networks and hence this type of structure may be 
the proper interpretation of Fig. 13. Since the formation 
of domains of polystyrene molecules is probably a very 
temperature dependent phenomenon, somewhat more 
striking results might be expected if the ethyl bromide 
polystyrene solution is dropped in hot water rather 
than cold. Such indeed is the case. Fig. 16 shows the 
electron micrograph of polystyrene film when prepared 
in this manner. This interesting picture reveals the 











Fic. 12. Electron micrograph of beryllium shadowed crazed 
polystyrene showing crazing surface at various planes. 
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Fic. 14. Electron micrograph of beryllium shadowed poly- 
styrene surface (perpendicular to crazed surface) showing various 
scratches on the molded surface. 
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tendency of the material to agglomerate in the form of 
rods or long slender domains. The picture shows two 
layers of rodlets both of which are oriented in one 

neral direction. The proper interpretation of this 
picture is not yet well established but the cylindrical 
rods are quite possibly more or less parallel pencils of 
long chain molecules. 

The technique employed in the preparation of an 
oriented film of polystyrene molecules under their 
natural configurations is briefly described as follows. 
A drop of dilute polystyrene ethyl bromide solution was 
dropped in hot water from a position a few inches above 
the water level. The solution droplet went into the 
hot water and was heated up before it came back to 
the water surface. As soon as the solution droplet came 
out of the water surface, it spread out radially and the 
polystyrene molecules formed a thin film on the water 
surface while the ethyl bromide evaporated away. The 
concentration of the polystyrene ethyl bromide solution 
varies depending upon the rate of evaporation of this 
solution. An approximate figure is a few percent of 
polystyrene by volume in ethyl bromide. The tempera- 
ture of the hot water is not critical either. For poly- 
styrene, around 80 degrees C, which is the second-order 
transition temperature of polystyrene, is desirable. 

Under this kind of technical treatment, both uniform 
film and film as shown in Fig. 16 can be obtained. On 
the basis of this figure and the previous discussion, 
several generalizations concerning structure may now 
be attempted : 

(a) Under certain conditions, polystyrene molecules 
can be grouped together as slender domains, (b) It is 
possible to orient these domains in one general direction, 
(c) Macroscopic fine structure of polystyrene domains 
may be observed. 

However, there are still many interesting phases 
which ‘are not understood and need further study. For 
instance, what is the relationship between the volu- 
metric energy and the surface energy of each domain? 
Would these domains of polystyrene be present if 
mercury or other substance was used instead of water, 
as water molecules are of strong polar groups? 

Now, let us consider the size of these rodlets or 
domains and how they compare with the length of the 
polymer chains. Figure 16 shows:a section of the film 
magnified some 19,000 times so that a distance of 2 cm 
would correspond to about 10~ cm or 1 micron. Most 
of the rods appear to be of the order of 1 micron in 
length and perhaps one-tenth of a micron in thickness. 
Now, in polystyrene the primary bonds are C—C bonds 
having a distance / between them of 1.54A and an 
angle a between the valence bonds of 109°. The maxi- 
mum length of an extended chain is then given by® 


Linax = Nnl sin(a/2), 


where NV is the number of monomer units and » is the 
number of bonds per unit. For polystyrene, the extended 


*E. Guth and H. M. James, Ind. Eng. Chem. 33, 624 (1941). 
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* Fic. 15. Electron micrograph of polystyrene film formed by 
dropping polystyrene ethyl bromide solution on top of cold water 
surface showing large domain structure. 


length of the polymer chain is of the order of 1.6 108A, 
or roughly ¢ of a micron. Thus, the length of the rodlets 
is approximately four to six times the length of the 
polymer chains. The width of the domains is, on the 
other hand, some 100 times larger than the approximate 
distance across adjacent chains (10A) and hence if the 
domain is interpreted as a large conglomeration of more 
or less parallel chains, it should contain several thousand 
or more depending on how closely they are packed. 

In the polymerized solid state rather than in film 
form it may well be that the individual long-chain 
molecules of polystyrene are not arranged in this fashion 
although this type of structure has been suggested and 
the polymer chains treated as long rods.*!° Regardless 








Fic. 16. Electron micrograph of polystyrene film formed by 
dropping polystyrene ethyl bromide solution in hot water showing 
oriented domain structures of polystyrene. 


*H. Mark and G. S. Whitby (Editors), “Collected Papers of 
W. H. Carothers on High Polymeric Substances,” High Polymers 
(Interscience Publishers, Inc., New York, 1940), Vol. I. 

10K. H. Meyer, “Natural and Synthetic High Polymers,” 
High Polymers (Interscience Publishers, Inc., New York, 1942), 
Vol. IV. 
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Fic. 17. X-ray photometer curves of crazed polystyrene. 


of this situation, Fig. 16 reveals that the natural con- 
figuration of polystyrene molecules, at least under 
certain environments, is one of more or less oriented, 
intertwined cylindrical domains. Before additional gen- 
eralizations concerning structure are attempted, results 
of x-ray investigations of the structure of crazed and 
non-crazed material will be discussed. 


X-RAY INVESTIGATION OF CRAZED AND 
NON-CRAZED POLYSTYRENE 


Both crazed and non-crazed polystyrene samples have 
been subject to x-ray and electron diffraction examina- 
tion. The diffraction picture® reveals that polystyrene 
is amorphous in structure. Very little information can 
be obtained from this picture except to note that the 
existence of the two somewhat diffuse rings is indicative 
of the existence of two spacings in some fairly definite 
regular pattern. Since only one of these rings (the 
outer one) appears in x-ray pictures of the monomer 
the other is characteristic of the polymer and may 
represent either chain to chain spacing or else link to 
link spacing. 

If, however, the x-ray spectrometer is used to obtain 
intensity measurements, the results indicate a variation 
of the intensity of the diffracted rings and a shift of 
the peak of the inner ring or polymerization ring 
(see Fig. 17). If the peaks indicate some characteristic 
spacings of the C—C chains, the variation of these 
spacings with angle is shown in Fig. 18. This shift of 
the peaks and the variation of the intensity of the 
diffracted ring for different directions of the axis of 
rotation relative to the direction of stretching indicate 
the existence of orientation and “crystallization” of the 
material.*"" It should also be noted that no such 
indications of orientation are found if the non-crazed 
portions of a specimen are examined by means of the 
x-ray diffraction.® 

"P. H. Hermans and A. Weidinger, J. Polymer Sci. IV, 135 
(1949). 


%P. H. Hermans and A. Weidinger, J. Polymer Sci. IV, 709 
(1949). 
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CRAZING AND MOLECULAR STRUCTURE 


In the preceding sections, the results of light micro. 
scope, electron microscope and x-ray examinations of 
crazed and non-crazed polystyrene material, as well as 
of some naturally oriented polymeric film, have beep 
presented. The studies were made on polystyrene or 
polymethyl methacrylate specimens which had been 
permitted to craze under the action of stress and time. 
The crazed material is found to consist of very fine, very 
smooth more or less parallel openings lying in planes at 
right angles to the principal tensile stress direction, 
For a given magnitude and time duration of stressing, 
the size of the openings and their density varies with 
the particular polymer under consideration. The open- 
ings are finer and much more dense for polystyrene 
than for methyl methacrylate. Crazing as such is not 
confined to these two materials, but probably occurs in 
all linear polymers. It is visible, however, only in 
transparent materials. 

The studies also show that there are differences jn 
orientation between the crazed and non-crazed portions 
of a linear polymer, although these differences are 
slight when the crazing is produced by long-time loading 
at room temperature conditions. There seems also to 
be some evidence supporting the view previously pre- 
sented® based on observations of behavior of linear 
polymers under various types of mechanical testing, 
that polystyrene molecules, at least under certain en- 
vironments, may group together in more or less cylindri- 
cal domain form, with the various long-chain molecules 
essentially parallel to one another within the domain. 
The molecular forces across these groups of chains are 
probably not very large and the precise configuration 
will depend on which structure gives the minimum free 
energy. The polymer chains are held together by 
secondary van der Waals forces and possibly by some 
side group interlocking. 


EFFECT OF DOMAIN STRUCTURE ON CRAZING 


Many of the facts pertaining to the inception, growth, 
and location of crazing and crazing cracks in polystyrene 
seem to be explainable in terms of orientation and the 
separation of domains of polystyrene molecules under 
the action of tensile stress. Consider first the accepted 
chemical structure of the polystyrene molecule. It isa 
series of styrene monomers arranged regularly in the 
following manner 


‘OC'OO 


Because of the presence of the large benzene rings 
around the main C—C chains, it is difficult for these 
chains to slide in the longitudinal direction of the chains. 
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However, it should be relatively easy to separate 
parallel chains by pulling them in their perpendicular 
directions. It may also be possible under the action of 
stress for one domain to separate and form several 
shorter domains if the original domain is many lengths 
jonger than the average length of the long-chain 
molecules. 

The styrene polymer presumably possesses no unused 
valence bonds except possibly at chain ends. Thus, 
there are essentially no primary bond linkages across 

lymer chains and hence the only forces across chains 
should be relatively weak non-valence or van der Waals 
London type forces.’ These forces may be sufficiently 
large to maintain a rod-like structure when no external 
forces are acting but under applied transverse tensile 
stress the polymer chains within the rods would tend 
to separate from one another. Other evidence that the 
polymer of styrene is of a thread-like structure arises 
from consideration of its Raman spectra.“ 

When material having a randomly directed domain 
type of structure is placed under tensile stress, the 
various domains tend to orient themselves according to 
the state of stress applied. Those which are perpen- 
dicular to the direction of applied stress will theoreti- 
cally not be able to orient and in virtue of their weak 
transverse holding power will open under the action of 
applied stress. Along the external surfaces of the ma- 
terial these openings will grow more easily than those 
in the inside, both because of stress concentrations 
arising from the existence of surface flaws and also 
because the restrictive force fields of neighboring do- 
mains of molecules will probably be somewhat less for 
domains located on the open surface. When these 
openings become sufficiently large (many times the 
dimension of the wave-length of light), they are seen 
as macrocracks by the naked eye. However, long before 
the openings become large enough to be individually 
seen, and when still in the form of microcracks or sub- 
microscopic openings, they may still have the ability to 
reflect light.’® In other words, these openings may be 
sufficiently numerous and sufficiently regular in their 
general orientation pattern to cause a large proportion 
of the light striking them to be reflected. Crazing is then 
evident in the form of surface blushing rather than 
visible cracks. 

When a rigid linear polymer is subjected to tensile 
stress at room temperature, the tendency of the original 
randomly directed domains to orient is greatly restricted 
by the internal molecular interactions of other groups 
and chains. If, however, the applied stress is high and 
is maintained for some time, the domains originally 


% A. E. Van Arkel, Molecules and Crystals (translated by J. C. 
Swallow) (Butterworths Scientific Publications, London, and 
Interscience Publishers, Inc., New York, 1949), Chapter IX. 

4H. Mark and R. Raff, “High Polymer Reactions, Their 
Theory and Practice,” High Polymers (Interscience Publishers, 
Inc., New York, 1941), Vol. III, p. 73. 

4S. W. Hawkins and R. B. Richards, J. Polymer Sci. IV, 
No. 4, 515 (1949). 
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Fic. 18. Variation of polymerization ring of crazed polystyrene. 


directed at right angles to the direction of stressing will 
open up and will initiate the phenomenon of crazing. 
It is usually possible for many crazing cracks to occur 
before fracture because the micro-openings soon run up 
against other domains or groups of molecules not so 
favorably oriented for separation and then they are 
automatically halted. A somewhat similar view of the 
development and growth of crazing cracks has been 
presented by Maxwell and Rahm.‘ 

The mechanism of crazing is now becoming more 
apparent. Domains or groups of molecules which are at 
right angles to the applied stress open up first but do 
not immediately produce failure or a fracture crack as 
we might expect from prior knowledge of the behavior 
of brittle materials because they soon run into domains 
of regions not so oriented. On the submicroscopic or 
even microscopic scale, the material is by no means 
homogeneous and the crazing planes are stopped by 
irregularities in the orientation pattern very much like 
slip lines in metals are stopped by crystal boundaries 
lying between differently oriented crystallites. The flat- 
ness of the crazing surface (see Fig. 9a) suggests a slow 
propagation of crazing caused mainly by the joining 
together of the many microscopic openings induced by 
separation of the properly oriented domains of the 
material in their longitudinal directions. The difference 
in elevation of crazing planes, noted to be about one- 
fifth of a micron in Fig. 12, is of the same order of 
magnitude as the extended length of a polymer chain 
and serves as an indication of the distance the micro- 
crack can extend without running into differently 
oriented domains. 


EFFECT OF ORIENTATION ON CRAZING 
AND STRENGTH 


The effects of orientation on crazing and strength are 
intimately tied in with the effects of molecular structure. 
When groups of molecules tend to join together to form 
domains, it is the opening up of those groups oriented 
more or less at right angles to the direction of stressing 
that initiates the development of microcracks or crazing. 
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Also, since the domains can carry considerable stress in 
their longitudinal direction but only very little stress 
in the transverse direction, it is clear that the orienta- 
tion of the domains will greatly affect the strength 
properties of the polymer. 

In general, two kinds of orientation concern us, 
differing greatly in degree. One is orientation produced 
by hot stretching and the other by cold stretching. Hot 
stretching is usually carried out above the second-order 
transition temperature and only a very small force is 
required to stretch the material to thousandths of 
percent of its original length. Evidently, above the 
second-order transition temperature, thermal agitation 
energy is great enough to overcome the secondary 
attractive forces which hold the various polymer chains 
in more or less tight formation. These chains are then 
free to slide past one another as well as to orient in the 
direction of the applied tensile stress. It is thus to be 
expected that exceedingly large percentages of orienta- 
tion (in terms of original length) can be produced when 
the stretching is done at these high temperatures. If 
the previous picture of the development of crazing is 
correct, it is also to be expected that when tensile stress 
is applied in the direction of orientation to specimens 
previously oriented to some great degree (~1000 per- 
cent), crazing, as such, should be absent. This is so 
because the specimen will no longer contain domains 
oriented at right angles to the tensile direction and 
hence no separation of domains is to be expected. 
Fracture, when it occurs, should be of the fiber type.** 

For cold stretching at ordinary room temperature, 
only little orientation occurs prior to fracture. In poly- 
styrene specimens, failure occurs at a strain of approxi- 
mately 1.45 percent in./in. and hence only local short 
range orientation can be accomplished. Somewhat 
greater orientation might be expected from relatively 
slow creep tests but even here in terms of percent in- 
crease over original length about 1.5 percent seems to 
be the maximum obtained. 

Evidently, the restrictive force fields of neighboring 
molecules are too great at room temperatures to allow 
much orientation. That which does occur is also not 
homogeneous over the entire cross-sectional area of 
the specimen. On the outside regions of the specimen 
where surface flaws and the growth of microcrazing 
cracks affect the stress distribution, x-ray evidence 
indicates that more orientation takes place than in the 
central non-crazed portions of the specimen. 

The effect of orientation of groups of molecules on 
strength is a problem which should be susceptible to 
statistical treatment. It might also be used to check the 
concept that the polymer molecules are usually grouped 
together in the form of cylindrical domains bonded 
together by long-range intermolecular forces with the 


** These observations are in accord with the work of Bailey (see 
reference 17). Dr. Dietz informs us that similar observations have 
been experimentally noted in tests on highly oriented polystyrene 
specimens made at the M.I.T. Plastics Laboratory. 
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Fic. 19. Effect of uniaxial orientation on ultimate 
strength of polystyrene. 


long chain molecules more or less parallel in each indj- 
vidual domain. For an amorphous polystyrene speci- 
men, these domains of the polymer molecules are 
randomly oriented. The ultimate strength of this ma- 
terial tested at 77°F +2°F, 50 percent R.H. with the 
rate of straining 2010~* sec.—', has been determined 
experimentally to be approximately 5400 p.s.i. The 
ultimate strength of oriented material can be shown 
mathematically to be"® 


(1+)! 
, nated 
1+ (1+)! 


where Sp is the strength of this material without any 
preferred orientation, ¢ is the measure of the unit strain 
in the direction of orientation, and S, is the ultimate 
strength of this material oriented at a unit strain 
change of ¢ in the direction of orientation. When «0, 
S, is seen to approach Sp as (1+¢)!/[1+(1+e)!] ap- 
proaches 3. It can also be shown that for the material 
with perfect orientation in one direction, i.e. e€=©, 
S, approaches 2S» since the expression 


| (1+e)! |- ; 
i+(i+6! j= 


This condition as well as Eq. (1) in general seems to 
be in satisfactory agreement with experimental studies 
of oriented polystyrene made by Bailey’ and hence 
seems to lend further support to the domain concept of 
molecular structure. 

If oriented material is tested in tension in the direc- 
tion perpendicular to the direction of orientation, the 
statistical treatment is somewhat more complicated. 
The expression found for the ultimate strength is” 


(ite)? 2 
a=2 = —--[_K—E]So, (2) 
(1+¢e)’—1 7 


6 C. C. Hsiao, “Effect of Uniaxial Orientation on Strength and 
Crazing of Some Linear High Polymers.” (It is hoped to submit 
this paper for publication elsewhere in the near future.) 

17 J. Bailey, India Rubber World 118, 225 (1948). 


(1) 
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where K and E are the values of Legendre’s complete 
integrals of the first and second kind respectively. The 
value S., varies from Sp to 0 as ¢€ varies from 0 to ©. 

Both Eqs. (1) and (2) for the strength parallel and 

rpendicular to the stretching direction are plotted in 
Fig. 19 for various values of percent stretch. It is seen 
that the predicted results and the experimental results 
previously reported by Bailey” are in good agreement. 
Small discrepancies that exist between the theoretical 
and experimental results may be due to differences in 
rates of straining applied to the specimen." 

The general principle employed in the development 
of the mathematical theory of the effect of orientation 
on the strength properties of polystyrene is that a 
domain can contribute its full strength in essentially 
only one direction, i.e., the direction of its length. Thus, 
the strength of a linear high polymer is not uniformly 
distributed from the microscopic point of view. The 
strength of the material depends upon the orientation 
of the domains. When stress is applied, some of the 
unfavorable oriented domains will open up while the 
more favorably oriented domains will carry the load. 
The micro-openings gradually grow and join together 
particularly if the stress is applied for a long period of 
time. For reasons mentioned previously, they usually 
start first on the surface and then propagate from the 
surface of the material toward the center. When they 
become sufficiently large and numerous enough to 
noticeably reflect visible light, crazing is said to have 
occurred. 


CONCLUSIONS 


A considerable amount of evidence is now available 
to draw the general conclusion that crazing is an actual 
mechanical separation of polymer chains or groups of 
chains under the action of tensile stress. The stress 


%C. C. Hsiao and J. A. Sauer, “Effect of Strain Rate on the 
Tensile and Compressive Stress-Strain Properties of Polystyrene,” 
Technical Report No. III, Contract No. N6onr-269, Task Order 
VI, for Mechanics and Materials Branch, ONR (January, 1950). 
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system need not be external as crazing can be produced 
by internal stresses caused by shrinkage, absorption, 
radiation, or combinations thereof. Even when the 
proper stress conditions are present, however, the 
separations may be too small to be seen either by the 
naked eye or by a high powered light microscope. The 
phenomenon of crazing is probably common to many 
solids other than transparent linear high polymers but, 
if the material is not transparent, crazing is not ob- 
served. 

Crazing usually starts on the surface in a region 
where the polymer chains are oriented at right angles 
to the direction of applied tensile stress and then 
gradually penetrates inward. Crazing will not occur if 
the material is fully oriented in the direction of stretch- 
ing and it can be reduced for randomly oriented ma- 
terials by means of suitable surface coatings. Crazing, 
or even visible crazing cracks, will not necessarily 
produce fracture but will reduce the total load the 
specimen can carry. Compression tends to close existing 
crazing openings and to partially heal them but cannot 
restore the material to its former state. 

For polystyrene, many of the facts pertaining to 
crazing are.explicable in terms of orientation of molecu- 
lar domains containing many polymer chains held 
together in more or less parallel fashion by secondary 
forces. The same type of structure seems to provide a 
satisfactory model for calculating the effect of orienta- 
tion on the strength properties of the material. 
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End-Cooling of Power Tube Filaments* 


Jonn W. CrLark** anp Ratpu E. NEvBERt 
Research Division, Collins Radio Company, Cedar Rapids, Iowa 
(Received February 24, 1950) 


The differential equation defining the relation between temperature and distance in that portion of a 
vacuum tube filament which is cooled by both conduction and radiation is formulated. This equation has 
been solved by numerical integration; the results are presented as a set of universal curves in a form conveni- 
ent for use in vacuum tube design. The calculations agree well with some experimental measurements which 


were made to verify the theory. 





INTRODUCTION 


N conventional power tube design the end cooling of 
the filaments by their supports is not particularly 
important and is usually treated by simple approximate 
methods.' This is due to the fact that the filaments in 
such tubes are very long compared to their diameter, so 
the power lost by conduction is much smaller than that 
radiated. Power tubes intended for use at very high 
frequency must have their filaments not too long as 
compared with the shortest wave-length at which they 
will be operated; accordingly as the radio industry 
continues to demand more power at high frequency the 
tube designer is forced to use correspondingly short 
filaments in which conduction cooling cannot be 
neglected. 

This paper presents a method for designing the end 
portion of a filament so that the temperature distribu- 
tion in that portion of the filament affected by conduc- 
tion can be readily determined. The solutions are 
presented as a family of universal curves for convenience 
in design work. While this method is intended primarily 
for use in connection with the design of short filaments, 
it may be used for filaments of any length. 


FORMULATION OF THE PROBLEM 


In order to fix the ideas, let us first consider the simple 
case of a filament of cross section area A, perimeter P, 
and resistivity p which is cooled by radiation only. Then 
in any incremental length of filament the power lost by 
radiation must equal the Joule heat developed in that 
same increment of length by the current passing through 
it. That is 

I?R=I"(pdx/A)=Pydx, (1) 


where J is the current passing through the filament and 
7 is the radiation coefficient, i.e. the number of watts per 
square centimeter radiated by the filament. The equa- 
tion is set up in terms of P, the perimeter, so it will apply 
regardless of the shape of the wire. It is convenient to 


* This work was supported in part by the United States Air 
Force through a subcontract between Collins Radio Company and 
the RAND Corporation. 

** Now at Varian Associates, San Carlos, California. 

t Now at Sylvania Electric Products, Inc., Emporium, Penn- 
sylvania. 

'L. R. Koller, The Physics of Electron Tubes (McGraw-Hill, 
Book Company, Inc., New York, 1937), pp. 89-91. 
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write this equation in terms of the current density 
J=I1/A, and of a shape factor F=P/A. In terms of 
these new variables, 

J*p=Fy. (2) 


This simple equation determines the operating tem- 
perature of a radiation-limited filament. Ordinarily it is 
required to determine the current to produce a given 
temperature in a wire of given cross section. Since both p 
and y are known as functions of temperature for any 
material which might be used to construct a filament, it 
is a straightforward matter to solve the problem. 

Let us now consider that portion of the wire which is 
so close to the support that it is not at uniform tempera- 
ture. This portion of the wire will lose heat both by 
radiation and by conduction. Figure 1 defines the 
geometry of the problem. The heat carried across a 
boundary at x must be the difference between the Joule 
heat generated and the heat lost by radiation between 
x and 0. The point x=0 is defined as the value of x 
where dT/dx=0. Beyond this point, radiation alone 
suffices to carry away the /*R heat, as formulated in 
Eq. (2). This energy balance can be formulated in the 
following equation, letting K be the coefficient of thermal 
conductivity : 


t [?9(T) s dT 
me ‘= AK(T)—. 
J r dx J Py(T)dx (T) Y (3) 





Rewriting (3) in terms of current density and shape 
factor, we have the fundamental integro-differential 
equation of temperature distribution in a filament cooled 
by both conduction and radiation: 


ff renax= Fo(Tide+-K(1)—. (4) 
0 d. 


0 x 
Now p(T), (7), and K(T) are all known functions of 


temperature. Accordingly we can differentiate (4) to get 
it in the form of a second order differential equation: 


@T dK(T) dT 


. = Fy(T)+ K(T)— 5 
PT)=FrT)+KO)—+———. 





The remainder of this paper is concerned with obtaining 
solutions of Eq. (5). 
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SOLUTION OF THE TEMPERATURE EQUATION 


The formal solution of Eq. (5) is 


TH KdT 
«(T)= f . (6) 
T 


( J . 2K» Pa\dr) 


The solution of Eq. (5) is outlined in Appendix A. 

Since p, y, and K are all known functions of tempera- 
ture, it is in principle possible to evaluate the integrals 
in (6) for any case of interest. This is a very laborious 
process and hence it is useful to calculate a set of 
generalized curves which can readily be used in any 
particular case. 

The only metal for which detailed data are available 
for values of electrical resistivity, thermal conductivity, 
and specific radiation over the temperature range of 
interest is tungsten. Fortunately this is the metal most 
likely to be used for a power tube filament. 

Equation (6) has been solved by numerical integration 
using the known values of the physical properties of 
tungsten. The numerical integration was performed by 
the Computations Group of the RAND Corporation, 
Santa Monica, California. This assistance is gratefully 
acknowledged. 

The method used in the numerical integration is given 
in Appendix B. The results were computed with the aid 
of an auxiliary function K* defined by the following 
equation: 





x(t) - (10*/J) K*(t, ty, a), (7) 


where ¢ is temperature measured in kilo-degrees centi- 
grade and the parameter a is the shape factor F divided 
by the square of the current density in amperes per 
square centimeter. That is 


a= 10°F /J?. (8) 


These calculations enable one to predict the temperature 
distribution in a tungsten filament in the range of inter- 
est in typical power tubes. Typical curves are shown in 
Fig. 2 for one specific case. The agreement between 
calculation and experiment is quite gratifying. 

One is frequently interested in the distance from the 
cold filament support to the point where radiation 
cooling becomes controlling, rather than in the detailed 
variation of temperature up to this point. This point has 
previously been identified as the point where T= Ty; it 
is here that dT /dx vanishes and the useful part of the 
filament (as far as electron emission is concerned) starts. 
Let us denote the value of x corresponding to T= Ty by 
1. Then / is the length of that part of the filament in 
which conduction cooling causes a variation in tem- 
perature. 

It frequently happens that / is fixed by other design 
considerations. Since / is an implicit function of ty, F, 
and J, it is possible to use the calculated values to 
determine values of F and J consistent with the given 
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values of ty and /. To facilitate this process, the curves 
of Fig. 3 were prepared. An inspection of Eq. (7) shows 
why this single family of curves can give all the re- 
quired information. Remembering that /=x(tq), we 
obtain from (7): 


l= (10°/J)K* (ty, a). (9) 


Thus it is possible to plot one family of curves with JJ 
as ordinate, with a as abscissa, and with Ty as a 
parameter. It is convenient to use (/J)~! as ordinate 
rather than /J ; this has been done in Fig. 3. On this plot 
the heavy lines are fixed values of Ty, the temperature 
of the emitting portion of the filament. The abscissa is 
a=10°F/J?’=10°PA/I*?. The ordinate is 10*(J/)— 
=10'A/II. The light lines are lines of constant 100P//J. 

One can enter the plot with given values of any four 
of the five quantities T,, P, A, J and / and obtain the 
corresponding value of the fifth. Usually other con- 
siderations fix Ty, J, and /; and if the shape of the wire 
is fixed, P and A are of course not independent. This 
means that it may be necessary to make either the shape 
or the area of that portion of the filament where temper- 
ature variations exist different from that of the filament 
proper. This can be regarded as a procedure for con- 
trolling the position of the beginning of the emitting 
region ; the curves of Fig. 3 give one all the information 
necessary to do this. 


DETERMINATION OF PHYSICAL CONSTANTS 


The method outlined above can also be used to de- 
termine the three physical constants p, K, and y of 
metals at elevated temperatures. The writers have not 
done this, but feel that a brief outline of the procedure 
would be appropriate. In view of the paucity of data 
concerning the physical properties of metals at high 
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temperatures, it would be very desirable for someone to 
undertake these measurements. 

A test piece (of circular cross section) at least ten 
diameters long would be mounted between electrodes of 
accurately controlled temperature and of accurately 
known spacing. Data would be obtained of brightness 
temperature and current as a function of applied 
voltage. A new sample of the same wire would then be 
mounted in the same way, with the electrodes moved so 
that the sample is now only about four diameters long; 
it must still have a short radiation-limited area at its 
center at the highest operating temperature. The same 
data as before are taken. It is now easy to obtain 
resistance vs. temperature curves for each sample, and 
by subtraction to obtain resistance vs. temperature for 
the mid-portion of the filament which was cooled by 
radiation only. Thus we can calculate p as a function of 
temperature, and by the use of Eq. (2) we can calculate 
the specific radiance +. 

If we are dealing with a metal for which the relation 
between brightness temperature and blackbody temper- 
ature is not known, this will have to be determined in a 
separate experiment. 

The determination of K, the thermal conductivity, 
can be accomplished with the same set-up. We now use a 
still shorter wire, so that radiation limiting does not 
occur. We then measure the mid-temperature, and the 
distance Ax from the midpoint of the wire to a point 
where the temperature is AT degrees less than the mid- 
temperature. Writing Eq. (4) as a difference equation, 


IN DEG. K 


T 


u 
X IN CENTIMETERS 








and solving for A, we find 
K=(J*p—Fy)(Ax)*/2AT. 


(10) 
The factor 2 in the denominator occurs because we are 
averaging K over the interval in question. 


APPENDIX A 
To solve the second-order non-linear differential equation 


, — -pp Tl , dK(T) dT 
2 =f —_—_—- —— 
J*p(T) FYT)+ KT) e+ >; i (5) 


where p(T), y(T), and K(T) are known tabulated functions. 
Rearranging, 
@T K'(T)({dT¥ J*%p(T)—Fy(T) 
de K(T) =) “ <a (11) 
We have written K’ for dK /dT and have made use of the fact that 


dK /dx=dK/dT -dT /dx. Now letdT/dx=1u; then PT /dx*=udu/dt, 
and our equation becomes 


du KT) ,_J?e(T)—Fr(7) 











“iT K(T) K(T) (12) 
Let m=w?; then udu/dt=}dm/dt, and 

dm, .K(T) __J%e(T)—F(T) 

at KC)" Ka) (13) 


This is a linear differential equation of the first order. The solution 
is? 
TH . 
mUK(T) P= 2" RTP AT)—F(T)MT. (1) 
Returning to our original variables, 
aT 2 tu Kenn t)—F 
“KPI KD AT)—FuT)MT. as 


x 


Equation (15) can be formally solved for x, giving the integral 


a 
8 
c 
o 
E 
F 
G6 
La] 


Fic. 2. Comparison between 
measured and calculated values 
of temperature distribution in a 
tungsten filament 0.020 in. di- 
ameter. The solid curves are 
calculated, while the dashed 
curves are measured values. 


12 3 4 Ls 


2 F. S. Woods, Advanced Calculus (Ginn and Company, Boston, 1932), p. 220. 
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Fic. 3. Universal curves for determining the length of the conduction cooled portion of a tungsten filament. 


solution 


n= {7 K(T)d7 


(f" aKntrer)—Fyryur) 





(6) 


APPENDIX B 


The numerical integration of Eq. (6) was carried out as follows: 
The physical constants of tungsten as functions of temperature 
can be approximated by the following equations: 


K(T) =1.346—1.6X 10™T, (16) 
¥(T) =1.818X 10-(logT) 8-8, (17) 

T) =1.51 10-+( 7) 8 
p(T) =1.51X 100 ‘ (18) 


The data from which these empirical equations were derived was 
obtained from Jones and Langmuir’ for electrical conductivity and 
radiation constants, and from Coolidge* and Osborn for thermal 
conductivity. 


3H. A. Jones and I. Langmuir, “The characteristics of tungsten 
filaments as functions of temperature,” Gen. Elec. Rev. 30, 312- 
313 (June, 1927). 


‘ Handbook of Chemistry and Physics, 30th edition (Chemical 
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The analytic functions are introduced into the integrand of (6) 
and the integration performed by machine. In order to present the 
results compactly, two new variables are introduced: 


t=T/1000, (19) 
a=10°F /J*. (20) 

It is apparent from the form of (6) that it can be written 
x(t) =(10*/J)K*(t, tx, a); (7) 


Eqs. (6) and (7) together constitute the definition of the function 
K*. This function was computed with the aid of the approximate 
analytical formulations given in (16), (17) and (18) for 
Tu=1000°K, 1500°K, 2000°K, 2500°K, and 3000°K, for appro- 
priate fixed values of a. The results were used in plotting the 
design curves given in Fig. 3. 


Rubber Publishing Company, Cleveland, Ohio, 1947), p. 1865. 
Converted to watts/cm?/°C from Coolidge’s data at 18°C. 

5R. H. Osborn, J. Opt. Soc. Am. 31, 428-431 (June, 1941). 
There appears to be a genuine discrepancy between the room 
temperature value of K and that at elevated temperatures. The 
empirical Eq. (16) fits Osborne’s data and does not pass through 
the point given at room temperature. Further work is needed to 
resolve this discrepancy. 
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Space-Charge Effects in Electron Beams and Their Reduction by Positive Ion Trapping* 


E. G. Lryper anp K. G. Hernovist** 
RCA Laboratories Division, Radio Corporation of America, Princeton, New Jersey 
(Received April 19, 1950) 


The spread of electron beams caused by space-charge forces is discussed. Under certain conditions ions 
formed from the residual gas may be trapped in the beam. An equilibrium condition may be established in 
which the electron and ion densities are equal, and then space-charge forces will be neutralized. Under these 
conditions high current densities may be produced at low voltages. A theory of ion trapping is discussed, and 


the equilibrium condition is formulated. 


Experimental data are presented which were obtained by the application of microsecond pulses to the 
beam. This technique is described, and its advantages and possibilities are mentioned. Data are given on 
beam spread as a function of current, voltage and pressure. Data on the improvement due to ion trapping 
are included. An increase of current density by a factor of 30 was observed with the structures tested. Re- 
sults are included on ion build-up time as a function of pressure, and on beam noise and stability in the 


presence of trapped ions. 





I. INTRODUCTION 


PACE charge is the chief limiting factor in the pro- 

duction of high current-density electron beams. On 
account of space charge, repulsive forces exist so that 
beams parallel at their origin, become divergent, or 
beams originally convergent fail to converge. This 
effect appears to have been studied first by E. E. Wat- 
son' who, in 1927, derived the expression for the di- 
vergence of an initially parallel beam. Numerous other 
workers*-* have further developed Watson’s results, 
and some have devised methods of controlling the 
spread. In 1940 Thompson and Headrick® extended 
the theory to the case of convergent beams. Field, 
Spangenberg, and Helm'® showed in 1947 that a uni- 
versal curve could be drawn giving beam spread in 
terms of certain general parameters. 

This article covers the following topics: (a) Theory of 
space-charge spread, (b) Ion trapping and space-charge 
neutralization, (c) Pulse technique and apparatus, (d) 
Experimental data, (e) Beam stability. 

M.k.s. units are used throughout, except when other- 
wise specified. The abbreviation SCN will be used 
throughout for “space charge neutralized,” or “space 
charge neutralization.” 


Il. THEORY OF SPACE-CHARGE SPREAD 


Thompson and Headrick® have derived an expression 
for the spread of a convergent beam giving the shape, 
or profile, for systems of circular transverse symmetry. 


* Presented at the Symposium of the Division of Electron 
Physics, Cambridge, Mass., June 18, 1949. 

** Scandinavian-American trainee. 

1E. E. Watson, Phil. Mag. 3, 849 (1927). 

2M. Knoll and E. Ruska, Ann. d. Physik 12, 607 (1932). 

3 F. D. Fowler and G. E. Gibson, Phys. Rev. 46, 1075 (1934). 

‘A. Bouwers, Physica 2, 145 (1935). 

5B. von Borries and J. Dosse, Arch. f. Electroteck. 32, 221 
(1938). 

6A. V. Haeff, Proc. I.R.E. 27, 586 (1939). 

7L. P. Smith and P. L. Hartman, J. App. Phys. 11, 220 (1940). 

5 J. R. Pierce, J. App. Phys. 11, 548 (1940). 

*B. J. Thompson and L. B. Headrick, Proc. I.R.E. 28, 318 
(1940). 

LL. M. Field, K. Spangenberg, and R. Helm, Elec. Communica- 
tion 24, 108 (1947). 
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They found that the radius of the beam at any point is 


we zs "(9 2 —y,2) 
—Tea Filer Or 
r=Rye *! . 


= Roe“ SV r0—- V/V (1) 


where Ro=initial beam radius, /=beam current, ¢ 
=natural logarithmic base, ¢9=permittivity of free 
space, m=electron mass, e=electron charge, »=beam 
velocity, v,=radial velocity, v,.=initial radial velocity, 
V=beam voltage, V,=radial velocity in equivalent 
volts, V,.=initial radial velocity in equivalent volts, 
and S=(82°«e/m)'V!/I. The minimum radius is ob- 
tained by putting V,=0, that is, 


Im= Roe SV lV, (2) 


The longitudinal (axial) position of any surface elec- 
tron is found to be 
(SVro/V)} 
= 251 Roe SV! V f e*"dx, (3) 


(SVr/V)h 


and the axial position of the point of minimum radius is 


(SVrolV)4 
lm = 2SHRoe sei f e*'dx. (4) 


A typical set of curves computed from Eqs. (1) and 
(3) is given in Fig. 1. Profiles 6 are plotted for a series 
of beam currents from 0 to 60 ma. The beam voltage 
is 300, the source radius Rp =0.3 cm, and the focal dis- 
tance with no spreading is 29 =0.8 cm. The curve cc is 
the locus of the points of minimum radius. 

In the same figure, a partition A is shown which con- 
tains a circular aperture a, concentric with the beam. 
By use of the beam profiles it is evident that the amount 
of current passing through this aperture may be com- 
puted. Thus it is seen that for currents up to about 9.0 
ma, the total amount traverses the aperture, whereas 
at 20 ma less than 25 percent passes through, and at 
60 ma only about 3.5 percent. 
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Fic. 1. Typical computed beam profiles. 


If J, is the current traversing the aperture, and / is 
the total beam current, the beam efficiency may be 
defined as J,/J. This is determined by the ratio of the 
aperture area to the beam cross-sectional area, i.e., 


&=I,/I =1,2/r;°, 


where fq is the aperture radius and r; is the beam radius 
at the aperture. 

A set of curves showing beam efficiency, thus com- 
puted, is given in Fig. 2, for beam voltages of 200, 300, 
and 400 volts. These curves, as well as those of Fig. 1, 
are idealized in that they are based on the original 
Thompson and Headrick assumptions, and furthermore 
no account has been taken of any aberrations, or effects 
of initial velocities. 

By inspection of Eqs. (2) and (4) it is seen that r,, 
and z, may be written as functions of the quantity 
vyi/I, since, by assumption, V,, is proportional to V. 
It is not evident by inspection that Eqs. (1) and (3) 
also may be written as functions of this same parameter. 
However it has been shown by Field, Spangenberg, and 
Helm'’ that universal beam profiles may be drawn in 
terms of this parameter. Hence curves such as those of 
Fig. 1, may be considered universal, in so far as 
one may be drawn for each value of V!/J, for any given 
geometry. 

Thus, the curves of Fig. 2, also may be combined 
into a single universal curve by plotting J/V! along the 
horizontal axis instead of J. Such a curve is shown in 
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Fic. 2. Theoretical beam efficiency. 
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Fic. 3. Universal beam efficiency curve with experimental 
points at three different voltages. 


Fig. 3. The experimental data shown in this figure will 
be discussed later. 


III. ION TRAPPING AND SPACE CHARGE 
NEUTRALIZATION 


In this section the prevention of space charge spread 
will be discussed. The method used here is based on the 
neutralization of electron space charge by positive ions. 
The first similar application of positive ions appears 
to have been made by J. B. Johnson" in 1922 in con- 
nection with a cathode-ray oscillograph tube in which 
beam spread was reduced by admitting gas into the 
tube. However, the conditions differed widely from those 
under discussion in this article, and did not involve 
the trapping of ions as described hereinafter. 

A more recent application by O. Heil” has been de- 
scribed but many details are not available. The most 
detailed study was made by Field, Spangenberg, and 
Helm.” Here ions formed by collisions between beam 
electrons and residual gas molecules were trapped in 
long, high voltage beams. It was also shown that the 
number of residual gas molecules at pressures used in 
ordinary high vacuum tubes was sufficient to supply 
ions for beams of high current density. However, again, 
conditions and methods differed considerably from 
those of the present work. 

An understanding of the ion-trapping process may 
be had with the aid of Fig. 4, which shows the potential 
variation across the tube diameter. At the top, a cross 
section of a cylindrical tube and beam is illustrated, 
where D is the cylindrical wall, and } is the beam, see 


1 J. B. Johnson, J. Opt. Soc. Am. 6, 701 (1922). 

2 ©. Heil, German War Time Research and Development in Klys- 
—,_ = S. Dept. of Commerce, Publication Board Report No. 
52,348. 

13 See reference 10. This same work was printed privately in 
1942. See report on “The Production and Control of Electron 
Beams,” Electrical Engineering Dept., Stanford University. 
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(A) 

Fic. 4. Potential dis- 
tribution across beam 
with various degrees of 
SCN. 

(8) 
(c) 














Fig. 6. Below at (A) is shown a typical potential varia- 
tion for an unneutralized beam. In the case of a cylin- 
drical, parallel beam the variation is approximately 
parabolic within the beam, and logarithmic between 
the beam and the wall, (see Smith and Hartman’). 
Thus there is a potential minimum at the beam center. 

This depression extends along the longitudinal axis, 
but decreases as the grid or aperture are approached, 
and becomes negligibly small at these electrodes. Thus 
there is formed a potential valley surrounded by higher 
regions on all sides. . 

Such a potential valley acts as an ion trap, as shown 
in Fig. 4(A)..Positive ions, formed by collisions between 
beam electrons and residual gas molecules, move toward 
the beam center, and are trapped. On the other hand, 
low velocity electrons, formed by the ionization process, 
are forced away from the center of the beam. 

The resulting accumulation of ions in the beam causes 
a progressive neutralization of electron charge, and 
consequently, the potential rises and the depression 
decreases, as shown at (B). If, eventually, the positive 
ion density equals the electron density, the potential 
becomes uniform, as at (C), then ion-trapping obvi- 
ously ceases, and an equilibrium condition is estab- 
lished. Actually, under most circumstances, there will 
remain a slight potential depression of the order of a 
few tenths of a volt just sufficient to overcome the 
thermal energies of the ions. This will be discussed in 
detail below. Furthermore, electrons formed by ioniza- 
tion will continue to be lost from the beam, even with 
no potential depression, since they will encounter no 
resisting forces. 

When the electron space charge is thus neutralized, 
the electron paths become straight and radial. The total 
current then passes through the aperture, except insofar 
as there are limitations due to unconsidered factors, 
such as structural aberrations and initial velocities. 
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The rate of formation of ions in an electron beam js 
given by 
(dN2/dt),=2rpP(V) ni, (5) 


where is the gas pressure, P is the number of elec. 
trons (or ions) formed per unit length, per electron, at 
unit pressure, 7, is the electron density, N» is the 
number of ions per unit beam length, and 2 is the elec. 
tron velocity. 

The rate of loss of ions will be computed by assuming 
that the trapped ions form an ion gas. This seems plaus. 
ible in view of the long lifetime of the ions in the trap 
and the consequent possibility of the attainment of an 
equilibrium state. The rate of loss will then depend upon 
the ion gas density at the wall and the average normal 
velocity component there. The density will be controlled 
by the Boltzmann law and at the wall it will be 


N2= No eV kT, 


where m2’ is the ion density at the beam center, 7, js 
the gas temperature, and AV is the potential difference 
between the beam center and surrounding cylindrical 
wall. In the case of an electron beam, the potential is 
depressed, and AV is such as to make AVe/kT» nega- 
tive for positive ions. The average normal velocity at 
the wall is, from kinetic theory, 


(=) 
Noe) 


Thus the rate of ion loss may be written 


dN» ; V ove } 
(=) = 2rRnz'e*' ivo(—~) . (6) 
dt 9 2xM 


The net rate of change of number of ions may there- 
fore be written 


¢ N2 (—) (— 
da \aJ, \ae 














) =r pPnyv 
9 


Vove \! 
2a Rye? Po ) . (2) 
27M 





Throughout the trapping period the first term re- 
mains constant, however, at the beginning of the proc- 
ess, #2’ is small, also | AV | >>Vo2, hence the second term 
is small. As the trapped ion density m-’ increases, | AV| 
also decreases, and the second term increases. At equi- 
librium the two terms must be equal, then dN 2/dt=0, 
and Eq. (7) becomes, 


2Ve\? — V ove 2 
r7'pPn(—) = 29Rno'e*' ral ) 
me 27M 


Cancelling terms, and solving for p, gives 


Rn gm Vo! 
path (2% are 
m'r?Pn,\M V 
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This represents the equilibrium condition for a poten- 
tial depression in the beam. It is evident that AV is a 
function of pressure, and that at a certain pressure, 
AV =0. Under this condition also m2’=m, and then 


R sm Vo} 
P(aveo)=— (— ) : (9) 
mrP\M V 


Only at this pressure is there accurate space charge 
neutralization; at other pressures m,’ is not exactly 
equal to m;. However, under practical conditions, such 
as are of interest here, AV is usually less than a volt, 
and then #2’~m, for beam currents of several milli- 
amperes or more. This arises from the fact that the po- 
tential depression is caused by the unneutralized charge 
n\—M»', and since these are both large numbers, 1;— 7,’ 
may be large even though m/n’ is nearly unity. 

When the pressure exceeds the value given by Eq. 
(9), AV changes sign and the potential depression be- 
comes a potential increase. This is due to the formation 
of ions at a rate greater than that at which they can 
escape without an assisting electric field. 

In this case ions are no longer trapped, but electrons 
are, and thus it is now possible to set up equations for 
electrons, similar to Eqs. (5) and (6), representing the 
rates of electron formation and loss. 

The rate of flow of electrons to the wall will be given 


by 
dN, Voue ; 
(282) 2ernccarira( U2) 
dt 1 2am 


The rate of formation of electrons in the beam will be 


dN, 2Ve\} 
(—) =77*pPn(—) ‘ 
dt 9 m 


Here m,’ is the density of the electron gas at the beam 
center, that is, the density of the trapped electrons. 
This does not include the beam electrons, which are 
not trapped, do not form a gas, and do not obey the 
Boltzmann law. Also Vo is the electron gas temperature 
in equivalent volts. 

Equating Eqs. (10) and (11) and solving for p yields, 


Rn,’ Vo ; 
p= (—) e-4V/Vo1, 
wr? Pny, V 


This equation is valid only for potential rises in the 
beam, whereas Eq. (8) is valid only for potential de- 
pressions. For AV=0 they should both be valid. 
Equating them, and putting AV =0, yields, 








(10) 


(11) 





(12) 
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Fic. 5. Variation of potential depression with pressure. 


If this is written 


Von\? Voo\! 
m'(—) =n: ( ) ; 
m M 
it is seen that this means that the electron and ion cur- 
rents escaping from the beam, due solely to thermal 
motion, are equal, when AV =0. 

Equation (12) can not now be evaluated for other 
values of AV since m,;’ is an unknown function of AV. 
Further work must be done to determine this function. 

However, Eq. (8) for the potential depression case, 
can be evaluated, assuming 2, =2'. This is plotted in 
Fig. 5, for the following conditions: R=0.5 cm, r=0.1 
cm, P=7.7, M/m=52,000, V =300 volts, and Vo 
=0.026 volt. These values correspond approximately 
to a set of experimental conditions to be discussed later. 
The values of R and r are averaged for a conical beam. 
P and M/m are taken for nitrogen. The ion gas tem- 
perature is assumed to be 300°K. These data give 





P=1.5X 10-44 ¥/0.026, 


It is seen from this that as the vacuum improves, the 
equilibrium potential depression increases in order to 
decrease the rate of ion escape from the trap. However 
for all practical vacuums the depression is very small 
compared to the beam voltage. 

The build-up time of the ion density and the aperture 
current J, may be computed from Eq. (7). However, this 
computation is complicated by the fact that the varia- 
tion of AV during build-up is not known. Fortunately 
the term which contains AV does not become important 
until the final stages of build-up, when ions begin to 
escape from the trap. It is then responsible for the tail 
of the curves, as shown in Figs. 9 and 11. An approxi- 
mation may be made by neglecting this term and using 
only the first term of Eq. (7). The values thus obtained 
will be too small, but will be sufficiently accurate for 
many purposes. If this is done, there results, 


dn2/dt = pPnyr 
since 
N2 = rns. 
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The ion build-up time +r is the interval required for n, 
to equal m, i.e., 


ae 
r= f a= fi 
0 pP(V) ny: 


But v, = (2Ve/m)!, and also, if the number of ionized 
gas molecules is small compared to the total number of 
residual gas molecules in the beam-region, so that p 
can be considered constant during the ionization build- 
up period, it follows that 


(m/2e)* m 
f dnz, 
pP( V)ny Vid 
(m/2e)! 


T= —_——_—— 


pP(V)V 








T= 


or 


If r is measured in microseconds, p in mm of mercury, 
and P(V) in number of ions formed per cm, per elec- 
tron, at a pressure of 1 mm of mercury, this becomes 


0.0169 
Pet niicceemone (14) 
pP(V)V) 


Thus rf varies inversely as the pressure, is independent 
of current, and is a function of voltage which can be 
specified only when P(V) is known. 

In the above treatment it is assumed that the number 
of residual molecules in the beam region is large com- 
pared to the number of ions required, that is, to the 
number of electrons in the beam. This condition is 
usually easily consistent with electron beam tube oper- 
ating conditions. 


IV. PULSE TECHNIQUE AND APPARATUS 


The construction of the tubes used in the tests is 
shown schematically in Fig. 6. The cathode C comprises 
a segment of a spherical surface with its center of 
curvature at 0. Immediately in front of the cathode is 
the grid G, which also is a spherical segment having its 
center of curvature at 0. The aperture a, through which 
it is desired to pass current, is placed at 0. The disk A, 
cylinder D, and grid G form a shielded enclosure, which 
is field-free when G, A, and D are at the same potential. 
Under this condition, and in the absence of space charge, 
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electrons will follow radial trajectories, as shown by 
lines 6. But in the presence of space charge, divergence 
will occur, as illustrated by dashed lines 0’. 

A scale drawing of an actual tube is shown in Fig, 7, 
Parts are lettered to correspond to similar parts of 
Fig. 6. In addition there is shown here the focusin 
electrodes B, and the Faraday cage F to collect the 
aperture current J,. The tests were made with a tube 
of demountable design in which the position of the 
electron gun and the Faraday cage could be adjusted 
by external knobs, working through metal bellows. 
This adjustment could be either lateral or longitudinal, 

The greater part of the data obtained in this study 
was obtained by use of a pulse technique. It is believed 
that this is the first application of pulse methods to the 
investigation of electron beams. It has proved to be 
very superior to d.c. methods, eliminating several sources 
of error and yielding additional information. These 
advantages will be discussed below. 

The circuit used is illustrated schematically in Fig. 8, 
The tube elements are cathode C, grid G, aperture 
disk A, and Faraday cage F. The pulser produced a 
square pulse of width 7, variable from } to 5 micro- 
seconds, and of spacing 7, variable from 50 to 5000 
microseconds. The pulse amplitude was adjustable up 
to 400 volts. 

A typical oscillogram is sketched in Fig. 9, where 
grid voltage (above) and aperture current (below) are 
plotted against time. From a to 6 all electrodes have 
the same potential with respect to the cathode, and the 
current is constant. At 5, a pulse is applied to the grid 
of sufficient amplitude to bring its potential down to 
zero. This stops the cathode emission current, and it 
also applies an ion-sweeping field between the grid and 
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Fic. 7. Scale drawing of ion-trapping gun. 
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Fic. 8. Schematic diagram of tube and circuit. 


the aperture for the duration of the pulse from ¢ to d. 
At d the pulse is terminated and the grid-potential and 
the cathode emission current return to their initial 
values. The aperture current however rises only to e, 
which is less than the initial value. The reason for this 
is that the positive ions were swept out of the beam 
region during the application of the pulse, consequently 
at its termination, and the reformation of the beam, 
there is no space-charge neutralization. The current at 
e represents that passing through the aperture with the 
beam in a diverged state due to space charge. However, 
at point e ions again begin to be formed and trapped, 
hence there is an increase in current during the time 
interval from e to f. At the latter point the current has 
attained its original value, which represents that ob- 
tained with complete space-charge neutralization. 

This method has several advantages over a dc method 
in which ions are swept out by applying a steady sweep- 
ing voltage on the grid. (1) Electrons maintain constant 
velocity between grid and aperture, as is required for 
comparison with existing theories. (2) There is no de- 
focusing, or other distortion of the beam, by non- 
uniform fields in the beam region. (3) There are no 
complications caused by secondary electron currents. 
(4) An ion-sweeping field as large as desired may be used. 
(5) Data on ion build-up time are obtainable. 


V. EXPERIMENTAL DATA 
1. Space Charge Spread 


The decrease in aperture current due to space charge 
spread may be obtained directly from oscillograms such 
as that of Fig. 9. The ratio of the current without SCN 
to that with, is the ratio of lengths ed/bc. The numerical 
value of the current at point 6 may be measured with 
a meter while the pulser is switched off. All other de- 
sired currents may likewise be metered except the cur- 
rent corresponding to point e. This is obtained from the 
ratio of ed/bc. 

Measurements of this sort were made to determine 
the beam efficiency, 6=J,/7, as a function of beam 
current J, gas pressure p, and beam voltage V. Typical 
oscillograms are shown in Figs. 10-12. 

The variation of 7,/J with beam current shows di- 
rectly the effect of space charge in causing beam spread. 
Oscillograms for a series of beam currents are shown in 
Fig. 10. Here the beam voltage and pressure are sub- 
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stantially constant. As the current is varied, point e 
(see Fig. 9) changes, moving upward with decreasing 
current. This shows that the space charge spread is 
smaller for smaller currents. Data taken from such os- 
cillograms are plotted in Fig. 13, where beam efficiency, 
I,/I is plotted against beam current for three different 
beam voltages. The rapid drop in efficiency due to beam 
spread is apparent. 

As pointed out above, these data may be presented 
in the form of a universal curve by plotting against 
I/V}, instead of against J alone. This has been done in 
Fig. 3. The solid line has been computed from the 
Thompson-Headrick theory; the points have been ob- 
tained from ed/bc ratios on oscillograms such as those 
of Fig. 10. These data at different voltages show a sys- 
tematic drop in efficiency as the voltage decreases. This 
will be shown later to be due to the effect of initial 
thermal velocities. Both voltage and pressure effects 
will be discussed later. 


2. Space-Charge Neutralization 


In Fig. 13 are shown also the values of J,/J for space 
charge neutralized beams. These are substantially hori- 
zontal lines, except for a small upward rise for small 
currents. This indicates that there is little or no beam 
spread as the current increases in this case. Over the 
range of the measurements there appears to be no 
limitation of current due to space-charge spread. The 
tests were not usually extended beyond J=55 ma at 
V =300, because of excessive heating of the grid, and 
danger of destroying it. However, for a period of a few 
seconds, an aperture current 7,=68 ma was obtained 
at 400 volts with a beam efficiency E=86.8 percent. 
The lower voltage tests terminate at values of current 
which represent the space charge limited values of cur- 
rent between cathode and grid. This is not a funda- 
mental or serious limitation since it can be varied by 
changing the cathode-grid spacing. (There is no SCN 
effect in the cathode-grid region since it is not field-free 
and ion trapping does not occur.) It is seen from these 
data that the maximum gain obtained in these tests 
from SCN corresponds to an increase in J, of about 30 
times at J=55. 

It also is evident from Fig. 11 that the gain due to 
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Fic. 9. Typical pulse shape showing applied grid voltage (above), 
and resulting aperture current (below). 
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v=300 VOLTS 
T, =300U SEC 
Tz = 5 USEC. 





1=55 p=6.1 x10°S 
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Fic. 10. Effect of current variation. 


SCN is independent of pressure, since the ratio bc/ed 
does not vary with pressure. This is in agreement with 
the above theory. 


3. Ion Build-Up Time and Pressure 


The ion build-up time r may be determined from oscil- 
lograms such as those of Fig. 9 by measuring the time 
difference between the points e and f. However, by 
using this method good agreement could not be ex- 
pected when comparing the results with the simple 
theory used in deriving Eq. (14), because of some seri- 
ous sources of error that cannot be overcome, namely: 
(1) The point / is very hard to localize on the scope 
picture because of the smooth transition to the equi- 
librium condition. (2) The tendency for the ions to 
escape from the beam region increases as the potential 


vz300 1740 








333 





60 ' 


60 ' 


Fic. 11. Effect of pressure variation. 
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across the beam approaches the equilibrium state thys 
giving a longer ion build-up time than predicted by 
Eq. (14). These factors can be overcome by using 
another method, in which the build-up time is deter. 
mined from the rate of formation of ions at the point ¢ 
and from the knowledge of the number of ions required 
for full neutralization. The values thus obtained of 
course may differ somewhat from the practical ones, 
such as the time from e to f in Fig. 9, but they are 
consistent with the assumptions of Eq. (14) and are 
valid for comparison therewith. This method of ob- 
taining 7 has been used for all values given in this paper, 

It is seen that, theoretically, according to Eq. (14), 
the build-up time varies inversely as pressure, inversely 
as P(V) V and is independent of current. This latter 
independence can be seen to be substantially verified 
by the data of Fig. 10. No attempt at a more exact 
verification has been made. 

The variation with pressure has been more completely 
checked. Pulse characteristics are shown in Fig. 11 for 
a range of pressures from 7.9X10~-* to 255X10-* mm 
of mercury. These apply to a 40-milliampere, 300-volt 
beam. The decrease in build-up time is of an easily 
apparent magnitude in the photographs. 

Values of + obtained from such oscillograms are 
plotted against pressure in Fig. 14, on log-log paper. 
The solid lines are drawn with the theoretical slope of 
—1. The agreement lies within the experimental error, 
The 200-volt plot lies above the 300-volt one since the 
quantity P(V) V of Eq. (14) is smaller in the former 
case. The values of P(V) were taken for air." 


4. Variation of Beam Voltage 


The build-up time is seen, from Eq. (14), to vary with 
beam voltage inversely as P(V) V. The function P(V) 
in general has a value which rises to a maximum near a 
hundred volts and then drops slowly as V increases." 
Multiplying by V shifts the maximum to a higher value. 
This function is inverted in the expression for 7, and 
results in a curve such as shown in Fig. 15, by the solid 
line. The experimental values, plotted as crosses, were 
obtained from oscillograms such as those of Fig. 12, 
by the method described in the preceding Section 3. 
Although the agreement is not quantitatively good, it 
is satisfactory in view of the assumptions involved. It 
is evident from known P (V) functions that 300 volts 
represents an optimum voltage region, but that at 
higher voltages the build-up time would probably not 
be seriously larger. 

At low beam voltages (below about 100 volts) it has 
been observed that the efficiency (J,/7) drops very 
rapidly. This is illustrated in Fig. 16. It can be shown 
that this is caused by beam spread due to initial thermal 
velocities which become of importance when the beam 
velocity is small. To estimate this effect consider a 


4 See Engel and Steenbeck, Elektrische Gasentladungen (Berlin, 
1932), p. 35. 
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small current, or an SCN case, so that space charge 
can be neglected. Assume a system such as shown in 
Fig. 17, where Rp is the emitter radius, and 72 the radius 
at the aperture, i.e., at the focal spot, due to initial 
velocities. Neglecting initial velocities, the focal spot 
would be a point, and the beam angle would be a, as 
shown. 

For the system of Fig. 17, E. Ruska® has derived the 


expression 
re 2sing (~) 
Ry sin2da \ Ve 


To obtain the total spread put 8=2/2. Also substitute 
the approximation, 





sin2a = 2Ro/<Zo, 


Ye Z0 kT 4 T2 kT 3 
—s— —) , or -= (—) , (15) 
Ro Ro Ve Z0 Ve 
Since the total current remains constant wR,?Jo 
=areJ, or 


then 


J/Jy=Re/r?, (16) 


where Jo is the initial current density, and J the density 
at the focus. 
From Eggs. (15) and (16), 


J/JIo=Re?/2z0e(Ve/kT) =(Ve/kT)tan2a. 


For small a, tana~sina, so that this is in agreement 
with the expression of D. B. Langmuir.'® 

The fraction of current passing through an aperture 
of radius 7q is fq?/r2*, or from Eq. (15), 


Tq/T =1q?/12 =14"/20?(Ve/kT). (17) 


This expression is valid, of course, only for ra<ro. 
Under this condition, and for a given geometry, the 
beam efficiency varies directly as V, the beam voltage. 

This theoretical expression is plotted in Fig. 16 as a 
straight line through the origin. According to this 
simple theory the ratio 7,/Z should rise linearly until 
it attains unity (r2=r,) after which it should remain 
constant. The departure of the experimental curve 
from the simple theory may be due in part to the 
neglect of the Maxwell-Boltzmann distribution in the 
theory. This distribution would cause a rounding off, 
instead of a sharp break, at J,/J=1. Also there is 
spreading of the beam due to other factors, such as 
grid irregularities, which prevent the experimental 
value of J,/J from reaching unity. 

The slope of the line in the figure is drawn to equal 
that of the experimental curve at the origin and cor- 
responds to a temperature of 1370°K. This is a little 
high, but the actual cathode temperature was not de- 
termined, and this value is close enough to indicate 


“ E. Ruska, Zeits. f. Phys. 83, 684 (1933). 
“D. B. Langmuir, Proc. I.R.E. 25, 977 (1937). 
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Fic. 12. Effect of voltage variation. 


definitely that the drop in /,/J is due to thermal 
velocities. 

If the beam voltage is reduced below the ionization 
potential it is clear that the formation of ions will be 
affected and the neutralization of electron space charge 
may not be possible. Data taken in this region showed 
that as V increases from 9 to 10 volts there is an abrupt 
increase in J,, corresponding, very likely, to the onset 
of ionization. However, as V is decreased from 10, the 
current drops smoothly until it reaches the original 
value at about 7 volts. Thus there is a hysteresis effect. 
This phenomenon is shown in the oscillogram of Fig. 18 
wherein the horizontal scale was scanned by a 60 c.p.s. 
voltage, while the vertical represents /,. 


5. Comparative Results 


Comparisons of SCN electron guns with several 
other types are given in Table I. The other types repre- 
sent various previous attempts to obtain high current 
density, except, the 2K25 which is a widely-used com- 
mercial type, but not designed for particularly high 
density. The comparison is made on the basis of six 
quantities. As listed in order in the columns, they are: 
(1) total aperture current, (2) current density at the 
emitter, (3) current density at the aperture, (4) perve- 
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Fic. 13. Experimental beam efficiency curves with (above), 
and without ion trapping (below). 
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Fic. 14. Variation of ion build-up time with pressure. 


ance X 10°, (5) concentration factor, or the ratio J/J xz, 
and (6) a figure of merit, F. 

The figure of merit represents an attempt to indicate, 
in a manner independent of voltage and electrode size, 
the comparative ability of various guns to pass current 
through an aperture. To do this the Child-Langmuir 
law for parallel beams has been modified by introducing 
the factor F, i.e., 


I, =2.334X 10-*(V3/x2)a-F, 


where J, is the current in amp./cm’, V is the beam 
voltage, x is the distance from emitter to aperture in 
cm a is the aperture area in cm’, and F is the figure of 
merit. For a parallel beam, F =1, and the greater the 
value of F the greater the aperture current compared 
to a parallel beam. Thus 


T,x*10° 


F =—___—_. 
2.334Via 


(18) 


For space charge limited beams this is independent of 
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Fic. 16. Variation of beam efficiency with beam voltage. Current 
space charge limited between cathode and grid. 


V, since J, varies as V}. Further, it is independent of 
gun size, since the ratio of x*/a remains constant during 
scaling. 

It is evident from the table that the SCN guns exceed 
all others in F value by a considerable factor. An im- 
portant type of gun not listed in the table is one re- 
cently developed by O. Heil, for which very good re- 
sults have been reported. This is not included, since 
published data are not yet available. It employs a very 
concave cathode, a wide-angle beam, and an optimized 
electrostatic focusing system. 


VI. STABILITY 


If reference is made to Fig. 11 it will be seen that at 
low pressures (10-° mm of Hg) the oscilloscope trace 
is noise-free, but at higher pressures (90X10-* and 
higher) there is a visible indication of noise. This is 
shown also in Fig. 19, which was taken with a beam 
voltage of 300, a current of 40 ma, and a pressure of 
1.5X10- mm of Hg. It is noteworthy that the noise 
appears quite abruptly at a point where space charge 
neutralization apparently is completed. There is no 
evidence of it during the ion build-up period. 

Reason to expect noise, and instability, under the 
observed conditions is found in the discussion of the 
equilibrium condition in Section III, and particularly 
in Eqs. (8) and (12). It was shown there that as the 
pressure increases, AV is at first negative, then passes 
through zero, and becomes positive. When AV is nega- 
tive (potential depression) there is very nearly an exact 
equality of beam electron density and ion density. 
However, for AV positive, electron trapping starts, 








Fic. 17. Diagram showing beam spread due to thermal velocities 
in a structure with a focusing grid. 
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Fic. 18. Oscillogram showing variation of aperture current 
near ionization potential. 


TaBLE I. Comparative data on electron guns at 300 volts. 








Perve- 





ma ma prucatitid Conc. ie 
an um A wSek - & 
Samuel 8.3 46.5 166 1.6 3.6 3.0 a 
2K25 37.0 229.0 229 7.1 1.0 3.5 b 
Lafferty 8.3 34.5 2200 1.7 64.0 38.0 c 
SCN (1) 44.0 102.0 5700 8.5 56.0 470.0 
SCN (2) 49.0 113.0 6340 9.4 56.0 574.0 








a A, L. Samuel, Proc. I.R.E. 33, 233 (1945). 
b J. R. Pierce and W. G. Shepherd, Bell Syst. Tech. J. 26, 460 (1947). 
e J. N. Lafferty, thesis, University of Michigan, June, 1946. 


and the electron and ion densities increase to some, at 
present, undetermined values. Furthermore, the tem- 
perature of the trapped electron gas in this case should 
be much higher than that of the trapped ion gas with 
AV negative. These conditions may well lead to noise 
production, and oscillations in the beam. 

More specifically, noise has been found to be observ- 
able first at a pressure of approximately 10-* mm of 
Hg. It rises to a maximum at 5X10~‘, and then re- 
mains constant to 10-*, which is the upper limit of the 
experiments. It is seen that the threshold of 10~ is in 
fair agreement with the theory, in that it is approxi- 
mately at this value of p that AV changes from — to +, 
as may be seen from Fig. 5. 





Fic. 19. Oscillogram showing appearance of noise in SCN beam. 
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Fic. 20. Experimental beam oscillation frequency as a 
function of ion density. 


Plasma ion oscillations also have been observed in 
the beam. These were found at the lowest pressures 
used, i.e., around 10~*. They occurred up to p=10~4 
where they either ceased or were masked by the noise 
which begins at that pressure. It was not possible to 
determine which occurred. 

For low pressures, the oscillation frequency was very 
distinct, and could be synchronized with an oscillo- 
scope, or measured with a calibrated receiver. Accord- 
ing to theory," plasma ion oscillations have a frequency 


given by 
j -(~“) (19) 
=—| —]}, 19 
2r e,5M 


where M is the ion mass and mz the ion density. A meas- 
ure of the ion density could be obtained from the 


current density at the aperture, and the beam voltage. 
Thus 


f=K(I./V%)}, (20) 


where K is a constant depending on ion mass. The agree- 
ment with this formula is shown in Fig. 20. The straight 
line represents Eq. (20) for a value of molecular weight 
of 41. This result seems high because the value for V2 
is 28, and Oz, 32, but since the identity of the trapped 
ions is unknown no definite conclusion can be drawn. 
However, the agreement is sufficiently good, so that 
there is little doubt that plasma ion oscillations are 
occurring. 

No plasma electron oscillations were detected al- 
though they were sought over the range of from 80 to 
1000 Mc, with the same tube as exhibited the ion 
oscillations. 


17], Langmuir and K. T. Compton, Rev. Mod. Phys. 2, 239 


(1930). 
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Stress-Strain Properties of Natural Rubber under Biaxial Strain* 


B. B. S. T. Boonstra 
Delft, The Netheriands 


(Received January 30, 1950) 


Tube-shaped samples were stretched in a direction parallel to the tube axis and at the same time inflated 
to cause a tangential extension. In this way 600 percent axial and 300 percent tangential elongation could be 
attained simultaneously. The stresses were calculated from the pressure in the tube and the dynamometer 


readings. 


The results are plotted as axial stress-strain curves at different tangential elongations ranging from 


0-300 percent. 


The curve for a higher tangential elongation lies at higher stresses than that for a lower tangential elonga- 
tion; the differences are however larger than the theory predicts. 

At 600 percent axial elongation stress relaxation was measured at different tangential elongations. It 
appears that the relaxation constant is independent of the tangential elongation. 





INTRODUCTION 


TRESS-STRAIN properties for rubber stretched in 
two directions have been reported by Ariano! and 
by Treloar.? 

Both authors used rectangular test pieces and neither 
of them succeeded attaining high elongations because of 
the low tear resistance of rubber under biaxial stress. 

High elongation was reached by the first author by 
inflating spherical samples, then however the strain in 
the majority of cases is about identical in the two direc- 
tions. In this paper a system is described which allows 
stretching to high elongations in two directions inde- 
pendently of each other. 

According to this method tube-shaped samples are 
stretched in the direction of the tube axis and at the 
same time inflated to cause a tangential elongation. The 
axial stress is partly measured on the dynamometer, the 
rest and the transverse stress is calculated from the air 
pressure in the tube. In this way stress-strain curves 
may be obtained for stresses parallel and at right angles 
to the tube axis as a function of the elongations in the 
two directions. 

The theoretical equations extended to this case may 
then be checked. Besides, the decay of stress (axis- 
parallel) with time was measured and the influence of 
elongation perpendicular to this stress determined. 


EXPERIMENTAL PROCEDURE AND RESULTS 


Preparation of the Samples 


Glass tubes of 16-25-mm diameter were repeatedly 
dipped in a latex dispersion of the following formula: 


Rubber (in form of 40 percent latex) 100 
Colloidal sulfur 2)\in form of 33 percent 


Zinc oxide 2 dispersion with 0.2 
Butyl zimate 1) percent Darvan 
Latekoll (ammoniumpolyacrylate) 1 


After a layer of sufficient thickness was obtained 
(0.25-0.40 mm) the tubes were first dried at room 


* Communication No. 124. Rubber Foundation. 
1R. Ariano, Rubber Chem. and Technol. 13, 92 (1940). 


2R. L. G. Treloar, Trans. Faraday Soc. 40, 5 (1944) ; Proc. Phys. : 


Soc. 60, 135 (1948). 
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temperature, then for 30 minutes at 80°C and finally 
vulcanized for 15-30 minutes at 110°C in live steam or 
hot air. 

Dumb-bells punched out of these tubes showed the 
following properties: 
Tensile strength 


Elongation at break 
Load at 300 percent 


320-360 kg/cm? 
750-800 percent 
17-— 21 kg/cm? 


elongation 

Hardness (shore A) 38 

Elasticity (shore B) 85 

Permanent set after 24 measured after 1 hour 2.5 percent 
hours 200 percent measured after 24 hour 0 percent 


elong. 


The rubber tubes are fastened on ribbed metal cylin- 
ders coated with a layer of vulcanized rubber (carbon 
black mix). 

These cylinders can be attached to the dynamometer 
clamps; one of them has an air inlet connected to a 
manometer and a small hand operated air pump. 

The tubes are elongated on a Schopper tensile tester 
(a) with air free to flow in and out, (b) inflated with air 
to the original diameter, (c) fastened on oversize clamp 
cylinders so that a constant transverse elongation can be 
maintained by pumping air into the tube. 

The principle is illustrated in Fig. 1; some experi- 
mental values in Table I. 

In calculating the stress in axis direction in case of 
definite transverse elongation, it has to be considered 
that the air pressure not only determines the tangential 
stress but also gives a contribution to the axial stress in 
form of pressure against the bottom and top plate of the 
cylinder. 

Therefore the curves for inflated tubes do not begin at 
elongation zero but at a definite elongation determined 
by the air pressure necessary for the transverse 
elongation. 

In Fig. 2a number of curves, measured under different 
conditions is drawn, with axial stress, calculated on 
original cross section plotted against axial elongation. 

The lowest curves are those measured without infla- 
tion, these practically coincide with the dumbbell curve; 
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Fic. 1. Test samples for biaxial strain. 


somewhat higher lies the curve for a tube which is not 
elongated sideways but inflated only to retain its original 
diameter. Considerably higher lie the curves for tubes 
with definite transverse elongations. 

The pressure of the air, necessary to maintain a con- 
stant diameter of the tube at the different elongations is 
plotted as an average of several measurements against 
axial elongation in Fig. 3. 

It will be observed in Fig. 3 that the pressure drops 
at the highest axial elongation for the 100 percent 
transverse elongation curve and also for the 300 percent 
elongation curve. Probably the rubber then has become 
so rigid that considerable changes in pressure are possi- 
ble without much effect on the diameter of the tube. 

The tangential stretching force on actual cross section 
is related to the pressure by the formula 


13.6ra, 


o=———————-p kg/cm? on actual cross section. (1) 
1000(d/a,az) 


Here r= original‘radius of the sample, mostly 12.5 mm, 
p=air pressure in cm Hg, a,=axial extension ratio, 
a,= transverse extension ratio, d=thickness of wall of 
the tube. 

So at constant pressure and the same 7, the actual 
stress in transverse direction is proportional to the 
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Fic. 2. Stress-strain curves at different tangential elongations. 


square of the transverse elongation, (tr. el.)?=a,’, this 
factor is four at 100 percent tr. el. and nine at 200 
percent. 

At the same pressures the actual stress at 200 percent 
tr. el. would be 9/4 of that at 100 percent tr. el. In 
reality however the stress ratio is lower, so it can happen 
that the pressure at 200 percent tr. el. is less than at 
100 percent tr. el. (Fig. 3). 

If the stress is plotted vs. the axial elongation, a set of 
curves is obtained as illustrated by Fig. 4. 

In case the tangential tension is very small, for in- 
stance if the sample is not tangentially elongated, but 
only inflated to prevent contraction, the entity plotted 
in the figures was multiplied by ten; the stress in the 
direction of the axis is the actual value. 

At 100 percent and higher transverse elongations the 
actual transverse stress has been plotted together with 
the stress in the direction of the axis, vs. axial elongation. 


TaBLE I. Some experimental values of tensile tests on inflated tube-samples (series 2) at 100 percent tangential elongation. Stresses 
are calculated in kg/cm? of the original cross section. r= original radius of the tube; a,= Axial extension ratio; a,= Tangential extension 
ratio; d=original thickness of the wall of the tube; p=air pressure in the tube in cm Hg. 














Tangential ' . 
elongation Axial elongation in percent 
100 percent 25 50 100 200 300 500 600 
I Dynamometer axial stress 0.8 1.8 $7 10.8 17.7 27.9 46.3 111.5 
E kg/cm? 
7) 
3 II Pressure p in cm Hg 6.8 6.2 5.1 5.1 4.5 4.4 4.4 6.5 
S 
1 III Axial stress calc. from 7.2 5.8 5.3 5.3 4.7 4.6 5.0 6.9 
7 0.0272r/dp kg/cm? * 
iv) 
¢  I+III Total axial stress 8.0 8.6 11.0 16.1 22.5 32.5 51.3 118.4 
5 kg/cm? 
< 
IV Tangential stress kg/cm? » 9.3 8.7 10.7 15.9 18.8 23.0 26.7 46.9 








* General formula: (13.627r2a.2/22rd1000) p. 
> General formula: (13.6aza-r/1000d) p. 
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Fic. 3. Air pressure as a function of axial elongation. 


It is clear from these figures that the tangential stress 
in all cases increases with axial elongation. The slope of 
this line increases with the transverse elongation. 

Furthermore at a definite transverse elongation say 
200 percent the tension must be equal to the stress 
parallel to the axis at an axial elongation of the same 
extent, in this case 200 percent. This is approximately 
true, however at 300 percent the referred stiffness of the 
tube caused somewhat higher values for the transverse 
stress. 


RELAXATION 


The decay with time of the stress parallel to the tube 
axis, was measured at the highest axial elongation i.e. 
600 percent in the following way. The stress was 
measured at the moment of attaining the elongation of 
600 percent and ,—j—}—1—_2—4— 816 and 32 min- 
utes after that. 

A linear relationship is obtained if the stress is 
plotted vs. log time as is done for instance in Fig. 5. 

The slope of this line (F1/s—F32/—log}+log32) is 
dependent on the original stress. 

Instead of the original stress in our case the stress 
after one minute, Fj, is taken, as this value can be 
determined more accurately. 

We calculated our relaxation constant from: 


Fis— Fie 
6F; 


taking the number 2 as a base of our logarithmic system. 

The relaxation constant R»2 was calculated for meas- 
urements made with tubes under variable conditions. 
The results are put together in Table II. 

It is apparent from these data that the tangential 
elongation does not exert much influence on the relaxa- 
tion constant though the actual tension is much in- 
creased. Nor is there any influence of the nature of the 
mix in so far that soft sulfur-vulcanized rubber and 
thiuram vulcanized rubber show the same relaxation 
constant. However, if a mix with a greater amount of 
sulfur (e.g. five parts) is used the relaxation constant 
falls to considerably lower values. This holds almost 
independently of the time of cure of this latter compound. 
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Fic. 4. Axial and tangential stress on actual cross section at biaxial 
elongation; rate of testing 30 cm per minute. 


The relaxation constant is however sensitive to the 
axial elongation; at 500 percent the value is little more 
than half that at 600 percent elongation. 


DISCUSSION 


According to the now established statistical theory of 
elasticity? the elastic tension for unidirectional de- 
formation is: 


F=C[a—(1/a?) ]. (3) 


If one of the cross dimensions (e.g. the circumference 
of the tube) is kept constant this formula changes into 


F.=CLa—(1/a*) ]. (4) 


The following simple formulation of James and Guth’s theory 
was kindly suggested by Ir. J. Bronkhorst of the Physical Depart- 
ment of the Rubber Foundation. 

In Fig. 6, x, y, and z are dimensions of the rectangular sample. In 
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Fic. 5. Relaxation of stress with time. 


3H. M. James and E. Guth, J. App. Phys. 15, 294 (1944); 
J. Chem. Phys. 11, 455 (1943). 
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unstrained condition x= y=z=1 cm. Then total molecular stress 
jn x, ¥ OFZ direction is C=H (hydrostatic pressure in unstrained 
condition). a 
In a special strained condition x, y, z caused by forces Fz, Fy 
and F;: 
F,+Hys= Cx= molecular tension 
F,+Hx2= Cy x, y,z=1 if the volume is con- 
F,+Hxy=Cz sidered constant. 
For unidirectional stress parallel to the x axis 
F,=F,=0 
Cy=Hxz 
Cz=Hxy 
F,=Cx—Hyz=Cx—H/x 
H=Cy/xz=C/x. 
F,=Cx—(C/x?*) 


When z is kept constant by a force F., only Fy=0 (this is not 
exactly true as the inflation pressure represents a small negative 
value which is however neglected), 


F,+Hyz=Cx 
Hxz=Cy 
F.tHxy=Cz H=Cy/xs=Cy?=(C/x22?). 
F,=Cx—Cy*/x=CEx—(y?/x)]=C[x—(1/22*)], 
F,=Cz—C(y*/z) = C[z—(1/x*28)]. 
Inflation to original diameter means z=constant=1 
F,=C[x—(1/x)], 
F,=C[1—(1/2?)]. 

Inflation to 100 percent transverse elongation (z= 2): 
F,=C[x—(1/425)], 
F,=C[2—(1/8x*)]. 

Similarly at 200 percent transverse elongation : 
F,=C[«—(1/9x*)] 
F,=C[3—(1/27x*)]{° 

At 300 percent transverse elongation : 
F,=C[x—(1/16x4)] 
F,=C[4—(1/642*)]J° 


For a definite elongation the second form is larger 
than the first one so it is to be expected that the stress- 
strain curve for a tube inflated to original cross section, 
will lie at higher stresses than the curve for the non- 
inflated tube. The difference should be relatively most 
pronounced at the lowest elongations. 

The curves of Fig. 4 are not on a convenient scale to 
test these relations. In Table III several data are 
compared. 

It appears from Table III that the axial stress of the 
inflated tube is relatively higher than would be expected 
from the theoretical formula. The stress of the non- 
inflated tubes at 100 percent and 200 percent corre- 
sponds with the less accurate values taken from 
dumbbells which amount to seven and ten kg/cm? 
respectively. 

Similarly the ratio between axial stresses for non- 
inflated tubes and tubes inflated to 100 percent elonga- 
tion is according to the theoretical derivation 


a— (1/a?) 
a— (1/4a*) 


In Table IV the calculated and experimental values are 
compared. 


(S) 
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TABLE II. Relaxation constants at 600 percent elongation. 








Rate of stretching 





15 cm/min. 30 cm/min. 
Series II 
Non-inflated R:=0.017 
Inflated to original diameter R:=0.021 
Inflated to 100 percent tangential R:=0.019 
elongation 
Inflated to 200 percent tangential R2=0.023 
elongation 
Inflated to 300 percent tangential R:=0.021 
elongation 
Series III 
Non-inflated — R:=0.017 
Inflated to 100 percent tangential R2=0.023 R.=0.019 
elongation 
Inflated to 200 percent tangential R2=0.018 
elongation 
Series V 
Non-inflated 0.022 R2=0.018 
Inflated to original diameter 0.021 R.=0.019 
Inflated to 100 percent tangential 0.019 R:=0.020 
elongation 
Inflated to 200 percent tangential 0.017 R2=0.018 
elongation 
Inflated to 300 percent tangential R2=0.019 
elongation 
Dumbbells cut out of latex tubes R2=0.017 
Dumbbells cut out of sheets vul- 
canized with 1.75 parts of sulfur, 
20’ at 142°C in a press R2=0.020" 
As above but vulcanized with three 
parts of tuads® instead of sulfur 
+accelerator R2=0.020> 
As above, vulcanized with five 
parts of sulfur+-accelerator R2=0.014 
Mixture with carbon black R2.=0.021 








® Tetramethy] thiuramdisulphide. 


> These vulcanizates show a value of Ra =about 0.013 at 500 percent axis- 
elongation. 


Though these figures are not very accurate they show 
a decided discrepancy with the calculated values; the 
experimental stresses being higher than those calculated. 

This is even more obvious if we consider the transverse 
stress. Theory demands that the transverse stress, 
calculated on original cross section, shall remain practi- 
cally constant at axial elongations above about 100 
percent and under elongations where crystallinity dis- 
turbs the random configuration of the molecular 
network. 


This is illustrated in Fig. 7 where the course of the 
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Fic. 6. Principle of stress. 
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TaBLe III. Axial stresses on original cross section in kg/cm’. 








Axial elongation 





Series 2 50 percent 100 percent 200 percent 
Non-inflated 3.4 6.5 10.8 
Inflated 4.4 7.9 12.3 
Quotient 0.78 0.82 0.88 
eee calculated from 

a—(1/a*)] 
-= 0.875 0.938 0.975 


[a—(1/a*)] 





tangential stress is plotted schematically for a definite 
value of C (i.e., C=3.3). This value of C can be calcu- 
lated from the stress-strain curve (non-inflated or 
dumbbell sample) as it is the axial stress where a —1/a? 
=1 or a=about 1.47 (47 percent elongation). 

In our series 2 and 3 there is only approximate 
agreement at the very lowest elongations in axial or 
tangential direction. For instance at 0 percent tang. el., 
which means that the tube is inflated only to maintain 
its original diameter, the calculated curve only at the 
very beginning is approximately followed by the experi- 
ment. At 100 percent trans. el. however the first points 
up to about 100 percent axial elongation show some 
slight agreement, at higher elongations the difference 
increases strongly. It is to be expected that the con- 
stancy of volume assumed in theory will not hold 
exactly but it cannot explain the wide difference between 
experiment and theory. 

Nor is it to be expected that neglecting of the small 
negative force in the third direction (the air pressure 
against the inner wall of the tube) would make much 
difference in the course of the theoretical curves. 

So it seems that whereas there is reasonable agree- 
ment between experiment and theory for unidirectional 
stress this is no longer the case as soon as simultaneous 
elongation in a second direction is applied. 

The high stresses above 300 percent axial elongation 
may point to the fact that no equilibrium is reached; if 
the tube decreases a little in diameter during axial 
stretching and afterwards is inflated to the correct 
diameter a higher pressure will be necessary than when 
both operations are accurately synchronized. 

Treloar in his experiments about two-dimensional 
strain plotted the force per cm length of the extended 
sheet‘ (analogous to surface tension). As in his studies 


Taste IV. Calculated and experimental ratio of axial stress for 
non-inflated tubes and tubes inflated to 100 percent tangential 
elongation at various axial elongations. 





50 100 200 

Axial elongation percent percent percent 
Ratio calculated from........ (5) 0.74 0.89 0.97 
Ratio measured in series 2 0.40 0.60 0.72 
Ratio measured in series 3 0.52 0.71 0.80 








*L. R. G. Treloar, Trans. Faraday Soc. 39, 241 (1943). 
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Fic. 7. Tangential stress as a function of axial elongation. 


the strain in two dimensions was identical, the force per 
cm length of the sheet is 


1 


when y¥ is the ratio of the final to the original thickness 
of the sheet and X = Z the extension ratio in a direction 
parallel to the surface. 

Treloar could show that the experimental tension 
force ¢ at different extensions coincided with the theo- 
retically derived equation 


t=C(i-y*) for C=about 4 kg/cm? 


up to about 200 percent elongation (y=). 

In our case the strain in the two principal directions 
is generally not the same but at every tangential 
elongation we have one moment where axial and 
tangential elongation are identical. In series V we have 
these cases at 56 percent, 100 percent, 200 percent, 275 | 
percent and 300 percent elongation. At these points of 
identity of the two principal strains the stresses in the 
two perpendicular directions must be identical too; this 
appears to be the case with a deviation of about the 
experimental error of the stress measurements. 

To compare our results with those of Treloar we have 
plotted the force ¢ for these cases in Fig. 8 and it is 
evident from this figure that they agree fairly well with 


JOURNAL OF APPLIED PHYSICS 











o> 





: per 


ness 
‘tion 


sion 
heo- 


tions 
ntial 

and 
have 


» 215 | 


ts of 
n the 


> this | 


t the 
have 
it is 
| with 








theoretically calculated values for C=5.7 up to 200 
rcent elongation. This is shown in Table V. 

So far there is agreement with theory as had been 
found by Treloar except that in our case the value of C 
is 5.7 against 4.0 in Treloar’s experiments. 

This however may be due to the different types of 
mixture used.** 

In case the strains in the two perpendicular directions 
across the sheet are not identical we have two principal 
stresses and following again the method of plotting the 
entity / (stress per cm length of the sheet) we easily 


derive: 
S, F, p ¢ 1 
a= =c(=— ) 
XZ Z s&s aw 


S, F, Z 1 
i,= = -c(-- ) 
XZ X X X*Z* 


for X/Z=1 this case simplifies again to the first prob- 
lem. If we take however the strain situations, where 
X/Z is for instance= 2 we would expect to find a similar 
curve as in Fig. 8 with the same value of C. 

What actually is found Table VI illustrates. From 
Table VI it is evident that the C values do not agree 
with the C found for homogeneous two-dimensional 
strain and differ even when calculated from the axial 
and tangential stress respectively. So here also the 
deviations from theory are very pronounced. Mathe- 
matically these deviations may be accounted for partly 
by the treatment of Mooney® and more completely by 
that of Rivlin.® 

The formula governing the relaxation which has been 
used here is 





and 











Fu—Fr 





R= (7) 
Ft,/(logts— logt;) 


this expresses a constant decrease of stress in all time 














/ 

. 
2s TENSION 

IN | f-ExPERIMENTAL 
kg /em 7 (ON ORIGINAL CROSS- 
F SECTION) 
20} ff 
Pi 
J 
Pd 
15} i 
a 
oT al t- EXPERIMENTAL 
Pd s 
10 Pi ; 
r 7 - 
° x 
7 ea _ THEORETICAL 
7. t=57(1- y’) 
’ 
/ 
N 4 l 1 | 1 l 





100 150 290 250 300 350 400 450 500 
LINEAR EXTENSION RATIO X= 1/Vpy 


Fic. 8. Two-dimensional equilateral extension. 


** For latex-rubber T. mentions a value of C=6.3. 

®M. Mooney, J. App. Phys. 11, 582 (1940). 

®R. S. Rivlin, Phil. Trans. A, 240, 459, 509 (1948); 241, 379 
(1948) ; 242, 173 (1949); Proc. Roy. Soc. A, 195, 463 (1949). 
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TABLE V. Forces at various equilateral elongations and the values 
of “C” calculated from these forces. 











Elongation F:/X “c™ 
56 percent 7.9/1.56=5.1 5.7 
100 percent 11.2/2=5.6 5.6 
200 percent 17.2/3=5.7 5.7 
275 percent 26.5/3.75=7.1 7.1 
300 percent 46/4=11.5 11.5 








periods /:—/;, where /2=2/,; and ¢ is counted from the 
moment the elongation was stopped. It is an approxima- 
tion of the general formula of Tobolsky and Eyring.’ 
It indicates that the decay of stress is the result of 
slippage of chain molecules along each other. 

According to Flory* the relaxation results for the 
greater part from terminal chain slippage. This means 
that a rubber with longer primary molecules (before 
vulcanization) will have a lower relaxation constant 
than a rubber which has been thoroughly broken down 
to small molecular chains on the mixing mill. 

If we compare two rubbers that have undergone the 
same milling treatment, so that we may assume about 
equal average molecular weight, but that have different 
degree of vulcanization, then the one with the highest 
cure will show the lower relaxation constant as the 
latter has the highest percentage of cross links and 
relatively the lowest number of terminal chains. 

This is in agreement with the observation that the 
vulcanizate with five parts of sulfur shows a constant 
R=0.014 whereas the mixes vulcanized with 1.75 parts 
of sulfur and with thiuram only, show a value of 
R=0.020. 

At these high elongations crystallization plays a part 
in stress-relaxation. The crystallites begin to form at 
about 250-300 percent elongation ; this means that these 
first crystallites have a comparably low degree of 


TABLE VI. Values of “C” calculated from axial and tangential 
stresses with X¥/Z=2. 











C calcu- C calcu- 
lated lated 
from from 

Series V Fx/Z Fx/Z F2/X F2/X 
Ax.el. 100 percent) 7.0-7.5 3.7-4 2.6-3.2 6.9-8.6 
Tang. el. 0 percent} 
Ax. el. 200 percent | 9.1 4.6 3.6 7.2 
Tang. el. 50 percent / 
Ax.el. 300 percent, 10.1-11.8 5.1-5.9 3.9-4.0 8.0 


Tang. el. 100 percent } a | ss al. 
Ax.el. 400percent\ 14.2-15.8 my i” aa 
Tang. el. 150 percent hi call 

a 


Ax.el. 500 percent\ 17.2-18.5 8.6-9.3, 4.0-5.0 8-10 


Tang. el. 200 percent 








7A. V. Tobolsky and H. Eyring, J. Chem. Phys. 11, 125 (1943). 
The simplified formula was experimentally determined by P. 
Phillips, Proc. Phys. Soc. (London) 19, 491 (1905). 

8 P. J. Flory, Ind. Eng. Chem. 38, 417 (1946). 
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orientation, lower than those formed at 400-500 percent 
elongation and these again are less orientated than 
crystals formed at 500-600 percent elongation. 

In the latter state there are many crystallites that 
were in equilibrium with the surrounding amorphous 
mass at elongations much lower than 600 percent. 

These strive to reach an equilibrium at the now (600 
percent el.) prevailing conditions by re-crystallization 
and detaching of terminal chains from crystallites. It is 
probable that such a re-crystallization is a rather slow 
process as compared with the slippage of terminal 
chains but it is difficult to distinguish between them. 

Mooney ¢/ al.* besides, report indications of a relax- 


* Mooney, Wolstenhome, and Villars, J. App. Phys. 15, 324 
(1944). 
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ation mechanism of a higher rate than that found jp 
normal analysis; its existence was established on Shore 
Durometer readings 75 sec. after stretching. 

, In our case however we would expect that transverse 
strain would severely hamper orientation and crystal. 
lization in axis parallel direction and diminish its cop. 
tribution to stress-relaxation. The effect on crystalliza- 
tion can be experimentally shown by first strongly 
elongating one of our tube-samples and then inflating it, 
Very high air pressure is necessary to cause the first 
transverse elongation which then does not turn out 
homogeneously but occurs by a definite tearing of the 
opaque crystallized materia] into streaks of thinner and 
clear amorphous areas and remaining crystallized fiber- 
like bundles. This situation is schematically drawn in 
Fig. 9. 

There has not been found definite influence of the 
transverse strain on the axial relaxation. It may be that 
the measurements, which are technically difficult to 
perform and absorb much time, have not been suffi- 
ciently accurate to distinguish the differences but then 
the effects could not be very pronounced. 


CONCLUSIONS 


(1) The stress-strain curves of vulcanized rubber held 
at definite tangential elongations during stretching differ 
more from the simple unidirectional-extension-stress 
curve than the theory predicts. The differences are 
larger at higher tangential elongations. 

(2) The relaxation constant determined at 600 per- 
cent elongation is practically unaffected by tangential 
elongations up to 300 percent. The investigations are 
part of the work on fundamental properties of rubber of 
the Research Department of the Rubber-Stichting at 
Delft. 
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On the Endurance Limit of a Round Bar with Longitudinal Grooves 


H. Oxvso 
Institute of High Speed Mechanics, Tohoku University, Sendai, Japan 


(Received June 2, 1950) 


In a previous paper, we reached a consideration that the endurance limit of a material should be de- 
termined by the amount of the mean stress in a certain area around a point, instead of the stress at the 
point, and the extent of the area is determined for several kind of metals, by using the results of tension- 


compression fatigue tests. 


In this paper, the extent of area where the mean value of stress to be taken, is determined for a mild steel in 
another way, viz., by a torsion fatigue test, and we reached the conclusion that the extent of area chiefly 
depends on the kind of metal and independent of the course of the experiment. 





[s our previous study, the influence of the diameterical 
hole on the endurance limit of round bars has been 
investigated.'! The theory of elasticity shows that the 
stress concentration around a diameterical hole of a 
round bar under tension, increases as the diameter of 
hole decreases and when the diameter of hole decreases 
infinitely, the stress concentration factor approaches 3.? 
While, according to our experimental results for several 
kinds of metals, with decrease in the diameter of the 
hole, the endurance limit increases, when the diameter 
of the hole is very small. The theory fails to explain the 
experimental results. The discrepancy between the 
theoretical and the experimental results arises from a 
fact that the theory assumes the material to be perfectly 
homogeneous and isotropic, while the metals in practical 
use are neither homogeneous nor isotropic. To correct 
the theory so as to meet the experimental results, we 
reached the consideration that when we determine the 
endurance limit, we must consider the mean stress in a 
certain area around the point, instead of the stress at a 
point. To simplify the calculation, we took up the mean 
value of the stress in a certain line, in place of the mean 
value in the area. The magnitude of the distance h where 
the mean value is taken, was considered to depend 
chiefly on the size of crystals of the metal and so it is a 
constant, determination of which is pending on the kind 
of metals. Under the above considerations, the values of 
h for some metals, determined by using our previous 
fatigue data, were 


Pe ira nniu ween ene 0.23 mm 
PE oii Uwicnwaeercue an 0.15 mm 
Super-duralumin............. 0.13 mm 


Our experiments for these metals were done by means 
of tension-compression tests using Haigh’s testing 
machine. 

In this paper, we shall determine the constant / for a 
mild steel in another way, viz., by means of a torsion 
fatigue test, using specimens of round bars with longi- 
tudinal grooves as shown in Fig. 1. The specimens are 
cut out very carefully and the dimensions of grooves 





'K. Minamiézi and H. Okubo, J. Franklin Inst. 249, 49 (1950). 
?R. E. Peterson, J. App. Mech: (ASME), p. A-15 (1936). 
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checked by a plate gauge which is measured accurately 
by a Zeiss comparator. 

The mechanical properties of the steel are given in 
Table I. 

The testing machine, used in our present experiment 
is of mechanical type. The specimen is placed in series 
with a weigh-bar, whose stress-strain relation has been 
previously obtained by statical loading experiments. 
The torque acting on the specimen is estimated by ob- 
serving the twist of the weigh-bar and its twist is 
measured optically by means of a mirror placed at its 
moving end. 

The scale is so graduated as to allow the direct reading 
of the maximum shearing stress for specimens of the 
diameter 10 mm. The fatigue data obtained in connec- 
tion with the above mentioned program are given in 
Tables II and III. Figure 2 shows a fractured specimen 
with longitudinal grooves. The endurance limit of the 
steel is 11.5 Kg/mm?' 

The fatigue cracks, appeared on the bottoms of 
grooves of specimens for different loadings, are shown in 
Fig. 3. When the magnitude of the reversed stress 
slightly passes over the endurance limit, very small 
cracks, as shown in Fig. 3(a), begin to appear locally on 
the bottom of the groove. According as the stress in- 
creases, the small cracks appear at every part of the 
bottom and join together, and then some of the enlarged 
cracks spread along the bottom of the groove (Fig. 3(b)), 
and finally the specimen is broken. We shall define the 
endurance limit for the specimens with grooves, by the 
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Fic. 1. Test piece. 
3 For the endurance limit of specimens without grooves, the 


maximum stress is taken, since the variation in the interval h is 
very small. 
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Fic. 2. 


limiting value of the stress, below which cracks will not 
occur. Then, the reading corresponding to the endurance 
limit for the specimens with grooves will be determined 
from Table III, as 17.3 Kg/mm*. 

Next, we shall make some calculations to find the 
stress distribution in the specimen corresponding to the 
reading. 

Let us consider a circular cylinder of the cross section 
as shown in Fig. 4, and take the axis of z to be parallel to 
the generators of the cylinder. Then the stresses which 
do not vanish are 


0g 0g 
X.=ur(—y), V.=~ur(——s), (1) 
oy Ox 


where yu and 7 represent the modulus of rigidity and the 
twist respectively. The function ¢ satisfies the equation 


0° /dx*+ p/dy*=0, (2) 


at all points within the bounding curve of the cross 
section, and at the boundary the condition 


o —}3(x?+ y’) = const. (3) 
We shall consider a function @ in the form‘ 
(1—r*)Ao 
o= 
1+74— 2r? cos20 


1—a,"r? cos20 








y, 


1 
1+-a,'r'!— 2a,’r? cos20 


r*—a,"r? cos26 
































- — . (4) 
a,'+r4— 2a,’r? cos26 
TABLE I. 

Yield Ultimate True breaking Reduction 
strength strength strength Elongation of area 
Kg/mm? Kg/mm? Kg/mm? percent percent 

25.5 (upper) 
38.2 83.0 36.6 67.9 
22.3 (lower) 
TABLE II. Specimens of 10-mm diameter without grooves. 
Range 
Specimen of stress No. of 
No. Kg/mm? repetitions Remarks 

1 +13.0 0.106 X 107 broken 

2 +12.6 0.392 107 broken 

3 +12.0 0.596 X 10? broken 

4 11.5 1.003 < 107 unbroken 








*H. Okubo, “On the torsion of a shaft with keyways,” Quart. J. 
Mech. App. Math. (to be published). 
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TaBLeE III. Specimens of 16-mm diameter with longitudina| 
grooves, as shown in Fig. 1. 








Reading of the 
nominal range 








Specimen of stress No. of 
No. Kg/mm? repetitions Remarks 
1 +43.2 0.037 X 107 broken 
2 +36.3 0.292 107 broken 
3 +33.1 0.724 107 broken 
4 +32.7 1.097 X 107 unbroken, cracked 
5 +25.5 1.043 107 unbroken, cracked 
6 +22.8 1.000 107 unbroken, cracked 
7 +22.1 1.320 107 unbroken, cracked 
s +19.2 1.002 107 unbroken, cracked 
9 +18.3 1.100 107 unbroken, cracked 
10 +17.8 1.019 107 unbroken, cracked 
11 +17.3 1.000 X 107 uncracked 











The above function satisfies the Eq. (2), and js 
singular at the two points (6=0, 7) on the bounding 
circle and at the two points (r=a,, 0=0, 7) within the 
circle (a, being assumed to be smaller than unity). 

From Eqs. (3) and (4), the equation which represents 
the boundary of the cross section is 


(1 - r‘)A 0 
A, 


1+74—2r? cos20 


1—a,’r? cos26 








1+ a,'r4— 2a,?r? cos20 





r'—a,’r* cos20 | 
a;'+r'— 2a,"’r* cos20 


Equation (5) represents a circle of radius unity and 
the two curves represented by the equation: 


Ag 
1+-r‘— 2r? cos20 





A,{as4*(1+7r*) —a,?(1+4;')r? cos20} 
(1+ a;'r4— 2a,?r? cos20)(a;*+r4— 2a,?r? cos26) 





1 
+———=0. 
2(1+7?) 


When the curve represented by Eq. (6), agrees almost 
with the shape of the given notch, then we can use the 
Eq. (4), as an approximate solution for the problem. 

To determine the unknown constants Ao and A; in 
Eq. (4), we shall assume that the curve represented by 
Eq. (6) passes through the two points (r=0.625, 6=0° 
and r=0.81623, 6=12°10’) on the periphery of the 
notch, then assuming a,=0.7562, we have 


Ao= —0.065507, A,= —0.045069. 


If we denote the radius of curvature at the bottom of 
the notch by p, then 
b2 
main, (7) 
b— (d*r/d6*), 
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where 








de? 


and b is the distance from the center of the cross section 
to the bottom of a notch. 

Putting b=0.625, it becomes p=0.1250. The curve 
represented by Eq. (6), is shown by a dotted line in 
Fig. 4, which agrees practically with the given shape of 
the notch as is shown in the figure. Accordingly, using 
the solution given by Eq. (4), we shall proceed with our 
further calculations. 

The stress on the x axis is calculated from Eq. (1), as 


4Aor 
(1—r?)? 


1 1 
—2A asr( + ) ; (8) 
(1—a,?r?)? (a;?—r’)? 


and so the mean value of the stress from the bottom of 
the notch to a distance / along the x axis is 





Y,= rr °— 





r? 2Ao 


1 a,’ 
—Ay( “ ) 
1—a,*7* a,?—#* 


The value of Y, varies with the magnitude of the 
distance h, and the relation between Y, and h, calculated 
by Eq. (9), is shown in Fig. 5. The torque acting on the 


cylinder is® 
do 
T=ur(1- $ v—ds), 
Os 


where J is the polar moment of inertia of the cross 
section about z axis, y is a function conjugate with ¢ and 








b 





(9) 





b—h 


(10) 





(b) 


Fic. 3. Micro-photographs of the cracks (X 100). (a) Reading of 
the nominal range of stress, +17.8 Kg/mm*. No. of repetitions 
=1.019X 10". (b) Reading of the nominal range of stress, 25.5 
Kg/mm?. No. of repetitions= 1.043 X 107. 





°H. Love, The Mathematical Theory of Elasticity (1927) 4th 
Ed., p. 312. 
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given by 
2Aor® sin26 


1+7r4—2r* cos26 





1 
—A 1a\°r" sin20 





1+. a,'r*— 2a,’r? cos26 


1 





b J 
a;'+r*— 2a,’r? cos20 


and the integral is taken around the bounding curve of 
the cross section. 
For the section, shown in Fig. 4, 


dg 
T=1.398 and  ¥—as=0311, 
Os 


and hence 
T = 1.087 ur. 


The torque JT» acting on a cylinder of radius 0.625 
without grooves, when twisted by the amount 7» is 


To=0.2397 U7». 





| 
: 
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Fic. 5. The relation between the mean stress and the interval /. 
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Hence, we have 
To/T =0.2205(70/r). 


According to our fatigue data for a cylinder of radius 
5 mm, without grooves, the endurance limit of the metal 
is 11.5 Kg/mm?. While the reading corresponding to the 
endurance limit for a cylinder of radius 8 mm with 
grooves is 17.3 Kg/mm*. The reading does not denote 
directly the maximum stress but represents the value 
proportional to the torque acting on the specimen, when 
the dimensions of the specimen differ from the standard 
type (a cylinder of radius 5 mm without grooves), 
subsequently 

T,/T=11.5/17.3, 
and hence 
0.2205( 79/7) = 11.5/17.3, 
or 
To=3.015r. 


The maximum stress arises in a cylinder of radius 
0.625, when twisted by the amount 7» is 


trA™ = 0.6254 To= 1 884yu T. 


The endurance limit of a metal, however, is a con- 
stant, which is independent of the form or the size of the 


specimen. Subsequently, [Y-}max must be equal to Y., 





by virtue of our previous assumption that for the de. 
termination of the endurance limit of specimens, the 
mean value of stress in the interval h must be taken up 
instead of the maximum stress. 

If we determine h from our fatigue data, so as to 
satisfy the above mentioned condition (see Fig. 5), jt 
becomes 

h=0.0265, 
or 
h=0.21 mm. 


The value of h for a mild steel, previously obtained by 
using our tension-compression fatigue data is 


h=0.23 mm, 


and the results almost agree in two cases. 

From this result, we can conclude that the value of } 
depends only on the kind of metal, and independent of 
the course of the experiment. 
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The Magnetic Field of a Plane Circular Loop 


C. L. BARTBERGER 
Naval Air Experimental Station, Philadelphia, Pennsylvania 
(Received March 9, 1950) 


The axial and radial components of the magnetic field of a plane circular loop are expressed in terms of 
cylindrical coordinates. The expressions involve two integrals which are related to certain of the complete 
elliptic integrals. Tables of values of these integrals are presented. Interpolation in these tables facilitates 


rapid calculation of the field components. 


INTRODUCTION 


HE problem of calculating the radial and axial 
components of the magnetic field produced by 

the current in a plane circular loop of wire is well known 
and has been treated in numerous textbooks."? Recently 
Blewett,’ making use of the solution in terms of cylin- 
drical coordinates and complete elliptic integrals, has 
computed and tabulated the values of the field com- 
ponents of numerous points in the vicinity of the loop. 


1 J. H. Jeans, The Mathematical Theory of Electricity and Mag- 
netism, 5th Edition (Cambridge University Press, London, 1925), 
pp. 431, 432. 

?W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill 
Book Company, Inc., New York, 1939), pp. 267 and 270. 

+ J. P. Blewett, “Magnetic field configurations due to air core 
coils,” J. App. Phys. 18, 968 (1947). 
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Such a tabulation, however, has the difficulty of being 
two-dimensional, since the field is a function of both 
the axial and radial coordinates. It is therefore not 
practical to tabulate the field at a sufficient number of 
points to permit easy interpolation. 

A few years ago the need arose to determine the 
magnetic field produced by a pair of Helmholtz coils 
which were used for testing aircraft compasses. The 
solution was carried out in cylindrical coordinates by a 
slightly different method from that used by Blewett. 
The resulting expressions for the field components are 
relatively simple and involve two integrals which are 
related -to certain of the complete elliptic integrals. 
Once these integrals have been evaluated, the com- 
putation of the field components to high accuracy be- 
comes a simple matter. It is the purpose of this paper 
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to publish tables of values of the two integrals together 
with formulas for their use. Values are given for suffi- 
ciently small increments of the argument to permit 
jinear interpolation throughout the greater part of the 
tables. 


MAGNETIC FIELD COMPONENTS DUE TO CURRENT 
IN A PLANE CIRCULAR LOOP 
If z and p represent axial and radial coordinates 
measured from the center of the loop, the axial and 
radial components of the magnetic field can be ex- 
pressed as follows: 


H,=(Ho/s*)(1,— (p/a)12 | (1) 
H, =(Ho2/s*a)Io, (2) 


where a=radius of the loop, s*=(a?+2?+)*)/a?, and 
Hy=field at center of loop. The integrals 7, and J» are 











1 ° dé 

n=- f sonic (3) 
a. (1—bcosé)? 
1 fr”  cosédé 

fiiiee J mt (4) 
tJ, (1—bcos6)! 

where 
2ap 

b=- —, (5) 

a?+27+ p? 


The integrals J; and J, can be expressed in terms of 
complete elliptic integrals if the following substitutions 
are made: 


pei 6) (6) 
=2b/(1+5). (7) 
The results are 
2 (1—k?/2)! 
[,=- ————_-E (8) 
nw 1—k? 
2 (1—k?/2)3 
J,=— ———_—(2B— £), (9) 
nw 1—k? 
where 
m/2 
E= f (1—k? sin’¢)!d¢@ (10) 
0 
and 
"2 cos*od@ 
B= f Pe on (11) 
0 (1—k? sin’¢)! 


SERIES EXPRESSIONS FOR INTEGRALS 


If the integrands are expanded in series and integrated 


term by term, the following expressions are obtained for 
I, and I: 


3:5 3-5-7-9 — 3-5+7-9-11-13 
1,=14+—b?+ bs b8+--- (12) 
4-4  4-4-8-8  4-4-8-8-12-12 
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-_ —* 
hyetitinonold 
4 4-4-8 


7-9-11 


Upictieieintanmnalii ins, (13) 
4-4-8-8-12 


For values of 5 near unity these series converge 
slowly. With the aid of expressions for E and B in the 
neighborhood of k=1, 7; and J» can be expressed as 
series in powers of (1—6). Let 


k?=1-—k* 
Then? 
1" * + (2n— 3)? ‘(2n— 1) 
E= +> - ——--— -(A—e,)k’?™ (14) 
n=l 22.4 . -(2n—2)*2n 
«2 1?-3?---(2n—3)?(2n—1)? 
B=1-)> ——__ "(A—b,)k/2™, (15) 
n=l 22.42. ++ (2n—2)?2n 
where 
1 6n—2 10n—4 
en 14+ acl 
2n 1-1-3 2-3-5 








(2n—1)2n—(2n—2) 
+ * (16) 
(n—1)(2n—3)(2n—1) 











1 2n—2 2n—4 
b= —| ant 1+ + 
2n 1-1-3 2-3-5 
2 
——— (17) 
(n—1)(2n—3)(2n—1) 
A=1n4/k’. 


The integrals 7, and J, become 





v2 1 1 13 
n=—||—+--— 1-8 
1—b 8 256 
103 567 
———(1—5)?— a1] 
1024 786432 


1 15 195 
+a) +0419 
4 64 1024 


4935 
$f SD 


J 








32768 
v2 1 9 307 
h=—||—+4+—01-0 
1—b 8 256 
1263 327219 
+—(1-5)*4+ (1-8)'+--| 
1024 262144 


4F. Jahnke and E. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1933), pp. 73. 
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3 57 045 
-a|-+—1-6)+ 1-6)" 
4 64 1024 
30345 
+ a—+---|| (19) 
32768 
A=In4—}3 In[(1—6)/(1+-8)]. 
THE TABLES 


Table I lists values of J; for values of 5 in increments 
of 0.001 from 0 to 0.800. Table II lists corresponding 
values of J. Table III lists values of J;, J2, I;—TJ2, 
(1—6)/,, and (1—8)J>2 for values of 6 in increments of 





0.001 from 0.800 to 1.000. Table IV lists values of the 
sameYfive functions for values of 5 in increments 9 
0.0001 from 0.9950 to 1.0000. The difference J,—/, jg 
included to facilitate the computation of H in the 
vicinity of 6=1 (near the wire). In this case Eq. ({) 
involves the subtraction of two large quantities which 
are nearly equal. This difficulty can be circumvented 
by using J,—TJ2 as follows: 


H,=(Ho/s*){ (:—T2) +[1—(p/a) Jo}. 


The functions (1—b)J,; and (1—8)J2 are of value jy 
computing /; and /; in the vicinity of 6=1, since they 
lend themselves to linear interpolation. 


TABLE I. Values of the integral /;. 














b 0 1 2 3 5 6 7 8 9 
0.00 1.000 000 000 001 000 004 000 008 000 015 000 023 000 034 000 046 000 060 000 076 
0.01 000 094 000 114 000 135 000 159 000 184 000 211 000 240 000 271 000 304 000 339 
0.02 000 375 000 414 000 454 000 496 000 540 000 586 000 634 000 684 000 736 000 789 
0.03 000 844 000 902 000 961 001 022 001 085 001 150 001 217 001 285 001 356 001 428 
0.04 001 502 001 579 001 657 001 737 001 818 001 902 001 988 002 075 002 165 002 256 
0.05 1.002 349 002 445 002 542 002 641 002 742 002 844 002 949 003 056 003 164 003 275 
0.06 003 387 003 501 003 618 003 736 003 856 003 978 004 101 004 227 004 355 O04 484 
0.07 004 616 004 749 004 885 005 022 005 162 005 303 005 446 005 591 005 738 005 887 
0.08 006 038 006 191 006 346 006 503 006 661 006 822 006 985 007 149 007 316 007 484 
0.09 007 655 007 827 008 002 008 178 008 356 008 537 008 719 008 903 009 090 009 278 
0.10 1.009 468 009 660 009 855 010 051 010 249 010 449 010 652 010 856 011 062 O11 270 
0.11 011 480 011 693 011 907 012 123 012 342 012 562 012 784 013 009 013 235 013 464 
0.12 013 694 013 927 014 161 014 398 014 636 014 877 015 120 015 365 015 612 O15 861 
0.13 016 112 016 365 016 620 016 877 017 137 017 398 017 662 017 927 018 195 018 465 § 
0.14 018 737 019 011 019 287 019 565 019 845 020 128 020 412 020 699 020 988 021 278 
0.15 1.021 572 021 867 022 164 022 464 022 765 023 069 023 375 023 683 023 994 024 306 
0.16 024 621 024 937 025 256 025 577 025 901 026 226 026 554 026 884 027 216 027 551 
0.17 027 887 028 226 028 567 028 910 029 256 029 604 029 954 030 306 030 660 031 017 
0.18 031 376 031 737 032 101 032 466 032 835 033 205 033 578 033 953 034 330 034 709 
0.19 035 091 035 475 035 862 036 251 036 642 037 035 037 431 037 829 038 230 038 632 
0.20 1.039 038 039 445 039 855 040 267 040 682 041 099 041 519 041 941 042 365 04? 792 
0.21 043 221 043 652 044 086 044 523 044 961 045 403 045 846 046 293 046 741 047 192 
0.22 047 646 048 102 048 561 049 022 049 485 049 951 050 420 050 891 051 365 O51 841 
0.23 052 320 052 801 053 285 053 771 054 260 054 751 055 245 055 742 056 241 056 743 
0.24 057 248 057 755 058 264 058 777 059 292 059 809 060 330 060 852 061 378 061 906 
0.25 1.062 437 062 971 063 507 064 046 064 588 065 132 065 680 066 230 066 782 067 338 
0.26 067 896 068 457 069 020 069 587 070 156 070 728 071 303 071 881 072 462 073 045 
0.27 073 631 074 220 074 812 075 407 076 005 076 605 077 209 077 815 078 424 079 036 
0.28 079 651 080 269 080 890 081 514 082 141 082 771 083 404 084 040 084 679 085 321 
0.29 085 966 086 614 087 265 087 919 088 576 089 236 089 900 090 566 091 236 091 908 
0.30 1.092 584 093 263 093 945 094 630 095 319 096 010 096 705 097 403 098 104 098 808 
0.31 099 516 100 227 100 941 101 658 102 379 103 103 103 830 104 561 105 295 106 032 
0.32 106 773 107 517 108 264 109 015 109 769 110 526 111 287 112 052 112 820 113 591 
0.33 114 366 115 144 115 926 116711 117 500 118 292 119 088 119 887 120 690 121 497 
0.34 122 307 123 121 123 939 124 760 125 585 126 413 127 245 128 081 128 921 129 764 
0.35 1.130 611 131 462 132 316 133 175 134 037 134 903 135 773 136 647 137 524 138 406 
0.36 139 291 140 180 141 073 141 971 142 872 143 777 144 686 145 599 146 516 147 437 
0.37 148 362 149 291 150 225 151 162 152 104 153 050 153 999 154 953 155 912 156 874 
0.38 157 841 158 812 159 787 160 766 161 750 162 738 163 731 164 727 165 728 166 734 
0.39 167 744 168 758 169 777 170 800 171 828 172 861 173 898 174 939 175 985 177 035 
0.40 1.178 091 179 150 180 215 181 284 182 358 183 436 184 520 185 608 186 700 187 798 
0.41 188 900 190 008 191 120 192 237 193 359 194 485 195 617 196 754 197 896 199 042 
0.42 200 194 201 351 202 513 203 680 204 853 206 030 207 213 208 401 209 594 210 792 
0.43 211 996 213 205 214 419 215 639 216 864 218 094 219 330 220 572 221 818 223 071 
0.44 224 329 225 592 226 862 228 136 229 417 230 703 231 995 233 292 234 596 235 905 
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4? 792 
47 192 
51 841 
156 743 
161 906 


167 338 
173 045 
179 036 
85 321 
91 908 


198 808 
06 032 
113 591 
(21 497 
29 764 


38 406 
47 437 
56 874 
66 734 
77 035 
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TABLE I.—Continued. 








0 


1 





2 


3 


4 


5 


6 


7 


8 





9 




















0.45 1.237 220 238 541 239 868 241 200 242 539 243 884 245 234 246 591 247 954 249 323 
0.46 250 698 252 079 253 466 254 860 256 260 257 666 259 079 260 497 261 923 263 354 
0.47 264 793 266 237 267 689 269 146 270 611 272 082 273 559 275 044 276 535 278 033 
0.48 279 538 281 049 282 568 284 093 285 626 287 165 288 711 290 265 291 826 293 393 
0.49 294 968 296 551 298 140 299 737 301 341 302 953 304 572 306 198 307 833 309 474 
0.50 1.311 124 312 780 314 445 316 117 317 798 319 486 321 181 322 885 324 597 326 317 
0.51 328 045 329 781 331 525 333 277 335 038 336 807 338 584 340 369 342 163 343 966 
0.52 345 777 347 597 349 425 351 262 353 108 354 963 356 826 358 699 360 580 362 471 
0.53 364 370 366 279 368 197 370 124 372 060 374 006 375 961 377 926 379 900 381 884 
0.54 383 877 385 880 387 893 389 916 391 949 393 991 396 044 398 107 400 180 402 263 
0.55 1.404 356 406 460 408 574 410 699 412 834 414 980 417 137 419 304 421 482 423 671 
0.56 425 871 428 083 430 305 432 538 434 783 437 039 439 306 441585 443 876 446 178 
0.57 448 492 450 818 453 156 455 505 457 867 460 241 462 627 465 025 467 436 469 859 
0.58 472 294 474 743 477 204 479 678 482 165 484 665 487 177 489 704 492 243 494 796 
0.59 497 362 499 942 502 535 505 143 507 764 510 399 513 048 515 711 518 389 521 081 
0.60 1.523 787 526 508 529 244 531 995 534 760 537 540 540 336 543 147 545 973 548 814 
0.61 551 672 554 544 557 433 560 338 563 258 566 195 569 149 572 118 575 104 578 107 
0.62 581 127 584 164 587 218 590 289 593 377 596 483 599 606 602 747 605 906 609 084 
0.63 612 279 615 493 618 725 621 975 625 245 628 533 631 841 635 167 638 513 641 879 
0.64 645 264 648 670 652 095 655 540 659 006 662 493 666 000 669 528 673 077 676 647 
0.65 1.680 238 683 852 687 487 691 143 694 822 698 524 702 248 705 994 709 764 713 557 
0.66 717 372 721 212 725 075 728 962 732 874 736 809 740 770 744 754 748 764 752 800 
0.67 756 860 760 947 765 059 769 197 773 362 777 554 781 772 786 017 790 290 794 591 
0.68 798 919 803 275 807 660 812 074 816 516 820 988 825 489 830 020 834 580 839 172 
0.69 843 793 848 446 853 130 857 845 862 593 867 372 872 184 877 028 881 906 886 817 
0.70 1.891 762 896 740 901 754 906 802 911 885 917 003 922 158 927 348 932 575 937 839 
0.71 943 140 948 479 953 856 959 271 964 725 970 219 975 752 981 325 986 939 992 594 
0.72 998 290 *004027 *009 808 *015630 *021496 *027406 *033360 *039358  *045 401 *051 490 
0.73 2.057 625 063 807 070 036 076 312 082 636 089 009 095 432 101 904 108 427 115 000 
0.74 121 625 128 302 135 032 141 815 148 652 155 544 162 491 169 494 176 553 183 670 
0.75 2.190 844 198 077 205 370 212 722 220 135 227 609 235 146 242 745 250 409 258 136 
0.76 265 930 273 789 281 715 289 709 297 772 305 904 314 107 322 381 330 728 339 147 
0.77 347 641 356 209 364 854 373 576 382 376 391 255 400 214 409 255 418 378 427 584 
0.78 436 875 446 252 455 715 465 267 474 908 484 639 494 462 504 379 514 390 524 496 
0.79 534 700 545 002 555 404 565 908 576 514 587 225 598 041 608 965 619 998 631 141 
0.80 2.642 397 653 767 665 252 676 855 688 577 700 420 712 386 724 476 736 694 749 040 
TABLE IT. Values of the integral J». 

b 0 1 2 3 4 5 6 7 8 9 
0.00 0.000 000 000 750 001 500 002 250 003 000 003 750 004 500 005 250 006 000 006 751 
0.01 007 501 008 251 009 001 009 752 010 502 011 253 012 003 012 754 013 505 014 256 
0.02 015 007 015 758 016 509 017 260 018 O11 018 763 019 514 020 266 021 018 021 770 
0.03 022 522 023 274 024 027 024 780 025 532 026 285 027 038 027 792 028 545 029 299 
0.04 030 053 030 807 031 561 032 315 033 070 033 825 034 580 035 335 036 091 036 847 
0.05 0.037 603 038 359 039 116 039 872 040 630 041 387 042 145 042 902 043 661 044 419 
0.06 045 178 045 937 046 696 047 456 048 216 048 976 049 737 050 498 051 259 052 021 
0.07 052 783 053 545 054 308 055 071 055 834 056 598 057 362 058 127 058 892 059 657 
0.08 060 423 061 189 061 955 062 722 063 490 064 258 065 026 065 794 066 564 067 333 
0.09 068 103 068 873 069 644 070 416 071 188 071 960 072 733 073 506 074 280 075 054 
0.10 0.075 829 076 604 077 380 078 156 078 933 079 711 080 488 081 267 082 046 082 825 
0.11 083 606 084 386 085 168 085 949 086 732 087 515 088 298 089 083 089 868 090 653 
0.12 091 439 092 226 093 013 093 801 094 589 095 378 096 168 096 959 097 750 098 542 
0.13 099 334 100 127 100 921 101 716 102 511 103 307 104 104 104 901 105 699 106 498 
0.14 107 297 108 098 108 899 109 700 110 503 111 306 112 110 112915 113 721 114 527 
0.15 0.115 334 116 142 116 951 117 761 118 571 119 382 120 194 121 007 121 821 122 636 
0.16 123 451 124 267 125 085 125 903 126 722 127 541 128 362 129 184 130 006 130 830 
0.17 131 654 132 479 133 305 134 133 134 961 135 790 136 620 137 451 138 282 139 115 
0.18 139 949 140 784 141 620 142 457 143 295 144 134 144 974 145 815 146 657 147 500 
0.19 148 344 149 189 150 035 150 883 151 731 152 581 153 431 154 283 155 136 155 990 
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TABLE II.—Continued. 























b 0 1 2 3 4 5 6 7 8 9 
0.20 0.156 845 157 701 158 558 159 417 160 276 161 137 161 999 162 862 163 726 164 592 
0.21 165 459 166 326 167 196 168 066 168 938 169 810 170 684 171 560 172 436 173 314 
0.22 174 193 175 074 175 955 176 838 177 723 178 608 179 495 180 383 181 273 182 164 
0.23 183 056 183 950 184 845 185 741 186 639 187 538 188 439 189 341 190 244 191 149 
0.24 192 055 192 963 193 872 194 783 195 695 196 609 197 524 198 440 199 359 200 278 
0.25 0.201 199 202 122 203 046 203 972 204 900 205 828 206 759 207 691 208 625 209 560 
0.26 210 497 211 436 212 376 213 318 214 261 215 206 216 153 217 101 218 052 219 004 
0.27 219 957 220 912 221 869 222 828 223 789 224 751 225 715 226 681 227 649 228 618 
0.28 229 589 230 562 231 537 232 514 233 493 234 473 235 455 236 440 237 426 238 414 
0.29 239 404 240 396 241 389 242 385 243 383 244 383 245 384 246 388 247 393 248 401 
0.30 0.249 411 250 423 251 436 252 452 253 470 254 490 255 512 256 536 257 563 258 591 
0.31 259 622 260 654 261 689 262 726 263 765 264 807 265 851 266 897 267 945 268 995 
0.32 270 048 271 103 272 160 273 219 274 281 275 345 276 412 277 481 278 552 279 626 
0.33 280 702 281 780 282 861 283 944 285 030 286 118 287 208 288 302 289 397 290 495 
0.34 291 596 292 699 293 805 294 913 296 024 297 138 298 254 299 372 300 494 301 618 
0.35 0.302 745 303 874 305 006 306 141 307 279 308 419 309 562 ° 310708 311 856 313 008 
0.36 314 162 315 319 316 479 317 642 318 808 319 976 321 148 322 322 323 500 324 680 
0.37 325 864 327 050 328 240 329 432 330 628 331 826 333 028 334 233 335 440 336 652 
0.38 337 866 339 083 340 304 341 527 342 754 343 985 345 218 346 455 347 695 348 939 
0.39 350 185 351 435 352 689 353 946 355 206 356 470 357 737 359 008 360 282 361 560 
0.40 0.362 841 364 126 365 414 366 706 368 002 369 301 370 604 371 911 373 221 374 535 
0.41 375 852 377 174 378 499 379 828 381 161 382 498 383 839 385 183 386 532 387 884 
0.42 389 240 390 601 391 965 393 334 394 706 396 083 397 463 398 848 400 237 401 630 
0.43 403 028 404 429 405 835 407 245 408 659 410 078 411 501 412 928 414 360 415 797 
0.44 417 237 418 682 420 132 421 586 423 045 424 509 425 977 427 449 428 927 430 409 
0.45 0.431 896 433 387 434 883 436 385 437 891 439 401 440 917 442 438 443 963 445 494 
0.46 447 030 448 570 450 116 451 667 453 223 454 784 456 351 457 922 459 499 461 082 
0.47 462 669 464 262 465 860 467 464 469 074 470 688 472 308 473 934 475 566 477 203 
0.48 478 846 480 494 482 148 483 808 485 474 487 146 488 824 490 507 492 197 493 892 
0.49 495 594 497 301 499 015 500 735 502 461 504 193 505 932 507 677 509 428 511 186 
0.50 0.512 950 514 720 516 498 518 281 520 071 521 868 523 672 525 482 527 299 529 123 
0.51 530 954 532 792 534 637 536 488 538 347 540 213 542 086 543 966 545 853 547 748 
0.52 549 650 551 559 553 476 555 400 557 332 559 271 561 218 563 173 565 135 567 106 
0.53 569 084 571 070 573 064 575 065 577 075 579 093 581 119 583 154 585 197 587 248 
0.54 589 307 591 375 593 451 595 536 597 629 599 732 601 842 603 962 606 091 608 228 
0.55 0.610 375 612 530 614 695 616 869 619 052 621 244 623 446 625 657 627 878 630 108 
0.56 632 348 634 598 636 857 639 126 641 405 643 694 645 994 648 303 650 622 652 952 
0.57 655 292 657 643 660 004 662 376 664 758 667 152 669 556 671 970 674 396 676 833 
0.58 679 281 681 740 684 211 686 693 689 187 691 692 694 208 696 737 699 277 701 829 
0.59 704 393 706 970 709 558 712 159 714772 717 398 720 036 722 687 725 351 728 027 
0.60 0.730 717 733 419 736 135 738 864 741 607 744 362 747 132 749 915 752 712 755 523 
0.61 758 348 761 187 764 040 766 908 769 790 772 687 775 598 778 525 781 466 784 423 
0.62 787 394 790 381 793 383 796 401 799 434 802 484 805 549 808 631 811 728 814 842 
0.63 817 973 821 120 824 284 827 465 830 663 833 878 837 111 840 361 843 628 846 914 
0.64 850 217 853 538 856 878 860 236 863 613 867 009 870 423 873 856 877 309 880 781 
0.65 0.884 273 887 784 891 315 894 867 898 438 902 031 905 643 909 277 912 931 916 607 
0.66 920 304 924 023 927 764 931 526 935 311 939 118 942 948 946 800 950 676 954 574 
0.67 958 496 962 442 966 412 970 406 974 424 978 466 982 534 986 626 990 744 994 887 
0.68 999 056 *003 251 *007 473 *011 720 *015 995 *020 296 *024 625 *028 982 *033 366 *037 778 
0.69 1.042 219 046 688 051 186 055 714 060 270 064 857 069 474 074 121 078 799 083 508 
0.70 1.088 249 093 021 097 825 102 661 107 531 112 433 117 368 122 337 127 340 132 378 
0.71 137 450 142 558 147 701 152 880 158 095 163 346 168 635 173 962 179 326 184 728 
0.72 190 169 195 649 201 169 206 729 212 329 217 970 223 652 229 376 235 142 240 951 
0.73 246 804 252 699 258 640 264 624 270 654 276 730 282 852 289 021 295 237 301 501 
0.74 307 813 314175 320 586 327 047 333 559 340 123 346 738 353 406 360 128 366 903 
0.75 1.373 733 380 618 387 559 394 556 401 611 408 724 415 896 423 127 430 418 437 770 
0.76 445 184 452 661 460 201 467 805 475 474 483 209 491 010 498 879 506 817 514 824 
0.77 522 901 531 049 539 270 547 563 555 931 564 373 572 892 581 488 590 162 598 916 
0.78 607 749 616 664 625 662 634 744 643 910 653 163 662 503 671 932 681 450 691 060 
0.79 700 762 710 558 720 449 730 437 740 523 750 708 760 994 771 383 781 876 792 474 
0.80 1.803 179 813 994 824 918 835 955 847 106 858 372 869 756 881 259 892 884 904 631 
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TABLE III. 


TABLE III.—Continued. 

















ae 
b hh In h-l: (1—b)I1 (1—b)I2 b hh I: h-Is (1—b)Ii (1—b)Is 
800 2.642 397 1.803 179 0.839 218 0.528 479 0.360 636 0.880 4.153 674 3.247 435 0.906 239 0.498 441 0.389 692 
Ot 653 767 813 994 839 773 528 100 360 985 0.881 185 439 277 953 907 486 498 067 390 076 
Oo? 665 252 824 918 840 334 527 720 361 334 0.882 217 743 308 995 908 748 497 694 390 461 
Hd 676 855 835 955 840 900 527 340 361 683 0.883 250 598 340 573 910025 497 320 390 847 
304 688 577 847 106 841 471 526 961 362 033 0.884 284 019 372 703 911317 496 946 391 234 
0.805 2.700 420 1.858 372 0.842 048 0.526 582 0.362 383 0.885 4.318 022 3.405 398 0.912 624 0.496 572 0.391 621 
0.806 712 386 869 756 842 629 526 203 362 733 0.886 352 620 438 673 913 947 496 199 392 009 
0.807 724 476 881 259 843 217 525 824 363 083 0.887 387 830 472 544 915 286 495 825 392 397 
0.808 736 694 892 884 843 810 525 445 363 434 0.888 423 668 507 027 916 641 495 451 392 787 
0.809 749 040 904 631 844 408 525 067 363 785 0.889 460 152 542 139 918 013 495 077 393 177 
0.810 2.761 517 1.916 504 0.845 012 0.524 688 0.364 136 0.890 4.497 298 3.577 896 0.919 402 0.494 703 0.393 569 
0.811 744 126 928 504 845 622 524 310 364 487 0.891 535 125 614 317 920 808 494 329 393 961 
0.812 786 871 940 633 846 238 523 932 364 839 0.892 573 652 651 421 922 232 493 954 394 353 
0.813 799 752 952 893 846 859 523 554 365 191 0.893 612 899 689 226 923 673 493 580 394 747 
0.814 812 773 965 287 847 486 523 176 365 543 0.894 652 885 727 752 925 133 493 206 395 142 
0.815 2.825 936 1.977 816 0.848 119 0.522 798 0.365 896 0.895 4.693 631 3.767 020 0.926 611 0.492 831 0.395 537 
0.816 839 242 1.990 483 848 758 522 420 366 249 0.896 735 161 807 053 928 108 492 457 395 933 
0.817 852 694 2.003 290 849 404 522 043 366 602 0.897 777 496 847 871 929 624 492 082 396 331 
0.818 866 295 016 240 850 055 521 666 366 956 0.898 820 659 889 499 931 161 491 707 396 729 
0.819 880 047 029 334 850 713 521 288 367 310 0.899 864 677 931 960 932 717 491 332 397 128 
0.820 2.893 952 2.042 576 0.851 376 0.520 911 0.367 664 0.900 4.909 574 3.975 280 0.934 294 0.490 957 0.397 528 
0.821 908 014 055 967 852 047 520 534 368 018 0.901 4.955 376 4.019 485 935 891 490 582 397 929 
0.822 922 234 069 511 852 723 520 158 368 373 0.902 5.002 112 064 602 937 510 490 207 398 331 
0.823 936 616 083 210 853 406 519 781 368 728 0.903 049 810 110 659 939 151 489 832 398 734 
0.824 951 161 097 066 854 096 519 404 369 083 0.904 098 501 157 687 940 814 489 456 399 138 
0.825 2.965 874 2.111 082 0.854 792 0.519 028 0.369 439 0.905 5.148 215 4.205 715 0.942 500 0.489 080 0.399 543 
0.826 980 756 125 262 855 495 518 652 369 796 0.906 198 985 254 776 944 209 488 705 399 949 
0.827 2.995 812 139 607 856 204 518 275 370 152 0.907 250 845 304 903 945 942 488 329 400 356 
0.828 3.011 043 154 121 856 921 517 899 370 509 0.908 303 831 356 132 947 699 487 952 400 764 
0.829 026 452 168 808 857 645 $17 523 370 866 0.909 357 980 408 499 949 481 487 576 401 173 
0.830 3.042 044 2.183 669 0.858 375 0.517 147 0.371 224 0.910 5.413 330 4.462 042 0.951 288 0.487 200 0.401 584 
0.331 057 821 198 708 859 113 516 772 371 582 0.911 469 922 516 801 953 121 486 823 401 995 
0.832 073 786 213 928 859 858 516 396 371 940 0.912 527 798 572 817 954 981 486 446 402 408 
0.833 089 943 229 333 860 610 516 020 372 299 0.913 587 002 630 134 956 868 486 069 402 822 
0.834 106 295 244 926 861 369 515 645 372 658 0.914 647 580 688 798 958 782 485 692 403 237 
0.835 3.122 846 2.260 710 0.862 136 0.515 270 0.373 017 0.915 5.709 582 4.748 856 0.960 726 0.485 314 0.403 653 
0.836 139 600 276 689 862 911 514 894 373 377 0.916 773 057 810 359 962 698 484 937 404 070 
0.837 156 559 292 867 863 693 514 519 373 737 0.917 838 059 873 359 964 700 484 559 404 489 
0.838 173 729 309 246 864 483 514 144 374 098 0.918 904 644 4.937 911 966 733 484 181 404 909 
0.839 191 112 325 832 865 280 513 769 374 459 0.919 5.972 869 5.004 072 968 797 483 802 405 330 
0.840 3.208 714 2.342 628 0.866 086 0.513 394 0.374 820 0.920 6.042 798 5.071 904 0.970 894 0.483 424 0.405 752 
0.841 226 537 359 638 866 899 513 019 375 182 0.921 114 493 141 470 973 023 483 045 406 176 
0.842 244 586 376 865 867 721 512 645 375 545 0.922 188 024 212 837 975 187 482 666 406 601 
0.843 262 866 394 315 868 551 512 270 375 907 0.923 263 460 286 076 977 385 482 286 407 028 
0.844 281 381 411 991 869 390 511 895 376 271 0.924 340 879 361 260 979 618 481 907 407 456 
0.845 3.300 135 2.429 898 0.870 237 0.511 521 0.376 634 0.925 6.420 358 5.438 469 0.981 889 0.481 527 0.407 885 
0.846 319 133 448 041 871 092 511 147 376 998 0.926 501 981 517 783 984 197 481 147 408 316 
0.847 338 380 466 424 871 956 510 772 377 363 0.927 585 836 599 292 986 544 480 766 408 748 
0.848 357 881 485 052 872 829 510 398 377 728 0.928 672 015 683 085 988 931 480 385 409 182 
0.849 377 640 503 929 873 711 510 024 378 093 0.929 760 618 769 260 991 358 480 004 409 617 
0.850 3.397 664 2.523 062 0.874 602 0.509 650 0.378 459 0.930 6.851 748 5.857 920 0.993 828 0.479 622 0.410 054 
0.851 417 956 542 454 875 502 509 275 378 826 0.931 6.945 514 5.949 173 996 341 479 240 410 493 
0.852 438 523 562 112 876 411 508 901 379 193 0.932 7.042 032 6.043 133 0.998 899 478 858 410 933 
0.853 459 370 582 041 877 330 508 527 379 560 0.933 141 426 139 923 1.001 503 478 476 411 375 
0.854 480 504 602 246 878 258 508 154 379 928 0.934 243 827 239 672 004 154 478 093 411 818 
0.855 3.501 929 2.622 733 0.879 196 0.507 780 0.380 296 0.935 7.349 371 6.342 517 1.006 854 0.477 709 0.412 264 
0.856 523 652 643 508 880 143 507 406 380 665 0.936 458 208 448 603 009 605 477 325 412 711 
0.857 545 679 664 578 881 101 507 032 381 035 0.937 570 494 558 086 012 408 476 941 413 159 
0.858 568 016 685 948 882 068 506 658 381 405 0.938 686 394 671 130 015 264 476 556 413 610 
0.859 590 671 707 625 883 046 506 285 381 775 0.939 806 087 787 911 018 176 476171 414 063 
0.860 3.613 650 2.729 615 0.884 035 0.505 911 0.382 146 0.940 7.929 762 6.908 617 1.021 146 0.475 786 0.414 517 
0.861 636 959 751 926 885 033 505 537 382 518 0.941 8.057 622 7.033 447 024175 475 400 414 973 
0.862 660 607 774 564 886 043 505 164 382 890 0.942 189 882 162 617 027 265 475 013 415 432 
0.863 684 600 797 537 887 063 504 790 383 263 0.943 326 774 296 355 030 419 474 626 415 892 
0.864 708 946 820 851 888 094 504 417 383 636 0.944 468 546 434 906 033 639 474 239 416 355 
0.865 3.733 653 2.844 516 0.889 137 0.504 043 0.384 010 0.945 8.615 463 7.578 535 1,036 928 0.473 850 0.416 819 
0.866 758 729 868 538 890 191 503 670 384 384 0.946 767 811 727 524 040 287 473 462 417 286 
0.867 784 182 892 925 891 256 503 296 384 759 0.947 8.925 898 7.882 177 043 720 473 073 417 755 
0.868 810 020 917 687 892 333 502 923 385 135 0.948 9.090 053 8.042 823 047 230 472 683 418 227 
0.869 836 254 942 832 893 422 502 549 385 511 0.949 260 634 209 815 050 819 472 292 418 701 
0.870 3.862 891 2.968 368 0.894 523 0.502 176 0.385 888 0.950 9.438 025 8.383 534 1.054 491 0.471 901 0.419 177 
0.871 889 940 2.994 304 895 636 501 802 386 265 0.951 9.622 644 8.564 395 058 249 471 510 419 655 
0.872 917 413 3.020 651 896 762 501 429 386 643 0.952 9.814 941 8.752 844 062 097 471117 420 137 
0.873 945 318 047 418 897 900 501 055 387 022 0.953 10.015 406 8.949 368 066 038 470 724 420 620 
0.874 3.973 666 074 615 899 051 500 682 387 402 0.954 10.224 571 9.154 494 070 077 470 330 421 107 
0.875 .002 468 .102 253 0.900 215 0.500 308 0.387 782 0.955 10.443 017 9.368 798 1.074 219 0.469 936 0.421 596 
0.876 . 031 734 “ 130 341 901 393 499 935 388 162 0.956 10.671 373 9.592 907 078 467 469 540 422 088 
0.877 061 476 158 892 902 583 499 562 388 544 0.957 10.910 333 9.827 507 083 826 469 144 422 583 
0.878 091 705 187 917 903 788 499 188 388 926 0.958 11.160 652 10.073 349 087 303 468 747 423 081 
0.879 122 434 217 427 905 007 498 814 389 309 0.959 11.423 161 10.331 258 091 903 468 350 423 582 
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TABLE III.—Continued. TABLE IV. 
— = —— ——————— 
b hh Is h-I: (1—b)hh (1—b)/2 b Ih In I-I: (1—b)Ii (1 —b)J, 
0.9950 90.583 12 89.05291 1.530203 0.4529156 0.4 
0.960 11.698 773 10.602 141 1.096632 0.467951 0.424086 1 92.421 60 90.886 98 534 619 452 8658 on Fr 
0.961 11.988 496 10.887 000 101 496 467 551 424 593 2 94.336 66 92.797 53 539 129 452 8160 445 428) 
0.962 12.293 442 11.186 938 106 503 = 4 oo = 3 96.333 19 94.789 45 543 736 452 7660 445 S194 
0.963 12.614 845 11.503 184 111 661 4 4 98.416 S50 96.868 06 548 445 452 7159 
0.964 12.954 075 11.837 097 116 977 466 347 426 136 145 Sim 
0.9955 100.592 38 99.039 12 1.553259 0.4526657 0.445 67% 
6 102.86713 101.308 95 558 184 452 6154 445 7504 
0.965 13.312659 12.190197 1.122462 0.465943 0.426657 7 105.24766 103.684 44 563 225 4525649 = 445 843) 
0.966 13.692304  12.564179 128 125 465 538 427 182 $ 107.74152 106.173 13 568 386 452 5144 445 927) 
0.967 14.094922 12.960 947 133 976 465 132 427 711 9 110.35700 108.783 32 573 675 452 4637 =. 446 O116 
0.968 14.522 667 13.382 640 140 027 464 725 428 244 
0.969 14.977 968 13.831 675 146 292 464 317 428782 0.9960 113.103 21 111.52412 1.579098 0.452 4129 0.446 0965 
1 115.990 23 114.405 57 584 660 452 3619 446 1817 
2 419.029 16 117.438 79 590 370 452 3108 446 2674 
3  =:122.232 32 120.636 08 596 235 452 2596 446 35 
0.970 15.463 578 14.310793 1.152785 0.463907 0.429 324 35 
0.971 15.982632 14.823 111 159520 463496 429870 4 ESS 86112 =6R RES 
0.972 = 16.538 710 =—15.372 193 166516 = 463 084 so osg 0.9965 129.187 62 127.579 15 1.608 466 0.452 1567 0.446 52% 
0.973 17.135 923 15.962 131 173 792 462 670 430 978 6 132.972 05 131.357 20 614 851 482 1050 446 6145 
0.974 17.779 016 16.597 647 181 369 462 254 431 539 7  136.98580 135.364 37 621 430 452 0531 446 7024 
8 441-298 35 139.622 14 628 215 452 0011 446 7908 
9 145.78999 144.15477 6 
0.975 18.473 491 17.284220 1.189270 0.461837 0.432 106 a ~~ — a 
0.976 19.225 766 18.028 243 197 523 461 418 432678 0.9970 150.632 20 148.989 75 1.642457 0.451 8966 0.446 969; 
0.977 20.043 378 18.837 219 206 159 460 998 433 256 1 155.808 30 154.158 36 649 944 451 8441 447 0591 
0.978 20.935 231 19.720 020 215 210 460 575 433 840 2 161.354 06 159.696 36 657 698 451 7914 447 1498 
0.979 21.911 926 20.687 208 224 717 460 150 434 431 3 167.310 54 165.644 80 665 739 451 7385 447 2410 
4 173.725 13 172.051 04 674 088 451 6853 447 3327 
0.980 22.986 183 21.751 458 1.234 725 0.459 724 0.435 029 0.9975 180.652 81 178.97004 1.682769 0.4516320 0.447 425; 
0.981 24.173 400 22.928 116 245 285 459 295 435 634 6 188.15770 186.465 89 691 809 451 5785 447 518} 
0.982 25.492 397 24.235 940 256 457 458 863 436 247 7 196.315 10 194.613 86 701 239 451 5247 447 6119 
0.983 26.966 418 25.698 105 268 313 458 429 436 868 8 205.21396 203.502 87 711 094 451 4707 447 7063 
0.984 28.624519 27.343 584 280 935 457 992 437 497 9 214.96022 213.238 81 721 414 451 4165 447 8015 
o.ssee 323.400 = 223.948 74 1.732 243 0.451 3620 0.447 8975 
i 9 235.786 46 743 635 451 3072 447 9943 
0.985 30.503504  29.209079 1.294425 0.457553 0.438 136 2 250/695 61 248,939 96 755 649 451 2521 448 0919 
0.986  32.650687 31.341 786 308 901 457 110 438 785 
3 265.40984 263.641 48 768 358 451 1967 448 1905 
0.987 35.127 941 33.803 428 324 513 456 663 439 445 4  281.96314 280.181 29 . 0 
0.988  38.017758 36.676 316 341 442 456 213 440 116 : 1812 781846 = 451 141 448 2901 
0.989 41.432 623 40.072 702 359 921 455 759 440800 9.9985 300.723 32 -298.92711 1.796213 0.4510850 0.448 3907 
$ $22.68 = 320.351 68 811 581 451 0286 448 4924 
. 45.073 26 828 099 50 9718 44 
0.990 45.530 008 44.149 762 1.380 246 0.455 300 0.441 498 8 375.762 11 373.916 16 845 950 So. onan oo 
0.991 50.537 365 49.134 555 402 810 454 836 442 211 9 409.869 85 408.004 48 865 368 450 8568 448 8049 
0.992 56.795854 55.367 710 428 144 454 367 442 942 
0.993 64.841 565 63.384 573 456 992 453 891 443 692 0.9990 450.798 6 448.9120 1.886651 0.4507986 0.44 
0.994 75.567 942 74.077 495 490 447 453 408 444 465 1 500.822 1 498.9119 910 194 "450 7399 rr = 
2 563.350 6 561.414 1 936 530 450 6805 449 1313 
3 643.743 5 641.777 1 1.966 408 450 6204 449 2440 
0.995 90.583117 89.052914 1.530203 0.452916 0.445 265 4 750.9326 748.9317 2,000 923 450 5596 449 3590 
0.996 113.103214 111.524117 579 098 452 413 446 096 
0.997 150.632 202 148.989 745 642 457 451 897 446969 0.9995 900.9956 898.9538 2.041775 0.4504978 0.449 4769 
0.998  225.680980 223.948 737 732 243 451 362 447 897 6 1126.087 2 1123.995 3 091 809 450 4349 449 5981 
0.999 450.798638 448.911 987 886 651 450 799 448 912 7 = 1501.235 1 1499.078 7 156 364 450 3705 449 7236 
8 2251.5215  2249.2740 247 420 450 3043 449 8548 
9 4502.3512  4499.9480 403 215 450 2351 449 9948 
1.000 ° ° . 0.450158 §=O.450158 =, noo o « e 0.450 1582 0.450 1582 
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Effect of Coating Composition of Oxide-Coated Cathodes on Electron Emission 


E. G. WIDELL AND R. A. HELLAR 
Tube Department, RCA Victor Division, Harrison, New Jersey 
(Received June 6, 1950) 


Investigation of oxide-coated cathodes has been made to determine the effect on electron emission of 
varying the proportions of emitting oxides. The results show that maximum electron emission under satura- 
tion conditions is obtained from a solid solution containing strontium oxide (SrO) and barium oxide (BaO) in 


an approximate molecular ratio of 7 to 3. 


These results also indicate that maximum size of the co-precipitated alkaline-earth carbonate particle 
occurs at the same molecular ratio as that giving maximum electron emission from the oxides. 

When the saturation emission obtained with a square-wave voltage pulse was measured, the current pulse 
as observed on a synchroscope was also a square wave and showed no measurable decay characteristic for a 


pulse duration time of 10 microseconds. 





INTRODUCTION 


ANY investigations have been made of the 
thermionic emission from alkaline-earth oxide- 
coated cathodes. However, only a few have considered 
the relation between emission capability and coating 
composition. In general, coatings have followed a 50-50 
ratio of barium and strontium oxides either as weight 
rcent or as molecular percent and have been applied 
in the form of a mechanical mixture or co-precipitate of 
the carbonates. 

Arnold! in 1920 reported that the highest emission 
was obtained from BaO alone but an equal quantity of 
SrO was added to improve life. Simon? in 1927 found two 
emission maxima, the first at about 85 percent SrO- 
15 percent BaO, and the second at about 85 percent 
BaO-15 percent SrO (weight percent). BaO alone 
yielded about 70 percent of the emission obtained from a 
50-50 ratio. No other investigator finds two maxima. In 
1933, Benjamin and Rooksby’ reported maximum elec- 
tron emission from a molecular weight ratio of 63 percent 
SrO and 37 percent BaO. Huber‘ in 1941 obtained a 
maximum for the BaO—SrO system at about 55 percent 
BaO with an emission value about ten times as great as 
from BaO alone. Veenemans? in 1943 published a curve 
showing maximum emission at approximately 75 mo- 
lecular percent of SrO. Weinreich® reported in 1945 that 
a BaO—SrO cathode coating containing 98.2 percent 
SrO yielded approximately the same surface emission as 
coatings containing lesser amounts of SrO. Eisenstein’ 
in 1946 stated that Fineman of the M.I.T. Radiation 
Laboratory obtained the same pulsed electron emission 
from BaO alone as from a coating containing 50 percent 
BaO-50 percent SrO. 

In view of all these apparent contradictions and be- 
cause present-day requirements for high electron-emis- 
sion currents under pulsed conditions again focus atten- 


'H. D. Arnold, Phys. Rev. 16, 70 (1920). 

*H. Simon, Zeits. f. techn. Phys. 8, 434 (1927). 

*M. Benjamin and H. P. Rooksby, Phil. Mag. 15, 810 (1933). 
‘H. Huber, dissertation, Berlin, 1941. 

°C. P. Veenemans, Neder]. Tijdschr. Natuurkunde 10, 1 (1943). 
*M. O. Weinreich, Rev. Gén. Elec. (August, 1945). 

"A. Eisenstein, J. App. Phys. 17, 654 (1946). 
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tion on types of oxide coatings which yield maximum 
currents, it was thought desirable to reinvestigate this 
subject. 


MATERIALS AND CONSTRUCTION 


The carbonates were prepared by co-precipitation 
from nitrate solutions using sodium carbonate as the 
precipitating agent with constant conditions of pre- 
cipitation except for change in ratios of the two com- 
ponents. The strontium carbonate actually contained 
1.0 percent BaCO; while the barium carbonate con- 
tained 0.2 percent SrCO3;, but for purposes of comparison 
the values are listed as 100 percent for both carbonates 
and oxides. 

The cathode sleeves were made of Grade A nickel 
which, by spectrographic analysis, contained 0.2 percent 
silicon, 0.045 percent magnesium, 0.10 percent manga- 
nese, 0.07 percent iron, 0.04 percent copper, and less 
than 0.02 percent titanium. Oxide inclusions were not 
measured. The sleeves were 25 millimeters long and had 
an outside diameter of 0.762 millimeters. They were 
cleaned by electropolishing before being coated in order 
to remove surface contaminations. 

The carbonates were milled for 45 hours under iden- 
tical conditions in the usual organic solvents with 
nitrocellulose as a binder, and were sprayed on the 
central 10-millimeter portion of the cathode sleeves. The 
average weight of the sprayed coating was 3.4 mg/cm? 
with a thickness of 0.044 millimeter giving an average 
coating density of about 0.73 g/cm’. 

At least five tubes were used for testing each ratio of 
oxides in order to obtain more dependable results than 
could be obtained by the use of a single tube. In order to 
obtain even temperatures throughout the length of the 
coated cathodes, only 10 millimeters of the central 
portions of each cathode sleeve were coated. Optical 
pyrometer measurements showed a variation of less than 
10°K between the center and the ends of the coated 
portion. The bare ends of the sleeves were carefully 
cleaned to prevent unwanted electron emission. Tests 
with a specially constructed tube showed that the 
coated portion gave a thousand times more emission 
than the bare portions; therefore, emission from the 
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Tase I. 











Carbonates 

Sprayed Cathode 
“Average” cathode- brightness 
Molecular % ee  — e 
BaCO; SrCO;s microns g/cm? g/cm? °K 
0 100 1.32 0.46 0.76 998 
10 90 1.87 0.39 0.85 1010 
20 80 3.08 0.35 0.73 1000 
30 70 3.35 0.33 0.67 996 
40 60 2.92 0.37 0.73 998 
50 50 2.83 0.40 0.73 1006 
60 40 2.59 0.42 0.74 989 
70 30 2.11 —_ 0.74 991 
80 20 1.96 ° 0.48 0.71 992 
100 0 1.23 0.63 0.79 975 








bare portions could be neglected. The cathodes were 
mounted in a standard diode in which carbonized plates 
with inside diameters of 1.78 millimeters were used. 
Each tube received the same exhaust on an all-glass 
system using liquid air with mercury diffusion pumps 
and was sealed off after flashing a Ba— Mg getter. All 
tubes were given the same aging schedule. 


MEASUREMENTS 
Structural Characteristics of the Carbonates 


The particle sizes of the carbonates as precipitated 
were measured by the Andreasen pipette sedimentation 
method. The ‘average’ particle size reported is the 
particle size for the 50 percent point on the curve 





showing cumulative weight percent versus particle size 
These data are shown in Table I and are compared with 
emission data in Fig. 6. X-ray diffraction patterns indj. 
cate that the carbonate crystals of the 50-50 ratio haye 
an aragonite structure. Electron microscope pictures of 
100 percent BaCO;, 70 percent BaCO;-30 percent 
SrCO;, 30 percent BaCO;-70 percent SrCOs, and 199 
percent SrCO; are shown in Fig. 1. These pictures show 
the change in particle size with change in ratios of the 
carbonates. Particle or crystallite measurements of the 
70 percent BaCO;-30 percent SrCO; were made by the 
method of low angle scattering of x-rays using Kg. 
radiation at 35 kilovolts and 15 milliamperes, filtered by 
nickel; the x-ray film was spaced 50 centimeters from 
the specimens. These results are shown in Table IT. The 
particle size as determined by this method may be the 
measurements of single or small groups of crystallites 
since the diameters are less than 200 angstroms, whereas 
the particle sizes as measured by the electron microscope 
or by the Andreasen pipette are a hundred times greater, 
The above data show that both the particles and the 
crystallites of the 70 percent SrCO;-30 percent BaCo, 
are about 1.5 times larger than those of the 30 percent 
SrCO;-70 percent BaCQ3. 


Cathode Temperatures 


Cathode temperature measurements were made with 
a disappearing-filament type of optical pyrometer 
(A =0.665u). The cathodes were initially adjusted toa 
brightness temperature of about 1000°K in order to 
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30%. BACO; , 70% Sr C03 
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TABLE II. Particle size measurement by low angle 
scattering of x-rays.* 











Type of carbonate 


———— 
70% SrCOs-30% BaCO; 
30% SrCOs-70% BaCOs 


—————— 


*y =distance from center of beam on film in millimeters. R =radius of 
particle in angstrom units. 








R=105 79 67 48 38 
R= 63 58 44 34 32 





limit electron emission and thus limit the heating up of 
the tube parts and cathode coatings during testing. The 
true temperature was then about 1030°K based on a 
spectral-emissivity (0.665) value of 0.56 for this type of 
coating obtained from unpublished data in this labora- 
tory. The cathode temperatures shown in Table I are 
brightness temperatures (with no correction for glass 
absorption) and are averages for five tubes in each test. 


Electron Emission 


The emission measurements were made on a pulse 
emission tester designed to produce microsecond rect- 
angular pulses. The pulse duration was set at 3 micro- 
seconds and the repetition rate at 500 pulses per second. 
A synchroscope showed wave forms of voltage and 
current to be square. Each measurement plotted repre- 
sents an averaged reading for five or more tubes. The 
results are shown in Figs. 2, 3, and 4. Figure 5 compares 
these data with those of Benjamin and Rooksby, and of 
Veenemans. 


Emission Decay 


For measurements of relative values of emission for 
the various ratios of oxides under pulse-testing condi- 
tions, it may be necessary to consider the effect of 
emission decay characteristics as reported by Sproull*® 
who found a considerable decay of emission during a 
10-microsecond pulse. Coomes? also mentions this effect, 
stating that Ramsay of the Bartol Foundation found 
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100%BaO 80 ° 
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Fic. 2. Electron emission variation with coating compositions at 
different anode potentials. 





*R.L. Sproull, Phys. Rev. 67, 166 (1945). 
*E. A. Coomes, J. App. Phys. 17, 647 (1946). 
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short-time (10~° second) emission decay in aged 
cathodes but not in very active cathodes. Observations 
for this effect were made on the cathodes with a 10- 
microsecond pulse. The emission pulse, observed on a 
synchroscope, had a square wave form and showed no 
measurable decay during this pulse period. 

Decay effects have been observed in this laboratory 
from cathodes in tubes of the same construction but 
made for testing different materials. The decay effect in 
this case, about 40 percent decay during a 10-micro- 
second pulse, occurred only in those tubes which showed 
a heavy cathode poisoning effect as evidenced by 
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Fic. 5. Comparison of the results of different investigators. 


slumping emission when measured under steady d.c. 
testing conditions. 


‘ DISCUSSION 


The Effect of Oxide Ratios on Electron Emission 


Figure 2 shows the variation in electron emission for 
various percentages of BaO and SrO and at various 
anode voltages. At saturation the curves peak at 70 
percent SrO-30 percent BaO (molecular percent). The 
emission for 100 percent BaO is lower than that observed 
in previous tests on similar cathodes but this difference 
may partly be accounted for by the 25° lower operating 
temperature of this set as shown in Table I. A previous 
test by Wolfgang Panofsky* of this laboratory showed a 
much flatter curve with the emission from the BaO 
about 80 percent of that from the 50-50 ratio but the 
emission values for the higher percentages of BaO were 
not stable and decreased during operation. 

Figure 4 shows the emission data plotted according to 
the $-power law. The large deviations from the normal 
in the Schottky region for the very highest emission 
values are due to heating up of the cathodes which could 
have been lessened if a shorter pulse duration and a 
lower pulse repetition rate were used. 


Comparison with Previous Investigations 


When the data obtained in this investigation are 
compared with those of previous investigators, as shown 
in Fig. 5, emission values were selected at an anode 
voltage of 200 volts (about 6500 volts/cm at the 
cathode) because at that voltage all of the cathodes 
approached emission saturation. A better comparison 
might have been made if all investigators had reported 
zero field emission. Values of emission are given in terms 
of percent of maximum to facilitate comparison with the 
published curves of Benjamin-Rooksby and of Veene- 
mans. All three curves have approximately the same 
general shape except that the Benjamin-Rooksby curve 
peaks at 63 percent SrO-37 percent BaO while the curve 


*Now at California Institute of Technology, Pasadena, 
California. 
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with coating composition. 


from this investigation peaks at 70 percent SrCO,-3 
percent BaCQs3. 


The Effect of Particle Size on Electron Emission 


There has been some discussion in the literature as tp 
the effect of crystal size and particle size on electro 
emission from oxide-coated cathodes. The change in 
particle size with variation in ratios of the carbonates 
when precipitated under identical conditions was meas. 
ured and the data are shown in comparison with electron 
emission data in Fig. 6. The curve for the particle size of 
the carbonates peaks at the same molecular ratio which 
yields maximum electron emission from the oxide, 
Although the agreement between the two curves may he 
merely a coincidence, this subject is being further 
investigated. 


CONCLUSIONS 


Maximum electron emission from oxide-coated cath- 
odes consisting of solid solutions of BaO and SrO occurs 
when the oxides have a molecular percentage of 7) 
percent SrO and 30 percent BaO. 

The maximum size of the precipitated carbonate 
crystal in the system of BaCO;—SrCO; occurs at the 
same molecular ratio which gives the maximum electron 
emission from the oxides. 

There is a close relationship between the size of the 
carbonate particles and the size of their crystallites as 
shown by comparing the measurements obtained by the 
Andreasen pipette with those obtained by the low angle 
scattering of x-rays on the 70-30 and the 30-70 ratios of 
carbonates. 

The tubes of this test exhibited no measurable elec- 
tron-emission decay during a 10-microsecond puls 
duration. 
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Surface Waves and Their Application to Transmission Lines 


. Grorc GouBAu 
Radio Communication Branch, Coles Signal Laboratory, Fort Monmouth, New Jersey 


(Received March 10, 1950) 


In this paper the applicability of non-radiating surface waves for transmission lines is investigated. Two 
types of waves are considered. The first one, originally studied by A. Sommerfeld, is guided by a cylindrical 
conductor of finite conductivity. Although this wave type has (under comparable conditions) much lower 
attenuation than the waves in coaxial cables or rigid wave guides, its practical application is restricted by the 
fact that the extension of the field is very large. Efficient excitation and undisturbed propagation of this wave 
mode are feasible only for very high frequencies. The other wave type considered in this paper has not been 
treated in the literature. It is guided by a conductor which is coated with a dielectric layer or the surface of 
which is otherwise modified; for example, by being threaded. The field of this wave type has a structure 
similar to that of Sommerfeld’s wave, but the extension of the field can be controlled by the surface modifica- 
tion. Thus low loss transmission lines on the basis of this wave type become feasible for frequencies above 100 
megacycles. The information necessary for the design of such lines is given and the agreement between the 
theoretically expected transmission losses and the measured transmission losses is checked. 





I. INTRODUCTION 


N 1899, A. Sommerfeld' published a paper about 

wave propagation along an infinitely long cylindrical 
wire of finite conductivity. The type of wave he in- 
vestigated is a non-radiating mode which has had little 
consideration in the modern literature, although the 
attenuation is theoretically much smaller than that of 
waves in coaxial cables. There may have been some 
doubt about the possibility of generating this wave 
type, as there is in the case of Zenneck’s* ground wave in 
wave propagation along the earth. The latter wave is 
guided by a plane interface separating a non-conducting 
medium from a conducting one, while in Sommerfeld’s 
case the interface is cylindrical. Both waves are possible 
solutions of Maxwell’s equations satisfying given bound- 
ary conditions. However, the solutions are special ones 
insofar as they refer to plane electro-magnetic waves and 
thus provide that the power sources are infinitely far 
removed. There has been much discussion about the 
physical reality of Zenneck’s ground wave and there is 
no convincing answer as yet. However, recent experi- 
ments on wave propagation along cylindrical conductors 
prove that cylindrical surface waves can be generated 
with high efficiency, and thus they can be employed for 
guided power transmission. The wave type actually 
used in these experiments differed from Sommerfeld’s 
wire wave insofar as the surface of the conductor was 
threaded or coated with a dielectric layer. Such modifi- 
cations of the conductor surface were made in order to 
reduce the radial extension of the field and hence the 
dimensions of the excitation device. The field structure 
of the modified wave is similar to that of Sommerfeld’s 
wave. There is, however, one interesting difference. 
Sommerfeld’s wave exists only for a conductor of finite 


r . _——, Ann. Phys. u. Chemie (Neue Folge) 67-1, 233 
* J. Zenneck, Ann. d. Phys. 23, 846 (1907). 
Sufficient information about references 1 and 2 is given in J. A. 
Stratton, Electromagnetic Theory, (McGraw-Hill Book Company, 
Inc., New York, 1941). 
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conductivity. If the conductivity were increased without 
limit, the extension of the field would increase in such a 
manner that the power carried by a wave of finite 
amplitude would become infinite. The wave propagated 
by a conductor with a thin coat of dielectric or with an 
otherwise modified surface however, would exist also in 
the case of perfect conductivity. The field is only slightly 
affected by the conductivity, provided the conductivity 
is above a certain limit. 

In order to eliminate misunderstandings, it shall be 
mentioned that the surface waves considered here are 
not related to the usual waves on long wire antennas, 
which are extensively discussed in the literature.* 

The subject of this paper is a discussion of cylindrical 
surface waves with regard to their practical application 
to transmission lines. Two kinds of waves are investi- 
gated: The waves on a conductor having a plain surface 
(Sommerfeld’s wave) and the waves on a conductor 
having a modified surface, in particular on a conductor 
with a dielectric coat. 


II. SOMMERFELD’S WIRE WAVE 


An infinitely long cylindrical conductor of circular 
cross section is embedded in an infinite homogeneous 
dielectric. The particular solution of this boundary- 
value problem given by Sommerfeld,! describes a radially 
symmetric transverse magnetic wave travelling along 
the cylinder. There are also solutions describing waves 
with cyclic periodicity around the cylinder. These solu- 
tions have been investigated by D. Hondros.* Because 
most of the field energy of these unsymmetrical modes is 
inside the conductor their attenuation is extremely 
large. Thus, they are of no practical interest and will be 
excluded from further discussion. 

If the coordinate system shown in Fig. 1 is used, the 
field components of the symmetric wave travelling in 


3S. Schelkunoff, Electromagnetic Waves, (D. Van Nostrand 
Company, Inc., New York, 1943). 
4D. Hondros, Ann. d. Phys. 30, 905 (1909). 


1119 








Fic. 1. Coordinate 
system. 
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the positive z-direction can be written in the form: 


h 
E,=jA —Z (yr)ei! — ha) 
7 
E,= AZo(yr)e! ha) (1) 


9 
- 


H,=jA—Z (yr)e*"-™), 
WuY 


as well for the space inside as for the space outside the 
conductor. The propagation constant / of the guided 
wave is the same for both parts of the field. The free 
wave propagation constant is 


inside: k, = (wyu.a.)4e~’*/4; outside: k=w(eu)! (2) 
(e=dielectric constant, 4=permeability, o =conduc- 
tivity). The subscript c refers to the interior of the con- 
ductor. The parameters y and y, are defined by 


yo=k2—-h; y=k—h’. (3) 
The cylinder functions Z) and Z, which describe the 
field inside the conductor are the Bessel functions J» and 
J,. They are finite at ry =0. For the outside the Hankel 
functions Ho and H,” are taken, since they ensure the 
proper decrease of the field at infinity and give the 
proper direction of energy flow if the complex parameter 
y is in the first quadrant of the complex plane. 

The boundary conditions require that E, and H, be 
continuous at the surface (r =a) of the conductor. Thus, 
we obtain the equations: 


7 Hy‘ (ya) Ve Jo(ya) 


os = Me = ? 
k? H, (ya) k.2 Ji(ya) 





(4) 


OUe OUe 
Y—yé=kR—k2= ‘(143 aes (5) 


WEL WeU 


from which y and y, can be determined and conse- 
quently also h. If we restrict our considerations to con- 
ductors the radii of which are large compared with the 
skin depth (y.a>>1), Jo and J;, in (4) can be replaced by 
their asymptotic representations: 


1120 





r\7 
sos)(“*) cos(x— 3/4) ; 


T —3 
1,(2)~(“x) cos(*— 32/4). 
x90 2 


If furthermore the conductor radius is not too large, s 
that ya<1, we can use in (4) the approximations: 


2j 2) 
Ho (x)~— In(—j0.89x); Hi (x)~—-— (7) 
z—>0 7 z—0 TX 
(0.89: - - =X 1.781--- =e*, where C =Euler’s constant 


=0.577---). Equation (4) is then simplified to 


9 


. 


ws Yc 
- a“) In(—70.89ya) = a?" cot(y.a—m/4) (8) 


c 


where cot(y.a— 2/4) approaches + 7 since y. becomes 
complex. We shall see later that all these approximations 
are justified for the considered conductor diameters and 
frequency range. 

Now, (8) can be written in the form: 


ElngE=n (9) 


£= (—j0.89ya)?, 


with 
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Me 
n= ead iilin | | #314, (10) 
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Fic. 2. Graph for determining the absolute value of £ (see Eq. (12)). 
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Fic. 3. Graph for determining the argument of & (see Eq. (12)). 
For copper wire in air 


|n| =3.27X10-af! =1.70K10-8ad-3., (11) 


fis the frequency and \ the free space wave-length. A 
and a are measured in cm. Equation (9) has been used 
by Sommerfeld for numerical evaluation of y. With 
regard to the following discussion about the applicability 
of these waves for transmission lines, we are concerned 
with solutions of (9), within a wide range of f and a. If we 
consider frequencies from 10* to 10" cycles/sec. and 
radii from 0.1 to 1 cm; then, in the case of a copper wire, 
|| ranges between 3X10~* and 3X10-*. Within this 
wide range the complex Eq. (9) can be split into two real 
equations which are more convenient for numerical 
evaluation. As shown in the Appendix, the absolute 
value |£| and the argument a of &=|£{e’* can be 
determined from the equations: 


T 1 
a= —~"(1-—__ ) (12) 
4 In| £|+1 


\¢| and @ are plotted in Figs. 2 and 3 as functions of 
\»|. Each of the 5 curves for | | in Fig. 2 refers to one 
decade in ||, identified by the exponent m. a varies 
only slightly with || as seen in Fig. 3. 

Having =| £|e*, one can determine y from (10): 


ay =1.12(| &| )beiat)/2), (13) 


Within the range of || considered in Figs. 2 and 3 
ay|<1.1X10-*, Relay. ]>15 and Im[ay.]>5. Hence 
the simplifications which lead to Eq. (9) are justified. 

The propagation constant / of the surface wave is 
determined by k and y (see (3)). As y/k is very small we 
can write h~k— y’/2k or, if y* is expressed in terms of & 
with Eq. (10) : 


£| cosa | £| sina 
h= (440.63) +i(063— ). (14) 
ka* P 


ka? 


|é|In] é] =—|n] ; 





The real part of / yields the phase velocity of the wave: 


( a) 
v=c{ 1-—- ; 


The phase velocity of the surface wave is somewhat 
smaller than the phase velocity c of a free wave in the 
same dielectric. Consider, for instance, a wave with a 
frequency of 3000 mc, propagating on a copper wire of 
0.1 cm radius, stretched in air. From Eq. (11) we obtain 
n| =5.38K10-* and from Figs. 2 and 3 the corre- 





(15) 
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sponding | £| =3.6X 10-7 and a = — 48° 15’. Inserting in 
(16) we find that the reduction in phase velocity is less 
than 0.004 percent. 

The imaginary part of / gives the attenuation 6 of the 
wave. 6 in nepers per cm is 
0.63| —| sina 

—_———[n/cm]. 


(16) 


ka? 


The loss LZ in db per 100 feet becomes: 
» 
L= —2.66—|£|sinaX 10°[db/100 ft. J. (17) 
a’ 


It may be mentioned that 6 and L are positive because 
sina is negative. 

In Fig. 4, L/100 ft. 's plotted for various conductor 
diameters and a frequency range, 10°---10* mc 
(A=3---300 cm). The conductor is assumed to be of 
copper. It is of interest that even for a wire of only 1 mm 
radius the losses are considerably smaller than for 
recommended wave guides. From this fact the applica- 
tion of single conductors for transmission lines appears 
very promising. However, there isan important question 
of how to excite efficiently the surface waves. The 
efficiency of any launching device will be greater the 
better the agreement between the field built up by the 
launching device and the field of the wave. The launch- 
ing device can be considered as a field transformer which 
transforms the field of a coaxial cable or wave guide into 
the field of the surface wave. Because the field of the 
wave extends to infinity, the matching between the field 
of the launching device and the field of the wave can 
never be perfect. The larger the launching device the 
better the chances for good matching conditions. In 
Section VI we will estimate the loss of a launching device 
and for this reason we determine in the following that 
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Fic. 4. Transmission loss of copper wires of 0.1, 0.2, 0.5, and 1 cm 
radius in the case of Sommerfeld’s wave. 
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fraction of the total power of the wave which travels 
outside of a cylinder of radius p surrounding the wire. 
The energy flow through the area » >r>p is given by 


N,= Rel 2x f 


w 


xz 


rE *tr| (18) 


(The asterisk denotes the conjugate complex quantity.) 
The total energy flow N outside the wire is obtained by 
extending the lower limit of the integral to the wire 
surface. The quantity we are interested in is V,/N. 
Inserting for E, and H, the values of Eq. (1) with 
Zo=Ho™, Z,=H, and considering that [H“ (yr) ]* 
=H (y*r), the power \V, at s=0 becomes: 


- hk 
N,= — Re} 247A A*(e/n)}—-__-_—_ 


wre 
XLy*oH (yp) Ho (y*p) 


— yp; (y*p)Ho (vp) ]}. (19) 


Unfortunately the numerical evaluation of Hankel- 
functions with complex arguments is cumbersome. How- 
ever, as we are not too much concerned with high accu- 
racy, we will use the zero representation of the functions 
up to | yp| <0.3, though we have to expect errors of the 
order of 15 percent for the upper limit of |-yp|. For the 
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wire radii and frequencies considered in Fig. 4, the range 
| -yp| <0.3 covers an area around the wire in which the 
major part of the energy is transmitted. 

Using the zero representations of the Hankel func. 
tions, shown in (7), and replacing y by & from (10) 
Eq. (19) becomes: 


ka*Re[h] 


’ 


N,=—AA*(e/y)! - 


E) *ar 
X4(0.89)*(In| £| p?/a*+ a cota). (20) 


The total power \V is obtained from (20) by setting 
p=a. The expression for V becomes very accurate, 
since ya<1. For the ratio V,/N we get: 


N, 2 In(p/a) 
—=~I+ : (21) 
N in| | +a cota 





Within the entire range of |£| considered above, a is 
close to — 2/4. Thus 


a cota™(m/4)(<| In| &| |) 





and 
N, 2 log(p/a) 2 log(p/a) 
—~ 1 —~1 . (2) 
N log| £| +0.34 log2.2| &| 


This equation can be used for determining the radius of 
that area through which a certain percentage of the 
power is transmitted. Figure 5 shows the half power 
radius psoy, and the radius for 75 percent power p75», 
within the same frequency range and for the same wire 
radii as in Fig. 4. The 75 percent radii are not very accu- 
rate for reasons mentioned above. Figure 5 shows that 
the extension of the field is very large, especially for low 
frequencies and large wire diameters. For instance, for 
f=1000 mc/sec., a=1 cm, the half power radius is 28 cm 
and the 75 percent power radius about 150 cm. A 
transmission line of this dimension would require a 
clearance around the conductor of several meters, if fre- 
quencies of 1000 mc or less should be transmitted. 

In the introduction it was stated that the existence of 
Sommerfeld’s surface wave requires a conductor of finite 
conductivity. If o were increased to infinity, || would 
become zero and consequently so would | |. From (22) 
we see that V,/N would approach 1 for any finite value 
of p. This means that the power transmitted through a 
finite area surrounding the wire would be zero if the 
total power were finite. Thus, the solution of Maxwell's 
equations loses its sense. 

Though a single wire transmission line based on 
Sommerfeld’s surface wave is favorable with regard to 
the losses effected by the conductor itself, the practical 
application is restricted to very high frequencies by 
reason of the large extension of the field. Below 3000 mc 
the size of low loss launching devices and the clearance 
area around the wire become too large. It will be shown 
in the next section how the extension of the field can be 
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reduced to such an amount that surface wave trans- 
mission lines become feasible also for lower frequencies. 


Ill. WAVES ON A CONDUCTOR WITH 
MODIFIED SURFACE 


The waves propagated in coaxial cables or in wave 
guides differ from Sommerfeld’s surface wave in that the 
finite conductivity of the conductors is an undesired 
property rather than a necessary condition for the 
existence of the waves. The question arises: is it possible 
to modify the surface of a wire so that the conductivity 
is no longer important for the existence of a surface 
wave. It is evident that the field of a surface wave on 
such a guide would not extend as far in the radial direc- 
tion as the field of Sommerfeld’s wave; the latter wave is 
constrained to the wire only by reason of the finite 
conductivity while in the other case an additional con- 
straint must be present which concentrates the field 
around the wire if the conductivity becomes infinite. 

In answering the question we first consider the 
boundary conditions for a surface wave if there is no 
dissipation present. 

An unattenuated surface wave of axial symmetry has 
field components which are also described by Eq. (1). 
The cylinder functions in question are the Hankel- 
functions Ho‘ and H,“ with positive imaginary argu- 
ment. Hence , 


H=H™; 2:=H,; y?=I?—k*. (23) 


The Hankel function H,, for positive imaginary 
argument is negative real and the Hankel function Ho, 
for positive imaginary argument is negative imaginary. 
Hence E, has a phase shift of 90° with respect to Z, and 
H,. The boundary conditions at the surface of a guide 
which propagates a wave of this type demand that E, 
and H, and therefore their ratio 


Y=J1; 


wpy’ Ho (jy'a’ 


(E./H¢) ra’ = 
k2 Hy (jy'a’) 





fof 
“a 


~—j(u/e) 
k 





In0.89y'a’ (24) 


be continuous. a’ is the radius at which the internal field 
and the field of the surface wave meet. Equation (24) 
states that at the surface of the guide the. ratio 
(E./H,),~a’ must be positive imaginary. 

Now we investigate whether the required ratio E./H, 
can be obtained by a suitable modification of the surface 
of a perfectly conducting wire. Consider a cylinder of 
radius y=a’ surrounding a wire which may have any 
periodic ‘‘micro”’ structure in the z-direction as indicated 
in Fig. 6. The space between the conductor surface and 
said cylinder may be partly or wholly filled with die- 
lectric material. This space should be small compared 
with the wave-length, but large enough compared with 
the structure on the wire that at r =a’ the effect of this 
structure on the field is averaged. The region bounded 


VOLUME 21, NOVEMBER, 1950 


Fic. 6. Conductor with 
modified surface. 





by the cylinder of radius a’ is the “guide.” With these 
assumptions the field in the guide can be considered 
quasi-stationary. The magnetic field is determined by 
the current J in the wire. The contribution of the 
electric z-component to the magnetic field can be neg- 
lected. The electric field consists in its major pait of a. 
potential field originated by the electric charges on the 
conductor and in its minor part of a curl-field induced by 
the magnetic field. Current J and charge Q per unit 
length are connected by the relation 


aI/dz+aQ/at=0. (25) 


Since the current distribution propagates in the z-direc- 
tion with the same phase velocity as the surface wave, 
(25) can be written in the form 


—jhI+jwQ=0 or Q=hI/w. (26) 


Faraday’s induction law applied to the area 1-3-4-2 in 
an axial plane (see Fig. 6) gives: 


OP 2 4 
6z—= E)wds+( f Edr— { Er). (27) 
ot 1 3 


The length 6z, like the distance 1-2, must be small 
compared with the wave-length. ® is the magnetic in- 
duction flux through a unit length of the area and is 
proportional to J. In the equation 


¢=Li, (28) 


L can be considered as an inductance per unit length. 
(E.) a’ in (27) is the longitudinal electric field component 
at r=a’. The integral of the radial electric field com- 
ponent between the points 1 and 2 is proportional to the 
charge density at 1. A radial induced component of the 
electric field can be neglected because the dimensions of 
the roughness of the conductor are assumed to be small 
compared with the dimensions of the area under con- 
sideration. Hence, 


f  Edr=Q/C (29) 


where C has the meaning of a capacitance per unit 
length. With (29) and (26) the difference between the 
two integrals in (27) can be written in the form 


J 


2 


‘ 1 00 h? 
Ear f E,dr= —— —iz=j—lIiéz. (30) 
3 C daz wC 
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Fic. 7. Graph for determining the extension of the field on surface 
treated wires (see Eq. (37)). 


With (28) and (30) inserted, Eq. (27) becomes: 


9 


jatt(1- )-@e. 
w?LC 


Assume for the moment that (£,)q is zero. Then, the 
conditions are like those in a coaxial line having the 
structure of our guide inclosed in a conductive tube of 
radius a’. The propagation constant h’ of such a line is 
given by (31) for (£.). =0: 
h’? 
i— =0 or 
w*LC 





(31) 


h’?=w*LC.* 





(32) 


w*LC in (31) can now be expressed by h’, the propagation 
constant of a wave which would be translated if the 
surface wave guide were surrounded by a cylindrical 
conductor of radius a’. Thus Eq. (31) reads: 


h? 
jatt(1-—) = (E.)«’. 
h’? 


As the magnetic field at r=a’ 
E,/H, at r=a’ becomes: 


(E./H ¢) rma! = j2ma' wl (1—h?/h’?). 


(33) 


is [/2mra’, the ratio 


(34) 


*In truth LZ and C would change somewhat if the guide were 
surrounded by a conductor. 
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The surface wave requires according to (24) an E,/y 
having a positive imaginary value. Hence, h’ must be 
greater than k. Because h=(k?+-y”)? is greater than } 
the condition for the existence of the wave considered js 


that the guide, inclosed in a conducting cylinder, form P 


transmission line the phase velocity of which is smaller 
than the normal velocity in the surrounding dielectric. Any 
surface modification of the wire which reduces the phase 
velocity is suitable for converting the wire into a surface 
wave guide. Threading of the wire or a dielectric layer 
on it, for example, accomplishes the required reduction 
in phase velocity. It may be mentioned that Sommer. 
feld’s wave also is made possible by the fact that the 
phase velocity is reduced. In that case the reduction js 
effected by the finite conductivity of the wire. Severa| 
steps in the preceding development might require more 
detailed discussions for their justification. For the sake 
of brevity such discussions have been omitted. 

After having established the existence of a non. 
radiating surface wave we investigate the extension of 
the field, still with the assumption that dissipation jg 
negligible. As in the case of Sommerfeld’s wave we de. 
termine first the amount of power which is transmitted 
outside a cylinder of radius p surrounding the wire. This 
power is given by (18) and since H,(jy’r) is real, 


hk 
N= 24AA*(e/y)*— f rH (jy'r) Pdr 
, *e 


hk 
= AA*n(€/u)*—F(y'p) (35) 
y’? 


where 


2 
F(y'p)= cv’ ———jHo (jv'p)Hs™ (jy'p) 
YP 


—LHo™ (jy'e) P—LH (Fr'p) Pf. (36a) 





Hankel functions with imaginary argument are tabu- 
lated ;° thus, the function F(y‘p) can be calculated easily. 
In the range y’p<0.1 the Hankel functions can be 
approximated by their zero developments with good 
accuracy. In this way the function F(y’p) becomes 


F(y'p)-~8/r*—1n0.89y’p—0.5] for y’p<0.1. (36b) 


The function F(y’p) is plotted in Fig. 7. The parameter 
m indicates the decade in yp to which each curve refers. 
In the case m=0 the function 10X F(y’p) is plotted in 
order to get the curve on the diagram. 

The circle of radius p, within which a certain per- 
centage p of the total power of the surface wave travels 
is given by the equation: 


F(y' pp) 
F(y'a’) 


5 E. Jahnke and F. Emde, Tables of Functions, (Dover Publics 
tions, New York, 1943). 





(37) 
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Figure 8 shows the ratio p,/a as a function of y‘a’ for 
p=50 percent, 75 percent, 90 percent and 99 percent. 
For a given diameter a’ of the guide the field decreases 
faster with increasing yy’. Assume, for instance, a’ =1 
cm, y’=2X10~*; then half the power is within a radius 
of about 6 cm, 75 percent of the power is within p=16 
cm, 90 percent is within p=33 cm and 99 percent is 
within p=86 cm. 7’ can be varied by modifying the 
conductor surface. Thus, we have the possibility of 
restricting the extension of the field within limits to any 
desired value. A part of the energy travels in the space 
between the conductor surface and a’, the radius of the 
guide. But this part is so small within the considered 7’ 
range, that it can be neglected. (See Section IV.) 


IV. CONDUCTOR WITH DIELECTRIC COAT 


The simplest method for reducing the phase velocity 
and the extension of the field is the application of a 
dielectric coat to a plain wire. This case will now be 
considered in detail. The field in the dielectric layer can 
be described by Bessel functions (Jo, J;) and Neumann 
functions (No, Ni). In Eq. (1) Zo and Z, are to be re- 
placed by 


Zo=JotbNo; Z,=J,+6N,, (38) 


where 5 is determined from the boundary condition. 
yand & are provided with the subscript i indicating that 
they refer to the insulating layer: 


y2=k2?—h; ki=w(eu:)}. (39) 


Let a be the radius of the wire and a’ the radius of the 
outer surface of the dielectric coat ; then we obtain from 
the boundary condition E,=0 at the wire of infinite 
conductivity : 


b=—Jo(yvia)/No(v:a), (40) 


and the ratio E./H, at the surface of the coat, r=a’, 
becomes : 


E, ‘ : Yi 
(;) = — j(ui/€i)*- 
Hol nme! k; 


Jo(via’)No(yia)—Jo(yvia)No(y:a’) 
Ji(yia"')No(yia) —Jo(y:a)N1(y:0’) 





. (41) 


This equation can be simplified if we are interested 
only in conditions for which the phase velocity of the 
surface wave is slightly reduced. These conditions are 
established if either the dielectric layer is thin compared 
with the wire radius, or the layer is of the same order of 
magnitude as the wire radius, but the radius itself is 


very small compared with the wave-length. In the first 
case we can write 


Joyvia~Jolv ia) +7 J ily ;a’)(a’—a); 


No(yia’)\~No(y:a’)+yiNilyia’)(a’—a). (42) 
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With these relations (41) becomes: 





E, is 
(=) ~iw/ee'-). 9) 


H 
In the other case we use the zero representations of the 
cylinder functions. Thus (41) becomes: 


, 


E, x: a 
(—) —~j(ui/e:)'—a’ In—. (44) 
H, r=a’ k; a 


Both Eqs. (43) and (44) are immediately obtained from 
Eq. (34). If the guide, consisting of the wire and the 
dielectric layer is thought to be surrounded by a metal 
tube of radius a’, the inductance L per unit length and 
the propagation constant h’ of the coaxial line formed by 
the guide and the tube are: 


wi a’ 
L=—I\n—; h’=o(emu:)'=hi. 
2r a 
With these quantities Eq. (34) leads to (44) which we 
consider more general since it yields, for thin layers, 
Eq. (43). 

At r=a’ where the field in the guide and the field of 
the surface wave meet, (E,/H,),-a’ must be continuous. 
Hence, by comparison of (24) and (44) we get the re- 
lation: 


(45) 


>"? 7? a’ 
(u/€)*—a’ In0.89y'a’ = —(u;/€:)*—a’ In— (46) 
k k; a 
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Fic. 8. Relative radius of the area around the wire within which 
50 percent, 75 percent, 90 percent and 99 percent of the power is 
propagated in the case of a conductor with modified surface. 
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Fic. 9. Design curve in the case of dielectric coated wires 
(see Eq. (48)). 


from which the ratio a’/a is determined: 


/ 49 


a iY 
In—= —— — In0.89ya’. 


As y?=k?2—=k?—k’—vy” (see Eqs. (39) and (23)) 
and +"<k? Eq. (47) becomes for wi =u: 


, 


a €; r 2 
In—~ (-) G(ya’) 


(47) 





a e—e\a 
with 
ya’ 2 
Gva’)=-(—) In0.89y'a’. (48) 
T 


The function G(y‘a’) is plotted in Fig. 9. 

We consider the following example: a’=1 cm; A=50 
cm. The radius within which 90 percent of the power of 
the surface wave is transmitted, pgoc,=50 cm. What is 
the required thickness of the dielectric layer if €;/e=4? 

From Fig. 8 we obtain the required value of y‘a’ for 
which pgoq,=50 cm. It is y’a’=1.21X10-*. The corre- 
sponding value for G(y‘a’) is found with Fig. 9 to be 
1.68 10-5. Inserted in Eq. (48), these values give the 
thickness of the layer as 5.6X 10™ cm. 

The next question to be answered is, how much power 
is transmitted inside the guide, i.e., within the dielectric 
coat. This power is determined by E, and H, in the 
dielectric which are, in terms of the current J, 








Q h 
E,= = I (see (26)) 
2rre; 27ewr 
(49) 
H,=1/2zr. 
Hence: 
a’ a’ 
Nim de f rE,H,*dr= In—II*. (50) 
2mwe; a 
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The power N of the surface wave itself is given by (35) 
with p=a’. For F(y‘a’) the approximation (36b) can be 
used ; thus 


8 hk 
N=—-AA*(e/u)$—(In0.89y'a’+0.5). (51) 
T 7" 


The amplitude A can be expressed in terms of the cur. 
rent. Since (H,y),.«=I/2ma’ we find from the field 
Eq. (1) with the substitutions of (23), 


py’! 


AA*~]]* : 
16€R? 





(52) 
With (50), (51), (52), (47) and (23) the ratio between 
N; and N becomes: 


N; € 


In(a’/a) 
N  ¢In0.89y'a’+0.5 
h?— k? In0.89-'a’ 
~ B(¢;/€)— hh? In0.89y'a’-+0.5 








(53) 


Within the range of y’a’ between 10-* and 10~ the 
term (In0.89'a’)/(In0.89-y’a’+-0.5) is smaller than 1.25. 
If we consider reductions in phase velocity of less than 
3 percent and assume ¢;/e> 2.4, N;/N is smaller than 6 
percent. Thus NV; can be neglected in most practical 
cases. 


V. ATTENUATION ON DIELECTRIC COATED 
CONDUCTORS 


All preceding relations derived for a surface wave 
guide consisting of a conductor with modified surface 
are valid under ideal conditions where no dissipation is 
present. The effect of dissipation can be calculated in the 
usual manner with the assumption that the field distri- 
bution in an equiphase plane is approximately the same 
as in the dissipationless case.* This means that the 
losses are calculated for the undisturbed field. The 
power loss within the path from z to z+dz is propor- 
tional to the total power 

dN = —28Ndz, (54) 
where @ is the attenuation factor in neper/cm. 


' 
0. 


° 





—— 


Fic. 10. Chart for determining P and Q (for Eq. (60)). 


* This method could not be used in the case of Sommerfeld’s 
wave for obvious reasons. 
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We consider only the case of a conductor with a 
dielectric layer. Then the loss consists of two parts, the 
conductivity loss and the dielectric loss. The con- 
ductivity loss, expressed in terms of the current J in the 
wire, is given by: 


1 /wue\? 
if -—( ) na: (55) 


2ra\ 2c. 





where wu. and o, are the permeability and the con- 
ductivity of the wire. The dielectric loss is 








h? a 
iN.=- In- tané I] *dz 
2rwe; a 
h? 12 
~ In(0.89y'a’) tané II*dz. (56) 
2rwey:” 


tané is the loss factor of the dielectric material. The total 
power N=N+N;; is obtained from (51)-(53) : 


49 


1 h 7"? 
#--—w/or| (14-5) 0. 894/4'-+05 |r (57) 
24 k 7? 


Equations (54)-(57) give the attenuation factor , 
caused by the conductivity losses and the attenuation 
factor 6; caused by the dielectric losses. Since (y’/7i)*1, 
hk 





1 /weu-\? 1 
pa——( ) -[neper/em], — (58) 
2a\2c.u/ 1n0.89y'a’+0.5 


2 


le iY 0.5 
Be=- ~( i— ) 
2e—e k In0.89y'a’+0.5 


Xtand [neper/cm]. (59) 








With (58) and (59) the total transmission loss L in db 
per 100 feet becomes 


P(y'a’) | € 


a(a)}  -—e 





r 
4100 ft. = tand—O(y'a’)[ do |] (60) 
qa” 
with 


Tie\? 1 
P(y'a’) = —1.33X 10°(¢/)'(™) —_—__—_, 
om’ \ny’a’+0.38 





0.5 
O(y'a’)=2.11%10*( 1- ——) a!) 
Iny’a’+0.38 


For a coated copper wire stretched in air, 


1 
P(y‘a’)=1.60 (62) 
—Iny’a’—0.38 





The functions P(y‘a’) (for copper) and Q(y‘a’) are 
plotted in Fig. 10. 
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Fic. 11. Sketch of a surface wave transmission line. 
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For the example considered in the preceeding section 
(A=50 cm, y’a’=1.21K 10, a=0.94 cm, a’=1.00 cm, 
e;/e=4) we obtain from Fig. 10: P=0.38, Q=0.29. The 
loss due to the conductivity is given by the first term in 
(60) and is 0.057 db/100 ft. Assuming tand=10-%, the 
dielectric loss, given by the second term of (60), is 0.005 
db/100 ft. Thus the total loss is 0.062 db/100 ft. As may 
be seen from Fig. 4 for a plain wire of the same radius 
guiding a Sommerfeld surface wave, the loss would be 
only half as large. However, the extension of the field 
would be so high that the conditions for undisturbed 
propagation and efficient excitation could not be 
achieved. Figure 5 shows that for a=1 cm and A=50 
cm, psoy, = 34 cm and p75-,= 200 cm. The corresponding 
radii for the coated wire given in Fig. 8 (y’a’=1.21 
X10") are psoc,=7.6 and p7z5o,=22.5 cm; this means 
they amount to only 22 percent and 11 percent of the 
other radii. 


VI. LAUNCHING OF SURFACE WAVES 


In order to excite the desired wave mode with high 
efficiency a launching device is required which develops 
within a cross section a field having a structure similar 
to that of the surface wave. The structure of the fields of 
both types of surface wave considered in this paper is, 
within a large area around the conductor, somewhat like 
in a coaxial cable. The radial electric field component 
and the circular magnetic field component decrease with 
1/r as can be seen from the zero representation of the 
Hankel function H,;“. Furthermore the ratio E,/H, is 
very close to (u/e)!. As the major part of the energy of 
the waves travels within the area in which the 1/r de- 
crease of the field strength is valid, the waves can be 
launched with good efficiency by means of the device 
sketched in Fig. 11. The outer conductor of the coaxial 
feed line is gradually expanded in the form of a horn and 
the inner conductor of the line is connected to the 
surface wave guide. The device can be considered as a 
tapered coaxial line. The arrangement on the receiving 
end is the same. In the case of Sommerfeld’s surface 
wave the area in which the field should be simulated is 
very large especially for lower frequencies. Hence, the 
efficient excitation of this wave would require an ex- 
tremely large horn. In the other case, where the ex- 
tension of the field is reduced by means of a suitable 
modification of the conductor surface, the dimensions of 
launching devices can be kept within reasonable limits. 

The efficiency of the launching device of Fig. 11 can be 
determined approximately if the opening of the horn 
does not too much exceed the area within which the field 
decreases with 1/r. In this case, considering the receiving 
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end, that portion of the wave will be received which falls 
within the area of the horn. If the radius of the horn is 
equal to p7s59,, for instance, about 75 percent of the 
energy will be received. Because of the reciprocity theo- 
rem the efficiency of the horns for transmission and 
reception must be the same. 

The tapering of the horns is important too, insofar as 
in the case of large angles higher modes may develop 
inside the horns, and besides, the wave front at the end 
of the horns may deviate too much from the required 
plane wave front. It is desirable to have the surface 
modification started within the horns, in order to have 
the surface wave build up therein. 

In the case of a surface wave guide consisting of a 
wire with modified surface, the efficiency of a horn can 
be determined with the aid of Fig. 7. If the parameter 7’ 
and the radius a’ of the guide are known F(y‘a’) can be 
obtained. Let 5 be the radius of the horn at the open 
end; then the efficiency is given by 1—F(y'b)/F(y‘a’) 
where F(y’b) is also obtained from Fig. 7. 


VII. EXAMPLES 


The set-up considered here is shown in Fig. 11. The 
surface wave guide consists of an enameled wire of 120- 
foot length having a diameter of 0.2 cm (a=0.1) and an 
enamel coat of 0.005 cm thickness. The dielectric con- 
stant and the power factor of the enamel are ¢;/e=3 and 
tand=8X10-*, for low frequencies. tané will probably 
be much larger for the high frequencies under con- 
sideration ; however, having no better data available, we 
will use the quoted figure. The diameter of the horns is 
2b= 33 cm. 

First we determine the loss of the wire, assuming a 
frequency of 3300 mc. With (48) we find, G(y’a’) = 4.04 
X10-*. From Fig. 9 we obtain the corresponding 
y'a’=5.6X10-*; Fig. 10 gives for P(y’a’) and Q(y'‘a’) 
the values P=0.33, Q2=0.072. These values inserted in 
(60) deliver the transmission loss per 100 feet as 1.35 db. 
Hence the loss for 120 feet is 1.62 db. 

In order to determine the loss due to the launching 
device we determine F(y‘a’) and F(y'b) from Fig. 7, 
F(y'a')=4.9, F(y'b)=0.17. The efficiency of each horn 
is then 95.6 or the loss is 0.20 db. As both horns together 
contribute 0.40 db, the total theoretical loss of the 
transmission line becomes 2.0 db. The measured loss 
was 2.3 db. It should be mentioned that the loss of the 
setup does not vary more than 0.1 db within the fre- 
quency range from 1500 to 3400 mc. 

As another example we consider a transmission line 
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with the same launching device and an enameled wire of 
600-foot length and 0.322 cm. diameter. The thickness 
of the insulation is 0.0025 cm. We calculate the loss for a 
frequency of 1600 mc. From (48) we obtain G(y'd’) 
=0.75X10-7 and from Fig. 9, y’a’=2.4X10-*. The 
corresponding values for P(y’a’) and Q(y‘a’) are found 
in Fig. 10. They are P(y‘a’) =0.283 and Q(y'a’) = 0.013, 
If these values are inserted in (60) the loss for the length 
of 600 feet is 2.65 db. The loss contributed by one horns 
obtained with Fig. 7 which gives the values F(y’a’)=46 
and F(y’b)=0.88. Hence the efficiency is 80.9 percent or 
the loss 0.9; db. As the two horns contribute 1.8¢ db, the 
total loss of the transmission line becomes 4.5 db. The 
measured loss was approximately 5 db. It may be men. 
tioned that the wire was supported at 100 feet intervals 
by strings about 6 feet above the ground. 
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IX. APPENDIX 


Derivation of Eq. (12): 
If we write for — and n 
E= |Elei*= | Ele MA): n= | nl e874 (—e<x<a) (Al) 


(9) becomes 


\tle[In|e|—s(Z+2)]=—Inl. (A 


This equation can be split into two equations if the real and 
imaginary parts are separated : 








||In |glcosx-(1 _ a tant) = —\|nl; (A3) 
r/4+x 
tanx Inlél (A4) 
Inserting (A4) into (A3), 
: 
|glIn|g|cose-(14+tan%x)=—|y| or UPIE ig). (as 
cosx 


Within the range considered, |n|<10-%, and |£|<«1 (because 
vk). As |cosx| is certainly <1, | £| will be smaller than 1.110“ 
and —In|£|>9. From (A4) we see that for —In|£| >9, « becomes 
small : 


t-— —- 5. A6) 
*~ 4 —In|€| —1\~32 on 


For such small angles cosx in (A5) can be replaced by 1. Thus the 
Eqs. (12) are obtained. 
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A Note on Control Area 


Tuomas M. Stout 
Electrical Engineering Department, University of Washington, Seattle, Washington 
(Received May 29, 1950) 


Control area, or the integrated error for a step function input, has been used as a measure of control 


system performance. For systems described by 


60S) _ yp, (ris +1) (728-41) += (rms +1) 





=e 
6;(s) 
it is proved that the control area is 


(Tis+1)(T2s+1)- + -(Trs+1)’ 


m 


A=Tat+ 2 T;-—= 7. 


i=1 


t~1 


A simple method of evaluation is presented and some limitations of the control area criterion are mentioned. 





COMMON measure of the response of a control 
system'~* to a unit step function is the “control 
area,” shown as the shaded area in Fig. 1. The control 
area is defined mathematically as the integral of the 
error with respect to time from zero to infinity, the error 
being defined as the difference between input and out- 
put. An optimum adjustment of the system parameters 
is obtained when the control area is a minimum. 
Evaluation of the control area in terms of the system 
parameters by conventional methods is a difficult task 
if the system is complicated. However, for systems 
described by the equation 


Bo(s) (718 +1)(ros+1)- ++ (7ms+1) 





= 1 
6,(s) (T\s+1)(Tos+1)- . -(T,5+1) ( 
P 
Raid (2) 
Q(s) 


subject to a step function of magnitude M, it will be 
shown that the control area is simply 


A=1/M f e(t)dt 
0 


=(T14+T2t+-++Tn)—(titt2+°++++7m). (3) 


In these equations, 4, 0;, and e are standard symbols‘ 
for the output, input, and error, respectively, functions 
of s are the Laplace transforms of the corresponding 
functions of time, and 7;:--tm, T71--:7, are time con- 
stants of the system. Equation (1) describes systems 
with any number of “‘lag”’ or “lead” (delay or anticipa- 
tory) elements having zero steady-state error for a step 
function input. If the steady-state error is not zero, 


1R. C. Oldenbourg and H. Sartorius, The Dynamics of Auto- 
matic Controls (A.S.M.E., New York, 1948), pp. 65-67. 

*C. Mack, Phil. Mag. 40, 922-928 (September, 1949). 

*D. P. Eckman, Principles of Industrial Process Control (John 
Wiley and Sons, Inc., New York, 1945), p. 161. 

*G. S. Brown and D. P. Campbell, Principles of Servomecha- 
nisms (John Wiley and Sons, New York, 1948). 
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the control area as defined above is infinite and there- 
fore useless as a measure of system performance. 


PROOF 


By means of Eq. (2), the error may be expressed in 
terms of the input by the equation 


—Pp 
e(s)= [a u. (4) 
Q(s) 


If the input is a unit step function whose Laplace trans- 
form is 1/s, the transform of the error is 


—P?— 
als) _ 2%) s) (s) 
sQ(s) 


Denote by /(¢) the indefinite integral of the error 


I(t)= fecoar, (6) 


Since J(0) is necessarily zero, the Laplace transform 
of J(t) is 

















I(s)=e(s)/s. (7) 
Ir ii 
\ Q nel 
0 t 
: We YX 
\ S 6, ne2 
° ; 





Fic. 1. Response and control area for simple control systems. 
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The control area may now be found from Eq. (7) by 
means of the final value theorem,®* giving 


A= lim [J(é)] 
t~—@ 
=lim [s/(s) ] 
s—0 
=lim [e(s) ]. (8) 
s—0 


Substituting the expression for e(s) from Eq. (5) into 
Eq. (8) gives 


em 
—_——|, (9) 


sQ(s) 


which is indeterminate, since Q(0)=P(0)=1. Differ- 
entiating numerator and denominator, we obtain 


[a] 
A = hm | ————_ (10) 
s~0 LsQ’(s) +Q(s) 
= lim [O’(s)—P’(s) }. (11) 


At this point it will be convenient to write 


m 


P(s)=TI pi 


i=l 


(12) 
Q(s) sa I is 


where ~;=7,;s+1 and g;=7,s+1. The derivative of 
P(s) or Q(s) with respect to s is the sum of all the 
products formed by multiplying the derivative of one 
factor by all the other factors, or 


m 


P(s)= “Il PUI p:) 


]=1 i=1 Pl 


(13) 


n j-l m 
Q'(s)=X TOT IOI 9:J. 
)=1 i=] 7=1 
Since p; and g; approach one as s approaches zero, 
we get 


lim P’(s)=t1+T2+°+++7m 
8s—0 

(14) 
lim Q’(s)=7T1+T2+-+:+T) 


s—0 


and the proof of Eq. (3) is complete. 
In systems characterized by “dead time,” the output 
response does not begin immediately but starts at a 
5R. V. Churchill, Modern Operational Mathematics in Engi- 
neering (McGraw-Hill Book Company, Inc., New York, 1944). 


6 M. F. Gardner and J. L. Barnes, Transients in Linear Systems 
(John Wiley and Sons, Inc., New York, 1942). 
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later time, ‘= 74. In this case, 


6o(s) e-*T¢P(s) 





™ (15 
as) Q6) | 

and a similar proof will show that now 
A=Ta+D Ti-E 7%. (16) 


i=1 i=l 


This conclusion is also evident from the previous resy|; 
upon consideration of the nature of the response. 


DISCUSSION 


Using conventional methods, the error would be 
written 


e(t)=>0 Kye“! (17) 
i=1 

where the coefficients K; are functions of 7,---7,», and 
T,-+-T,, and the control area found by direct integra- 
tion. The coefficients may be determined from the 
initial conditions* or from Eq. (5) by the use of partial 
fractions or residues. For the simple first- and second- 
order systems, whose responses are shown in Fig. |, 
the error is 


ex(t)=e—/™ (18) 








e,(t)= eu Ti 4 eT 2, (19) 


iL» T,—T, 

In these simple cases, the validity of Eq. (3) is easily 

demonstrated. However, the algebraic difficulties en- 

countered in treating the general case by this method 

are staggering; the direct attack made possible by the 

Laplace transformation is simpler and more successful. 
If P(s) and Q(s) should be given in the form 


P(s)=Bys"+ By s" + er +Bys+1 
QO(s) =A nS" +A p18" "+--+ +Ass+1, 


the control area can be found directly without solving 
for the individual time constants. Expansion of the 
factored forms of P(s) and Q(s) used in Eq. (1) will 
show that 


(20) 


By=t1+12+°: ‘+Tm 
A\= Ti+ T2+: --+T,. 


The control area is therefore given by A,— B, directly. 
Using the control area criterion, the objective of system 
design would be to minimize (A,—B,). It should be 
remembered that allowable values of A, will be fixed 
by stability considerations, as given by Routh’s stability 
criterion.*7 In particular, if A;=0, the system will be 
unstable. 


(21) 


* For a unit step function, the error is equal to one and the 
first m—1 derivatives with respect to / are equal to zero. 

7E. J. Routh, Advanced Rigid Dynamics (Macmillan Company, 
Ltd., London, 1930). 
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If the time constants are complex, Eq. (3) is still 
applicable. In physical systems complex time constants 
occur in conjugate pairs, such as 


T=1/(a+ jun), 
T= 1/(a—jwn), 


where a is a damping factor and w, is the natural 
frequency. For such a pair of complex time constants, 


T+T =2a/(a?+w,2). (22) 


This result indicates nicely one limitation of control 
area as a criterion for system design, since the minimum 
value of T+T is obtained when the damping is zero. 
Other systems, with equally undesirable responses, can 
be imagined for which the control area might be zero 
or even negative. These observations indicate the need 
for simultaneous consideration of the relative stability 
of the system. In systems for which the control area 
is a suitable measure of response, the methods of 
evaluation proposed in this note may be useful. 





A Small Electron Microscope 


Joun H. REISNER AND EpmMuNnp G. DorNFELD 
Radio Corporation of America, Camden, New Jersey 
(Received May 25, 1950) 


A new electron microscope of greatly simplified design has been constructed. The instrument has a resolu- 
tion of 100 Angstroms, yet is small enough to be mounted on a desk or laboratory table. Magnetic lenses are 
energized by permanent magnets. An accelerating voltage of 50 kilovolts is varied over a narrow range to 
provide means of focus. Images may be photographed on 2X 2 plates. Plates may be changed in a minute, 
and specimens in fifteen seconds. Direct magnifications of 1500, 3000 and 6000 are possible depending on 
pole pieces used. Photographic images may be enlarged up to ten times. The instrument is free of x-radiation 
and completely interlocked and provided with shorting devices for protection from high voltage. 


INTRODUCTION 


LL electron microscopes have been characterized 

heretofore by large size and weight, and usually 
by complexity of design. These characteristics are a 
result of extremely great operational flexibility of the 
instruments. In the early days of electron microscopy, 
such flexibility was essential to the determination of 
the best means of utilizing the optical components and 
to the development of new techniques. Complexity is 
still a necessary evil of the highest resolution instru- 
ments, and of those engaged in an extremely wide 
range of problems. However, many of the uses to 
which the electron microscope is now put! require only 
the moderately high resolution which may be realized 
on comparatively simple instruments. 

A first step in the direction of smaller, simpler micro- 
scopes was made several years ago,” culminating in a 
well-known commercial instrument.* Additional simpli- 
fication is possible by utilizing permanent magnets to 
replace coil windings, cables, control circuits, and power 
supplies. Unfortunately, the use of permanent magnets 
fixes the magnification for a given set of lens pole pieces. 
However, at the same time, alignment problems largely 
disappear so that transverse adjustments may be 
omitted, along with the attendant vacuum difficulties. 
By being content with ultimate resolutions of 100 
Angstroms or less, the condenser lens may be omitted 


1R.W.G. Wyckoff, Electron Microscopy Technique and A plica- 
tions (Interscience Publishers, Inc., New York, 1949), pp. 22-25, 
Chapters VI and VII. 

*V. K. Zworykin and J. Hillier, J. App. Phys. 14, 658 (1943). 

3P. C. Smith and R. G. Picard, Radio News 32, 41 (1944). 
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and its beam control function delegated to an aperture. 
By limiting direct magnification to 3000 or 6000 times, 
the column may be shortened, the volume of the vacuum 
system greatly reduced, and in turn, the vacuum diffu- 
sion pump may be reduced in size. Utilization of new 
materials such as silicone diffusion pump oil, combined 
with a new treatment of old valving and stage problems, 
have resulted in the greatly simplified electron micro- 
scope shown in Figs. 1 and 2. 


DIMENSIONAL CONSIDERATIONS 


The first step toward simplification is the reduction 
of size. The minimum dimensions for the microscope 
optical system are determined primarily by the highest 
magnification required, and by the focal lengths of the 
lenses. For the highest magnification, the lenses are so 
powerful that the magnification may be expressed to 
good approximation by the expression M~p/f, where 
“M” is the magnification, and “p” and “f” are the 
image and focal distances of a lens. It is simply demon- 
strated that the most favorable utilization of the column 
length “ZL” is that where both lenses have the same 
image distances, i.e., where p: = px=L/2, since f is very 
small compared to p. The minimum required column 
length then becomes Lmin==2(Mifif2)', where “M,’” is 
the total magnification, and ‘‘f,’”’ and “‘f2” are the focal 
lengths of the objective and projector lenses respect- 
ively. For the microscope described, f;=0.25 cm, and 
f2=0.20 cm, when the accelerating voltage is 50 kilo- 
volts and the over-all magnification is 6000 times. 
Under these circumstances, the minimum length turns 
out to be about 35 centimeters or 14 inches. It is inter- 
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esting that a saving of 10 centimeters in length could 
be accomplished by limiting the top direct magnifica- 
tion to 3000 times. 

The distance from the specimen to the illuminating 
source is also limited by magnification. The higher the 
magnification, the smaller must become the distance in 
order to maintain illumination. Unfortunately, this 
distance also influences resolution adversely as it is 
decreased. The actual values of the distances between 
optical parts are shown in Fig. 3. It is seen that the dis- 
tance between the objective and projector lens gaps is 
substantially smaller than 1/2. The distance is actually 
0.37L, decreasing the maximum magnification possible 
in length L by six percent, which is negligible. Design 
considerations governing the lens energizing system 
and the mechanical construction of the pole pieces de- 
termine the spacing between the two lens gaps. 

The short space below the column provided for the 
opening of the plate holder door, and the space above 
the column necessary to provide protection against high 
voltage flash-over, raise the total length of the micro- 
scope assembly to 30 inches from base to top of the 
hood. The diameter of the body of the microscope is 
determined by the lens. Smaller diameters than 4.75 
inches result in the operation of the permanent magnets 
at too high a demagnetization coefficient. 


THE OPTICAL SYSTEM 


The optical elements of the microscope are all fixed, 
with the exception of the electron gun assembly which 














ric, 1. The small electron microscope column 
completely assembled. 
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is externally adjustable. This need for adjustment jp 
the gun system is occasioned by the demountable nature 
of the filament which must be replaced from time ty 
time. Since filaments differ somewhat in shape and jp 
the position of the point of maximum electron emission 
adjustment must be provided for the gun assembly. 
The gun assembly comprises a filament-grid assembly, 
rigidly attached to an anode. The anode is positioned 
with respect to the other optical elements by means of 
two screws loaded by a return spring, Figs. 4 and 5. 
The filament-grid portion of the gun is physically de. 
scribed‘ and its operation is discussed® in the literature. 
The electrodes are connected in a self-biased circuit, 
giving rise to a very intense solid cone of illumination, 
It is the function of the transverse gun adjustment con- 
trols to select that element of the cone of illumination 
which is parallel to the optical axis of the system and 
position it on that axis. 

The alignment reference of the entire optical system 
is the bore of the lens energizing spool. The projector 
pole piece assembly and the lower element of the ob- 
jective pole piece are positioned in the spool hole to 
the tolerance of the machining, nominally 0.0003 inch, 
The position of the upper element of the objective lens 
must be experimentally determined and fixed when the 
instrument is initially put in operation. Early embodi- 
ments of the instrument positioned the upper lens ele- 














Fic. 2. A cross-sectional view of the electron microscope 
column employing permanent magnets. 
4 J. H. Reisner and R. G. Picard, Rev. Sci. Inst. 19, 556 (1948). 
5 J. Hillier and S. G. Ellis, J. App. Phys. 20, 700 (1949). 


JOURNAL OF APPLIED PHYSICS 





| of 


on. 


‘ion 
and 


em 
‘tor 


> to 
ich. 
lens 
the 
odi- 
ele- 


oS 


1948). 


‘SICS 





ment by its accurate fit into the energizing spool bore. 
However, the lateral positioning of the objective pole 
piece is extremely critical. The nominal build-up of 
fabrication tolerances amounting to 0.0003 inch can 
provide an image shift at the final screen of 0.15 inch 
per kilovolt change in accelerating voltage at fifty 
kilovolts and at a magnification of 6000 times. So large 
a shift is objectionable. To permit accurate electrical 
alignment of the upper objective element, a reference 
yoke is prov ided to assure position of that element. 
The yoke is transversely adjustable by means of four 
tapered screws (Fig. 5), which also serve to lock it in 
position so that the lens element may be removed and 
replaced without affecting alignment. Once aligned, the 
adjustment for the yoke is correct for all sizes and 
combinations of objective elements. 

The objective aperture is referenced to the hole of 
the upper objective lens element, and is positioned 
0.058 inch below the upper surface of the pole piece. 
The specimen is positioned 0.023 inch above the upper 
surface of the pole piece. 

An aperture placed 0.434 inch above the specimen is 
used to exercise the beam control function normally 
accomplished by the condenser lens system of larger 
microscopes. Actually, the lack of a condenser lens 
ultimately limits the resolution of the instrument to 
that commensurate with the angular aperture of the 
electron gun. The disk-shaped aperture fits accurately 
in a hole of a heavy aperture holder, which is in turn 
referenced to the same yoke as that which aligns the 
upper lens element of the objective (Fig. 5). The massive 
aperture holder firmly held in the yoke does not move 
under the heating from the gun bombardment and 
shields the specimen rod from the heating and con- 
tamination of the gun. 

Since permanent magnets energize the magnetic 
lenses, change in focal length may be accomplished 
only by changing the accelerating voltage applied to 
the microscope gun. The range of voltage necessary to 
provide focus for a wide range of specimens and holders 
is of the order of 500 volts at 50 kilovolts. A wider 
range is desirable for checking alignment and for check- 
ing the gap spacing of the objective pole pieces. A four- 
kilovolt swing produced through continuous coarse 
and a fine control has been found most suitable. 

In order to assure the occurrence of a focused image 
at given voltage, e.g., 49 kilovolts, some variation in 
one of the focal lengths or object distances must be 
provided by mechanical means to compensate for 
differences in the build-up of mechanical tolerances of 
components and variations in the strength of energizing 
magnets. This required adjustment is provided in the 
gap spacing of the objective lens. The upper pole face 
of the objective pole piece seats against the energizing 
spool, and is, therefore, fixed with respect to the speci- 
men. The lower pole of the objective, and the complete 
projector pole piece assembly are rigidly attached to 
one another. Motion of the lens group along the axis 
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Fic. 3. A dimensional diagram of the optical system showing lens 
dimensions for magnifications of 3000 and 6000. 
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of the lens energizing spool is possible, and permits 
adjustment of the spacing of the objective pole piece 
gap. The axial movement is possible in fine increments 
with reproducibility by means of the screw thread which 
advances the projector pole piece as it is turned. 

Changing the gap separation shifts the principal 
planes of the lens in the direction of the change. Since 
focal length is relatively independent of gap separation, 
the change in focal length due to gap increase is small 
compared to shift of the principal plane.® The result is 
that the lens system may be positioned so as to bring 
the focal plane of the objective into coincidence with 
the specimen plane for any of the available range of 
voltages by simply changing the objective gap. 

In the initial adjustment of the instrument, too small 
a gap will result in a focal plane on the gun side of the 
specimen which manifests itself in an approach toward 
focus at the low voltage end of the focus controls. Such 
evidence indicates that the pole piece gap must be in- 
creased by turning the projector pole piece counter- 
clockwise. Likewise, approaching focus at the high 
voltage end of the focus control means that the ob- 
jective gap is excessive, which must be corrected by a 
clockwise rotation of the projector pole piece. The 
amount of the rotation depends upon the objective 
pole piece in use and upon the accelerating voltage. 
The required pole piece rotation may be estimated 

6 Zworykin, Morton, Ramberg, Hillier and Vance, Electron Op- 


tics and The Electron Microscope (John Wiley and Sons, Inc., 
New York, 1945), p. 153. 
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from the relation: 
i K 


f Vv 
taken from the magnetic lens formula, where ‘‘f” is the 
focal length, ‘““V” the accelerating voltage, and =" 
a constant depending upon factors fixed for this applica- 
tion. From this relation, it is apparent that: 


df dV 
fv 


In powerful lenses, used at large magnification as herein, 
it may be assumed that fg, the object distance, so 
that for small increments: 


ABT. 

































































For the 3000X objective of Fig. 6, g=0.138 inch, and 
V =50,000 volts. 


Ay 
— 20.0028 mils/volt. 
AV 


Since the gap change results from turning a 32 thread, 


Aé 
——0.033 degree/volt, 
AV 


where ‘“‘6”’ is the rotation of the pole piece required to 
advance it. Hence, if the voltage at which focus occurs 
is to be increased from 46 to 49 kilovolts, the pole 
piece must be turned 99 degrees counterclockwise. 
The necessity for cleaning off contamination deposited 
on pole pieces during operation is the reason for the 
demountable construction of lens elements. Such con- 

















Fic. 4. Cross-sectional view of 
specimen and electron gun con- 
trols. 
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Fic. 5. Rear view of the upper end of the column with the gun 
assembly removed to show philister head screws used to align the 
upper element of the objective lens. The large circular body in the 
center of the chamber is the holder for the “condenser” aperture. 
The two knobs at the top of the picture adjust the position of the 
gun assembly. 


tamination occurs in all objectives, but negligibly in 
projector lenses where the beam intensity is very low 
and the pole faces are completely shielded from the gun. 
The objective lens of the described microscope is easily 
demounted for cleaning and replacing apertures. The 
upper element may be removed through the specimen 
chamber, at which time the lower element of the ob- 
jective pole piece is exposed for inspection and minor 
cleaning. Occasionally, it is necessary to remove the 
lower objective element. To do this, the projector pole 
piece is screwed out of its adjustment threads and the 
assembly pushed down and out of the lens energizing 
spool. The plate door and shutter should be open to 
admit the fingers to guide the pole piece out of the 
viewing chamber. Since the projector pole piece does 
not contaminate to any appreciable extent, its two pole 
piece elements are forced permanently onto its non- 
magnetic spacer. Large holes in the spacer wall permit 
access to the pole faces for blowing out dust and for 
permitting minor cleaning. 

The lower objective pole piece element is held tightly 
to the projector pole piece by set screws which pull 
down on a conical surface in such a way that the two 
iron pieces register along an inside surface. Such close 
registry minimizes stray fringe flux which might in- 
fluence the electron beam. 

Apertures are used (1) to restrict the beam striking 
the specimen, (2) to intercept electrons scattered from 
the specimen and thus increase image contrast, and 
(3) to prevent unused electrons from the powerful 
projector lens from reflecting off the viewing chamber 
walls onto the viewing and photographing area to 
cause “‘fog.”’ The first two functions are achieved with 
accurately centered 75 micron platinum apertures. The 
apertures are identical and may be shifted from the 
objective to the collimating position as they become too 
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contaminated for use in the objective gap. The small 
size of the aperture hole protects the specimen from 
damage from the intense electron beam and from radi- 
ant heat and evaporation products from the hot fila- 
ment. The hole size is large enough to assure alignment 
of apertures without auxiliary mechanical positioning 
means and yet is small enough to give good contrast 
in the objective. The aperture following the projector 
is a 0.145 inch hole and is not critical in position or 
dimension. 


ALIGNMENT 


Alignment of the upper objective pole piece is a 
problem in vectors. Since the objective misalignment is 
manifested by an essentially linear shift of the image 
as the accelerating voltage is varied, the degree of mis- 
alignment may be measured by comparing shifts occur- 
ring for unit changes of voltage. It is found that the 
direction of image shift is different from the direction 
in which the center of the upper objective pole piece 
deviates from the true optical axis of the microscope. 
At 6000X, for medium misalignments, corresponding 
to less than 0.5 inch/1000 volts, the directions differ 
by about 120°, the misalignment direction being 
counterclockwise from the image shift when looking 
along the axis of the instrument toward the viewing 
screen. The magnitude of the change in image shift 
per kilovolt change in accelerating voltage is about 
0.5 inch/1K.V. for an 0.001 inch misalignment, or 75° 
turn on the yoke adjustment screws. Once an image 
shift has been noted as to direction and magnitude, the 
pole piece many be adjusted a compensating amount 














Fic. 6. A side view of the microscope with back cover removed 
to show arrangement of the vacuum system. 
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Fic. 7. Cross section showing the sliding value of the photo- 
graphic chamber. The knob on the right is the activating means. 


The knob on the left admits air to the photographic chamber to 
permit opening the chamber door. 





in the opposite direction 120° counterclockwise from 
that of the image shift. Usually, two or three attempts 
will reduce the image shift to a negligible value so that 
the only image change with voltage change is that of 
magnification. As previously stated, once the alignment 
yoke is adjusted and tightened, the alignment will hold 
while pole pieces are removed and changed through very 
long periods of use. 


LENS ENERGIZATION 


The lens pole piece gaps are energized by permanent 
magnets appropriately disposed in a magnetic circuit 
to reduce the deleterious effects of stray fields.* The 
magnetic means is Alnico V in four rectangular magnets 
placed parallel to the optical axis of the microscope. 
The two gaps are energized in parallel, but in the oppo- 
site sense, so that the outside shell of the magnetic 
assembly is sensibly a surface of constant mmf. This 
largely eliminates stray fields which can reduce magni- 
fication, produce asymmetries and distortions in the 
images, and make alignment difficult. The upper, ob- 
jective gap gives a magnetomotive force of 1300 gilberts, 
while the lower, projector gap gives a magnetomotive 
force of 900 gilberts. These values are comparable with 
those from electromagnetic energizers of the same size. 
The magnetic circuit parameters are designed so as to 
give high flux leakage; i.e., to operate the magnets at a 
large demagnetization coefficient. Such design makes 
possible the frequent insertion and removal of pole 
pieces without fear of demagnetization of the energizing 
magnets. The magnets are energized after assembly. 


* J. H. Reisner, J. App. Phys. 21, 68 (1950). (In process of 
publication in full.) 
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If the spool assembly is ever disassembled, the magnets 
will be demagnetized to the point where the lenses are 
not adequately energized. 

In spite of the use of powerful magnets, it is not diff. 
cult to insert or remove pole piece elements from the 
bore of the magnetic spool assembly. 


VACUUM SYSTEM 


The volume of the entire microscope, excluding pump- 
ing elements, is approximately one liter. This volume js 
divided into two pumping circuits. The plate chamber 
and viewing chamber comprise about 70 percent of the 
evacuated space, and are pumped directly into the dif. 
fusion pump through a 1% inch opening. The specimen 
chamber and gun are pumped through a half-inch line 
disposed along the back of the instrument. The plate 
chamber accounts for eight percent, the gun 25 percent, 
and the specimen chamber three percent of the total 
volume. Figure 6 shows the vacuum system. 

Two specialized valving means are provided to re- 
place the versatile, but complex valve systems generally 
used on electron microscopes. Basically, only two 
reasons for breaking the vacuum exist in routine elec- 
tron microscopy ; the insertion or removal of specimens, 
and the insertion and removal of photographic plates. 
Simple, multi-purpose assembles have been devised 
to fulfill these specialized functions. The vacuum sealing 
surface of the specimen lock is also the bearing through 
which all specimen motion is transmitted into the cham- 
ber, while the valve plate which seals the photographic 
chamber also provides a fluorescent screen and serves 
as a photographic shutter. 

Insertion of a specimen admits only 0.02 cc of air 
into the vacuum system, while withdrawal of a speci- 
men admits no air. The pumping system will recover 
safe operating vacuum within six seconds after the 
admission of a specimen. The introduction of a photo- 
graphic plate into the vacuum enclosure introduces an 
appreciable amount of air, 80 cc. This is a result of the 
necessity for providing space for a sliding valve plate 
and cassette cover during photographic exposures. 
Figure 7 shows the valving mechanism. The valve is a 
sliding door which is moved on and off a circular gasket 
cemented in the wall of the chamber casting. To pump 
a plate, the knob outside the chamber is pulled to slide 
the valve off its gasket. This action breaks the vacuum 
seal between the viewing chamber and the photographic 
chamber, permitting the latter to be pumped out. 
Returning the knob to its initial position seals off the 
photo-chamber. Air is admitted to the photo-chamber 
so that it may be opened by pulling a simple relief 
valve on the left side of the photo-chamber. The 
vacuum valve system is very dependable. Air may be 
admited to the photochamber after plate exposure, 
without turning off the electron beam. A time of about 
60 seconds is required to recover operating vacuum 
after the introduction of a dry photographic plate. 

All air introduced with specimens and plates must 
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through the diffusion pump. In spite of the dele- 
terious effect which air has upon diffusion pump oil, 
octoil has been used for several months of general 
operation. With the much more stable silicone oil, 
very much longer periods of operation are possible. 

When, in occasional maintenance, any of the com- 
ponents of the microscope are to be adjusted or removed 
from the vacuum, it is necessary to turn off the diffu- 
sion pump for several minutes before admitting air to 
the system through the relief valve on the photo- 
chamber. 

The diffusion pump is a small air cooled D.P.I. 
VMF-10, using a Pressovac as a fore pump. The pump- 
down time from a cold start is about twenty-five min- 
utes. A thermocouple gauge is used to indicate the 
vacuum. The meter employed is the test meter of the 
power supply which may be switched in when a pressure 
indication is desired. 


SPECIMEN CONTROL 


An unusual treatment of the specimen introduction 
and control has resulted in very great simplification in 
the operation and construction of the microscope. 
Grommet vacuum seals about shafts have long been 
used to obtain displacement and rotation through the 
confines of vacuum systems. By putting small cut-outs 
in such shafts, it is possible to introduce objects placed 
in the cut-out space into the vacuum, if the grommet is 
longer than the cut-out space. Such is the basis for the 
specimen holder to be described. Figures 4 and 5 show 
the actual specimen control system. A cylindrical hole 
0.140 diameter, to accommodate the specimen holder, 
is open perpendicularly through a 3g diameter shaft to 
bottom 0.012 inch from the surface of the shaft. A 5 
hole is continued through the shaft wall to permit egress 
of the electron beam. The transverse hole is roughly at 
the center of the six inch shaft. It is so positioned that 
when the shaft is pushed into the instrument up to the 
plunger of the right hand control, the specimen holder 
will be positioned over the lens opening. The area of the 
specimen is scanned in one direction by driving the 
shaft axially with the right-hand knob and plunger, and 
in a perpendicular direction by rotating with the left- 
hand knob. 

The shaft rotation amounts to but 3° from its center 
position and permits scanning of three openings of a 
200 mesh specimen support screen. The screen is situ- 
ated 0.139 inch from the axis of rotation of the specimen 
shaft. In the extreme rotation positions, the specimen 
is only five microns closer to the objective lens than in 
its mean position. Such a displacement represents about 
70 volts difference in focal voltages with the 3000X 
pole piece, and about 200 volts with the 6000X pole 
piece. The depth of focus is so great with the electron 
microscope that it is generally not necessary to re- 
focus the field in going from the center to the extremes 
of specimen holder rotation. A total of about 36 mesh 
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openings may be observed, 12 along the axis of the 
rod, three by rotation. 

The axial movement of the specimen rod is provided 
through the right-hand knob by means of screw threads 
which advance a plunger registering against a hard 
metal plate on the end of the specimen holder rod. The 
rod is held tightly against the plunger by springs in the 
left-hand knob which grip a conical surface on the 
microscope housing. A limit spring slips into a groove 
at the right end of the specimen holder rod to prevent 
the rod from being pulled out of its sealing grommet 
and to prevent it from sliding back into the instrument 
under atmospheric pressure. The ability to remove the 
holder entirely from the path of the beam is useful in 
initially lining up the gun with the other optical 
elements. 

Because of the sensitivity of the transverse control, 
six degrees of rotation to give full range of motion, the 
left-hand control knob is geared down 1:3. It has been 
found from experience that under these circumstances, 
control is quite adequate. The left-hand knob is highly 
damped in action to resist twist in the vacuum sealing 
grommet. In order that the specimen rod be correctly 
oriented to pass the electron beam through the specimen, 
a guide pin on the microscope must fit into a slot on 
the left hand knob before the rod can engage its springs 
on the advancing cone. 

In order to keep the vacuum sealing grommet from 
wearing or binding, the specimen holder shaft is very 
lightly lubricated periodically with clear octoil. 


VIEWING CHAMBER ASSEMBLY 


In all electron microscopes, the viewing screen and 
plate must be normal to the beam. Direct viewing, de- 
sirable for brightness and sharpness, means that the 
fluorescent screen must be viewed obliquely. Therefore, 
the fifteen degree slope of this microscope column has 
been applied to facilitate direct viewing of the image. 
A wide window permits viewing with both eyes, and 
viewing by two people simultaneously. 








Fic. 8. Insertion of a photographic plate cassette. 
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Valving and plate exposure are accomplished by two 
moving parts, a rod with a hand knob on the end, and 
a metal plate. The plate has a circular depressed area 
on its upper surface to hold the electron sensitive 
phosphor and yet protect it from the vacuum sealing 
gasket across which the metal plate slides in the various 
phases of its valving cycle. A pin on the lower surface 
of the metal plate engages the cover to the photographic 
plate cassette. The description of a complete photo- 
graphic cycle will make the operation of the mechanism 
more apparent. 

With the camera door dropped open, a 2X2 plate 
cassette is clipped into an orienting slot and hold-down 
springs, Fig. 8. The door is snapped shut. The photo- 
chamber is pumped by sliding the movable plate far 
enough to the right to slip off the sealing gasket and 
open the chamber to the column. A stop on the shaft 
prevents more than the correct displacement. As soon 
as the photo chamber is evacuated, the high voltage 
may be turned on and an image focused. To expose the 
photographic plate, the same right hand knob is pulled 
to its extreme right position. This withdraws the valve 
plate from before the photographic plate. At the same 
time, a catch on the valve plate has engaged the cassette 
cover and slid it to the side, thus exposing the photo- 
graphic plate. To end the exposure, the knob is pushed 
back to its inmost position, which closes the cassette 
cover and returns the valve plate to cover the vacuum 
gasket. A pull on a release valve on the left side of the 
photochamber admits air to the chamber which may 
then be opened for cassette removal. 

The sliding valve plate is held against the vacuum 
gasket by light spring runners. The opening in the base 
of the viewing chamber is 1] inches in diameter, per- 
mitting exposure of a circular area of the same diameter 
on the photographic plate. The pole piece may be in- 
serted and withdrawn through this hole with the aid of 
simple tools. The objective gap may be varied by en- 
gaging the screw slots on the projector by means of 
another simple tool inserted through the bottom hole 
when the valve plate is pulled aside. 


POWER SUPPLY 


Accelerating voltage and filament heating current are 
supplied by a fifty kilovolt supply almost identical 
with that used on commercial microscopes.’ A driver 
unit which can sit on the table near the microscope 
permits control of voltage for focusing and control of 
emission for beam intensity. Once set with the variable 
controls, the chosen voltage and filament current re- 
appear with every turn-on of the high voltage power 
switch. A meter reads, over its full scale, the reference 
voltage corresponding to the output range of voltages 
from 46 to 50 kv. Thus the focus voltage may be ob- 
served accurately on the meter. Such a feature is an 
excellent check on nearness to focus. It is useful in 
making through-focus series of photographs. It is a 
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necessity in adjusting pole pieces to attain the desire 
focal voltage. 

All electrical controls cause a voltage increase with 
clockwise rotation. This means that the focal length of 
the lenses increases with a clockwise rotation of the 
high voltage focus control. As a result of the same elec. 
trical convention, electromagnetic lenses have their 
focal length decreased by the clockwise rotation. Using 
voltage focusing, the experienced electronmicroscopigt 
finds the changes of appearance of fringes in the image 
occurring in reverse order to that which is encountered 
with current focusing. No other difference is apparent 
in the focusing process. 

In an instrument designed for use by personnel yp. 
trained in electrical practice, safety precautions must 
be extensive. Circuit interlocks necessitate the correct 
positioning of the high voltage cable on the instrument § 
and the attachment of the protective gun hood before 
voltage can be applied to the instrument. A quick. 
acting grounding mechanism is provided to discharge 
the high voltage supply when the gun hood is raised 
from its seat more than § of an inch. If the high voltage 
has not been turned off before raising the hood, ground. 
ing the output in this manner will cause an overload 
relay system on the power supply to turn off the power, 

A lead glass viewing window is provided to prevent 
the escape of x-rays generated by the electrons incident 
upon the viewing screen. 


GENERAL FEATURES 


The electron gun is the only externally adjustable 
optical element of the electron microscope. A heavy 
brass anode structure supports the filament grid and 
glass insulator components which are rigidly affixed to 
it. The brass anode is also the movable element, per- 
mitting sliding movement in a plane perpendicular to 
the optical axis of the microscope. The flat lower wall 
of the anode structure has holes to pass the electron 
beam and to permit evacuation of the gun volume 
through the specimen chamber. A gasket seat is pro- 
vided on the bottom surface to carry the rubber gun 
gasket which provides a sliding vacuum seal between 
the anode and the specimen chamber. The position of 
the gun axis is determined by two adjustable plungers 
which register radially against the cylindrical outside 
wall of the anode. These plungers are activated by 
knobs, the two highest knobs on the column (Fig. 5), 
working through screw threads. A spring-loaded plunger 
extending radially backward on the microscope holds 
the anode tightly against the adjusting plungers to 
make the anode follow the plungers. The complete gun 
assembly may be removed from the column by removing 
the spring loaded plunger and sliding the gun to its 
extreme rear position so as to clear the adjusting 
plungers. If the position of the gun adjustment knobs 
is not changed, a gun may be removed and reinserted 
without changing alignment enough to lose illumination. 

Since filaments, apertures, and diffusion pump oil 
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must be replaced occasionally and pole pieces must be 
removed for cleaning, all these components may be 
reached without major disassembly of the instrument 
or removal from its stand. 

Stray alternating magnetic fields and vibration have 
always been two serious environmental hazards in 
high resolution electron microscopy. Careful considera- 
tion has been given toward overcoming these dangers 
in this instrument. From the objective pole piece to the 
photographic plate, the microscope beam is shielded 
behind heavy iron walls. In the extremely sensitive 
field region between lenses, the shielding from external 
fields is complete. Operation in the vicinity of relatively 
strong fields has shown little effect on the microscope 
image. 

Vibration problems are largely eliminated by rigid 
construction throughout. Lens elements are held fast 
by the magnetic field in a one-piece housing. The view- 
ing and specimen chambers are rigidly bolted to the 
lens housing. The two moving parts are the specimen 
rod and gun, both strong and well supported. The col- 
umn of the instrument is supported at the base of the 
lens housing, not far from the center of gravity of the 
column, with the result that environmental vibration 
acts on the whole rather than on various parts. 


SUMMARY 


The instrument herein described has shown itself to 
be excellent for almost all types of electron microscopy 
not requiring resolutions better than 100A. Its unusual 
reproducibility makes it ideal for routine microscopy. 
Long sequences of pictures may be taken without 
touching gun adjustment, focus, or emission controls. 

The direct magnifications of 1500, 3000, and 6000 
times are chosen for convenience of observation and 
are not to be taken as a measure of resolution. Well- 
focused photographic images frequently reveal useful 
detail up to 20,000 diameters over-all magnification. 
The 1500X lens system is useful where studies are to 
be made on specimens familiar to the light microscopist 
and on specimens such as sections of tissue where fine 
structure must be viewed in relation to familiar gross 
structure such as cell walls. The 6000 magnification 
is useful where the highest resolution is routinely de- 
sired, such as in virus studies, and may most easily be 
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Fic. 9. Photomicrograph of a shadowed replica of an etched stain- 
less steel surface. Magnification 20,000 X. Taken at 3000x. 


achieved by virtue of the ability to focus the high mag- 
nification optical image most accurately. Figure 9 
shows a high resolution photomicrograph taken with 
the described instrument. 
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Artificial Field Equations for a Region Where yu and ¢« Vary with Position 
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I. Theory. The field equations developed admit of solutions in 
regions where uw and e vary with position. For regions of zero 
conductivity, they are symmetrical with respect to electric and 
magnetic quantities, and the TM case can be derived from the TE. 
Fields derivable from a single component 4-potential are examined, 
and their propagation equations are found. A table relates the 
tensor and pseudo-tensor components to the usual vector com- 
ponents. 

II. Applications in cylindrical polar coordinates. For the TE 
case, three types of solution exist, called A, B, or C, where the E 
field is parallel to the elementary vectors dz, dr or rd0, respectively 
(for the TM case, H replaces E). In each TM or TE case, two 


I, THEORY 


HE usual methods of procedure yield solutions of 

Maxwell’s equations only in the following cases: 

(a) where space is everywhere homogeneous, (b) where 

space is subdivided into several homogeneous regions, 

(c) where the inductivity varies so slowly that it may be 
considered homogeneous. 

This has been pointed out by Liebowitz,' who showed 
that it is possible to derive separable wave equations in 
a space where e* is a function of position, by making use 
of a metric 


ds? = 1/e- { (du')?+- (du?)?+ (du')?} 


and an auxiliary scalar function which is determined 
from e. He proceeded to investigate the static field of a 
point charge. By assuming suitable distributions of e, 
the field energy could be rendered finite. 

However, a statement of the distribution of ¢ is a 
statement of the variation of the speed of light, and 
therefore of the variation of gravitational potential. It 
appears that his attack is really equivalent to guessing 
the solutions of Einstein’s field equations for the space 
around a point charge. This particular instance does not 
concern the reduction in light velocity by scattering 
from many centers, as occurs in a dielectric, but a re- 
duction in light velocity supposed inherent in the 
properties of space itself, such as that which causes the 
deviation of a light ray passing a heavy body. The 
problem of the gravitational field of a point charge has 
been solved by Weyl’ and others, so that it is not neces- 
sary to guess at the result. The more fruitful use of 
equations of this type may be in problems of applied 
physics, to find solutions of Maxwell’s equations for 
regions where yw and ¢ are known functions of position. 

An alternative approach to Liebowitz’s problem is 
formulated in this paper. The procedure used here is to 


1 Liebowitz, Phys. Rev. 64, 294 (1943). 

* «, the dielectric ‘‘constant.”’ 

2 Weyl, Space, Time, Matter (Methuen and Company, Ltd., 
London, 1920), pp. 252-262. 
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possible distributions of » and e occur, leading to separable 
propagation equations. TEM waves can be derived from both Ty 
and TE cases, but the impedances are different. 

TE, TM and TEM waves for certain specific distributions of , 
and ¢, and their applications to curved guides, horns, and co-axia] 
lines are considered. Some expressions are obtained for the fields, 
propagation constants, cut-off frequencies, and impedance. These 
solutions are not necessarily of the most general type, for to meet 
the conditions that restrict their choice, u and ¢ are taken to be 
independent of the coordinate to which the transverse component 
of E (in TE) or H (in TM) is parallel. 


set up a set of tensor field equations for a space where 
and ¢ are functions of position, and then investigate 
certain simple types of transverse electric and transverse 
magnetic waves, and the conditions for their propaga- 
tion. The equations give results for regions where both yg 
and ¢ vary with position, and this respect are more 
general than Liebowitz’s. On the other hand, solutions 
have only been found for certain simple cases where the 
four potential has only one component. 

It turns out to be profitable to seek distributions of y 
and ¢ leading to separable equations of propagation, 
rather than to seek general solutions for arbitrary y 
and e. 

The field equations used are “artificial,’”’ in the sense 
that they are an artifice to help obtain solutions for the 
case of variable » and e. They have the appearance of 
being relativistic, but actually are only exact when the 
medium is at rest with respect to the observer. There is 
no practical disadvantage in this from an engineering 
point of view, as the velocity of the medium with re- 
spect to the observer is always far smaller than the 
velocity of light in the medium. 

The equations, which have been published previ- 
ously,’ are 


Fi=0,Fii, (1.01) 
O= 0 Girt Oj QKit Oe Gii, (1.02) 
Fim g-(e/y)bor, (1.03) 
Fi= g)p-dx‘/ds, (1.04) 

ds?*= g ;,dx‘dx!=Cdl*/we— a?(dx')?— B?(dx?)? 
— 7 (dx*)~cerdP/me. (1.05) 


Equation (1.03) differs from the usual form because of 
the factor (€/u)*. The current tensor, (1.04), becomes 
in an orthogonal coordinate system 


F'= aBypii/c(1—v?/09?)}, 
vo= c/ (ue). 


*P. D. P. Smith, J. App. Phys. 20, 633 (1949). 
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This shows that the expressions are only accurate when 
rp, and are not truly relativistic. 
Ohm’s law, for this system, becomes 


f= TPait", i<4, 
where #* is the mean velocity defined by 


a= furan / fay, 


SaN being the number of electrons in a volume that is 
small enough so that g;; may be considered a constant, ¢ 
representing the conductivity. The Eq. (1.01) becomes 


(1.06) 


{o-(p/e)a;+0;}F7=0, i<4 (1.07) 
equivalent to 
o{E+(1/c)[¥xXB]} =curlH—D c (1.08) 


in vector notation. 

In regions where o=0, there is complete symmetry 
between the electric and magnetic fields when the roles 
of » and ¢ are interchanged. This symmetry can be 
brought out by introducing a new four-potential, y;, the 
counterpart of the usual g;. We had 


Pij=I:i—j—9j9i (1.09) 
from which can be defined the pseudo-tensor 
Bii= (—) ri. BD op), (1.10) 


where p(i, j, k, l) is the number of inversions of i, 7, k, / 
from the order 1, 2, 3, 4. Thus it follows 


Fii= (ge/p)igi2gio(—) (a 6 @) Bed (1.11) 
and conversely 
Bii= (u/ge)*gnagin(—) + & OF 2, (1.12) 


At this point the second type of field will be intro- 
duced, namely that produced by the alternative four- 
potential y;. For these fields 


Vea=I9Wa—Iae, (1.13) 
a IWeatIPartIre=0 (1.14) 
Feba(—)rlabady, » (1.15) 

Using this in (1.12), 
Bii= (—)PG ik DFP KE D(y/gety, agiwhea (1.16) 


The majority of practical problems will be set up in 
orthogonal coordinates, in which (1.16) simplifies to 


Bii= (—) Pt 1k, D+ p(k, i, 7), (u /ge)tg engi; 


= (u/ge) grnguvij. (1.17) 
Thus in orthogonal coordinate systems 
Bi = (p/e)*(gengis/gigis) Wii (1.18) 
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_ Tape I. The co-variant and contra-variant fields generated 
from the four potentials y; and ¥,, and their equivalents in vector 
notation. The components generated by ¢; or yy are indicated by 
an asterisk. ; 
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and corresponding to this in the first type field 


Fil= (€/p)*¥(guigu/giigsi) iz. (1.19) 


From (1.18) and (1.19) is built the following table con- 
necting the tensor and pseudo-tensor components with 
the usual vector components. As before? g4:=1taK,, 
¢i2=aBB3, and use is made Eqs. (1.03), (1.10), and 
(1.15). 

Thus corresponding to any solution of the field equa- 
tions generated by the 4-potential ¢; there can be found 
another solution generated by the alternative potential 
v;:. This use of two alternative solutions is very common 
in wave guide theory, one solution yielding transverse 


electric, or TE, waves, the other transverse magnetic, or 
TM, waves. 


The TE Case 


For the sake of simplicity, the examples solved will be 
restricted to the case where there is only one non- 
vanishing component of the 4-potential, so that 


¢i=bi3¢. (1.20) 
The field equations give immediately 
¢i2=90, ¢gui=9, 
$23= O29, ¢a2= 0, (1.21) 
G31= —91¢, Gss= Ise. 


The contravariant field components are, from (1.19) 
and (1.21), 


FY=0, Fu=0Q, 
F% = a/ Byp- dog, Fe=(Q, (1.22) 
F\= —B/yap-di1g9, F*=(eaB/y)dag. 
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Fic. 1. TE waves of Type A. Fields generated by a single com- 
ponent 4-potential. The electric field is parallel to the z-axis, 
propagation is radial, or perpendicular to the axial planes. 


These non-vanishing components arising from ¢3, 3 
are marked with an asterisk in Table I, when their 
vector counterparts may be read. 

Thus the contravariant group of field equations 


0=0;F% 
become 


O= 0,(8/yau-d,~9)+02(a/Bypu- doy) 


+ 0,(€aB/y-d4¢g)=0 (1.23) 
and also the three equations 
0;F ®=0. (1.24) 


These equations obviously give a TE wave propa- 
gated in directions perpendicular to dx*. The electric 
field is parallel to the third coordinate d2*. 

If a, 8, are independent of x*, the equations (1.24) are 
identically satisfied if u, ¢, and ¢ are also independent of 
x*. This restriction has been used in all cases examined 
in this paper. 

On the other hand, it is simple to eliminate the field 
quantities from Eqs. (1.24), obtaining a pair of differ- 
ential equations involving uw and e. These, included 
merely for completeness, are 


03 log} 0,:X/03(n?a*)} =0, (1.25) 

03 log | 2X /03(n*6*)} =0, (1.26) 

n?=pe, X=20; log{y/eaB}. (1.27) 
The TM Case 


The TM case is obtained immediately from the TE 
case by interchanging the roles of uw and e¢, y and ¢. 
There follows, for the non-vanishing field components 


Y23= Ow, 
¥a= = Ow, 
BV = a/Brye “ Oo, 


B= —B/yae- dy, 


Yis= Oy, (1.28) 


B® = paB/y: dw. (1.29) 
The propagation equation becomes 


0= 0:(B/yae OW) + 02(a/Bye- dw) 


+ O4(uaB/y ; Ou) (1.30) 
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Fic. 2. TE waves of Type B. Fields generated by a single com. 
ponent 4-potential. The electric field is radial, and propagation jg 
along the z-axis, or perpendicular to axial planes. 


and also 


d;B%=0. (1.31) 


As before, 1.31 are satisfied if a, B, y, u, €, and w are 
independent of 2°. If this is not so, then it would be 
necessary to ensure that yu and e satisfy 


03 log} 0: Y /d3(n’a*)} =0, 
03 log} d2Y /d3(n?6")} =0, 


where 
Y = 03 log(y/uaB). 


This completes the theoretical part of this work. The 
next part involves the application of the theory to 
certain problems in cylindrical polar coordinates. 


II. SOLUTIONS IN CYLINDRICAL POLARS 
1. General Properties in Cylindrical Coordinates 


Before proceding to consider specific examples using 
the theory developed in Section I, the general nature of 
the solutions which can arise from a single component 
of potential will be considered. The TM case has to be 
restricted to coordinate systems in which «x! constant, 
constant, is a closed curve, because there is only one B 
component, and the corresponding lines of flux must be 
closed curves. 

The possible choices are shown in Table II and 
Table III, along with the identifications of dx', dx’, dx’, 
a, 8B, and y, and the corresponding propagation equa- 
tion. The nature of the fields is shown diagrammatically 
in Figs. 1, 2, and 3 for TE waves, Fig. 4 for TM waves. 

The fields are classified as Type A, B, or C, according 
as the coordinates (dx', dx*, dx*) are taken as (dr, d6, dz), 
(d6, dz, dr) or (dz, dr, d@). 

The non-vanishing field components can be verified 
by referring to Table I of Section I, and remembering 
that only the third component of potential, 3 or Ws, is 
to be considered. 

The form of TM waves conjugate to the TE waves of 
type C are shown in Table III. The equations 0;B* are 
automatically satisfied if y, u, € are independent of 8, 
since a, 8, and y are independent of @. 
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Fic. 3. TE waves of Type C. Fields generated by single com- 
ponent 4-potential. The electric field is perpendicular to planes 
through the axis, and propagation is radial or along the axis. 


TEM Waves 


In addition to TE and TM waves, TEM waves can be 
propagated also. These are characterized by the po- 
tential depending on only one coordinate variable. For 
example, in the TM case the electric fields are given by 


—iBy:-D,\=dwW, —ivya:-D.=—dy. (2.01) 


For TEM waves in a co-axial line, D,=0, and hence it is 
necessary that dy/dr=0. The propagation equation 
reduces to 





da; oy 
— Ve—|+ut/en=0. (2.02) 
Oz Z 
The field components are then given by 
D,=—i/r-d~/dz, He=—w/cr-y. (2.03) 
The ratio 
Z=E,/Ho=ic/we-d/dz logy. (2.04) 


The TE fields of type B, with B,=0, can also yield a 
TEM wave. If B,=0, then referring to the propagation 
equation for type B waves on Table II, in this case, 
where 


B,=—1/r-d¢/0=0, (2.05) 
it becomes 
0/dz{1/p-d/dz(re)}+w?/c?-e-re=0. (2.06) 
The field impedance ratio in this case becomes 
Z' = E,/Ho= (wp/ic)/d/dz logy. (2.07) 


If y and ¢ are proportional to eS 7, then for the 
TEM waves derived from TM waves 


Z= {p/ete?/wre-(S’"’—S'e'/e)}', — (2.08(a)) 
while for those derived from TE waves 
Z’= {e/pte/w(T’—T'p'/u)}-.  (2.08(b)) 


When yu and « are constant, 
Z=Z'. 


The next sections deal with specific examples of the 
method in greater detail. Only a few of the many 
possible examples have been solved. 
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Fic. 4. TM waves of Type C. Fields generated by a single com- 


ponent of the alternative 4-potential. The magnetic field is 
pendicular to planes through the axis, and propagation is radial, or 
along the axis. 


Section 2. TE Waves of Type A 
In this case 
dx’=dr, dx*=d6, dxt=dz, a=1, B=r, y=1. (2.09) 


The non-vanishing field components are 





E,=w/ic: ¢, 
B,=1/r-0¢/00, Be=—d¢/dr. (2.10) 
The propagation equation becomes, in this case 
d{r d¢ 0,1 09) & 
hes inmate (2.88) 
Orly Or 0O0\ru 00 <3 
The remaining equations, 
0/d2(F*)=0 (2.12) 


are automatically satisfied if y, u, and ¢ are independent 
of z, because a, 8, vy are all independent of z. 
The next problem is to obtain a possible pair of 


functions 
u=p(r, 0), e=e(r, 0) 


that make (2.11) separable. Let 
w=a(r)b(6), e=c(r)f() 


y= R(r)0(8). 


(2.13) 
and let 


Then Eq. (2.11) becomes 
ra(r) dj r dR 


b(@) dy; 1 “| 
R dria(r) dr 


© dé@\b(@) dé 
+w?/c?-r?a(r)c(r)b(8)f(0) =0. 

This equation is separable if either 
r-a(r)c(r) =k, a constant, or, 


b(0)f(0) = ke a constant. 


(2.14) 
(2.15) 


These two cases will be referred to as k,-separability 
and k»-separability. 
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TaBLeE II. Propagation equations and field components for TE waves generated by a single 


component of 4-potential. 
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in direction d2- 
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R drta(r) dr 








For k,-separability 


© dé\b(6) dé 


ra(r) dj r dR 
—— —}{——_- —_}=}?, (2.16) 
R dria(r) dr 

b(@) d; 1 dO 


+ (N24 e?/c?- yb (B)f(8)}. (2.17) 


1 dO 






For the case where 6(@)=@-", the solution is 
=O" CT yen») (08)-+ DN jinn) (08). 


As materials of zero or infinite magnetic permeability 
are unknown, the plane @=0 must be outside the region 
filled with this particular medium. This could occur ina 
V-shaped horn with metal walls lying in the planes 


6=6,, 0=62, where 


On the other hand, k¢-separability gives 


ra(r) dj r dR 


— —{ —— —} = { 9?—w?/c?- ky r2a(r)c(r)}, 


In such a horn 7 will be determined from the bound- 
ary condition that 


(2.18) 


at 


0<0,;<0.<2r. 


E,=w/ic- ¢=0 


6= 80, 


b(@) d 
— —{——- —}+77=0. 
© d6\b(@) dé 





(2.19) 














An Example of TE Waves of Type A 
Using ke-Separability 


Either of these last two alternatives can be attacked 
as a new differential equation, the values of uw and e 
being given. An alternative attack is to choose the 
values of a(r) and c(r) in such a way as to generate 
known differential equations, or, what is equivaient, to 
choose the functions R and 9 and seek as solutions a(r) 
and c(r). This provides a great flexibility for design of 
apparatus. The function 5(@) must be periodic if @ can 
vary over a range greater than 27; for example, it could 
be 
























































b(0)=1+A coské 








or it could even be represented by a Fourier series. 
Equation (2.19) can also be written 


d°0@/d0?+d0/d0-d/d0(log1/b(8))+7?0=0. 














(2.20) 
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and = Oo. 


From this it follows that for a horn the boundary con- 


ditions are 


J n—1) (091) / Nacn—) (1) = tata! 


The differential equation for the radial factor can be 


written from (2.18) 
O0= R”’+R'(1/r—a'/a) 


+ {w?/c?- kea(r)c(r) — 97/17} R. 


At some radius 


ro let dg=a(ro), co=c(To) 


and let 


v= w/c- (Redoco)*- r= w/c: (woe) *r. 


Then we find 
@R dRi{1 d a(r)c(r) 7’ 
pow -—— loge +| a 


dv? dv \v dv aolo 


Q= 
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TABLE III. Propagation equations and field components for TM waves generated by a single 
component of 4-potential. 








ac ax Propa 
ot field 


dc* 


ation 


Comp 


Zguation 
ents 


Character of Waves. 





dr\ dé 




















I lreH} +l ra 


H,-- afer D- 7 # 
°° ih ¥ 


(a TM Wivao propaga- 
led in direction dZ ina 
cylindncal ibe or 
co-axial line. 


) 7M waves prpa- 
galed radially ma 360° 
horn. 


«) TM Waves prope- 
gated redially ine 
cavity with cylindrical 
walls. 








Comparing this with the last equation given by Janke 
and Emde in their Chapter VIII,* Section 7*, which is, 
with x replaced by 


d’y d 1 du u p* 
242. (-—20)+ {140 -—_—--— on 
v 


y=0 
dv? dv dv v wv 


(2.27) 


it is clear the two Eqs. (2.26) and (2.27) are identical if 
2u=d/dv-loga= (a’/a)-c/w(poeo)’, 
a(r)c(r) a(v)c(v) 
3 Alo a AoCo 
p?=1?. 
Thus the solution becomes 
=a(r)*{CIq(w/c- (uoeo)#- 7) + DN y(w/c- (woeo)*r). (2.31) 


The function c(v) =c(r) 


Apolo 52 ai 3 a ” a 

- {1-—_/ (-) +=)|. (2.32) 
a(r) 2w'uoen a 2\a ra 

Thus we have, collecting results, for the case where 


this medium fills a conducting horn from 6= 6, to 0= 6, 


u=a(r)-0-", (2.33) 


(2.28) 





, (2.29) 


(2.30) 


€= (uo€00"/a(r)) | 1—c?/2w*po€o 
-(a’”"/a—}(a'/a)*+a'/ra)}, 
g=O-% J 4(8)/T (81) — N 9(n8)/N (08:1) } 
Xa(r)!- H,® aad (2) (w(uoe€o) r/c), 
B,=1/rd¢/00, (2.10) 


(2.34) 


E,=w/ic- ¢, Be= —0¢/0r, 


where 
=4(n—1). 
These solutions contain an arbitrary function a(r). 


‘Janke and Emde, Tables of Functions (Dover Publications, 
New York, 1943), p. 147. 
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An Example of TE Waves of Type A 
Using k,-Separability 


In the case of k,-separability, the differential equation 
for R is, from (2.16), 


R"+(1/r—a’/a)R'’—?/r?-R=0. (2.35) 


This becomes a very simple equation, if the medium is 
constructed so that 


a(r)=Cr4, 
a’'/a=A/r, 


(2.36) 

(2.37) 

for then R satisfies the homogeneous equation 
R”’+(1—A)R’/r—R/r?=0, (2.38) 


so that the solution is R= Pr™+Qr™; with m, and m2 
the two roots of m(m—1)+m(1—A)—)?=0 or 


m=4A+(d?+14A?)}, (2.39) 
Thus when a(r)=Cr4 c(r)=k-C—'r-4-? the factor R is 
R=r'4} P exp[logr(A?+3A?)!] 
+0 exp[—logr(A?+4A?)#]}. 
The @ factor satisfies (2.17), or 
0=0"+0'-d/d0-log1/b(@) 
+ {A+ wk, f(0)b(0)/c?}@. (2.41) 


Again, considering the case where 5(@)=6-", the equa- 
tion becomes 


0” + 10'/0+ {d?+ wk, f(0)/c?6"}O=0. 
As in the previous section, the factor is taken as 


= 9h") 79), 


(2.40) 


(2.42) 


(2.43) 
J then satisfies 


O= JI" +J'/0+ {| d?+ wh, f(0)/c?0, —}(1—n)?/67} J. 
(2.44) 
The equation evidently becomes a Bessel’s equation if 
f{(0)= L?6"+-9"-? 








the solutions being 


O= Ail—™) 7 A) oF (2)(X 08), (2.45) 


where p?=}(n—1)*—w°*k,/c?, p and Xo are constants, 
ho?= A? wh, L?/c?, 

Summarizing the results of this example, in a medium 
where 


u=Crte-", (2.46) 
e= k,C—'y-4-2( L70"+-0"-*) (2.47) 
the function ¢ is 
g=r'4{ P exp[logr(A?+4A?)!] 
+0 exp[ —logr(d?+4A*)!)} 
OM”) | FH (X90) + FH» (Ao8)}, (2.48) 
p?=}(n—1)?—wk,/c?, Ao? =A?+ L?whk,/c?. (2.49) 


For a more specific example, a curved wave guide, 
bounded by highly conducting metal sheets at two 
planes of constant z, and by two cylinders of radii rp and 
r;, may be considered. The variable r may be written 

r=e° 
and to make ¢(ro)=0 and ¢g(r,)=0 (so that E, vanishes 
at its outer and inner wall), let 
P= e'%o, 
QO= —e-'%, 
Then in this case 


R=r'4{exp[.o(A?+4A4?)!+ iao | 


—exp[—o(d?+4A?)!—iag]. (2.50) 
This can have zeros for real values of r or oa if 
?+4A42<0. 
Writing 
\?= —m?’, 
(\2+-3A?)!=i(m?—1A?)} 
and this makes 
R=r'}4.2i-sin{ (m?—1A*)'o+ ao}. (2.51) 


When r=7ro, ¢= 90, and r=r,, c= 0,;, R=0, so 


(m?—4A*)'oo+a0=0, 
(m?—1A*)$o,+a9=lx, l=integer 
m?—1A?=[?x?/(¢,— 00). 


Since the Hankel’s functions contain exponential 
factors of the type exp(-t7Ao8), in this case they become 
proportional to 


exp=ti{ w*k, L?/c?—?x*/(¢,— 00)? —4A*}!-8. 
This guide will pass all frequencies above f,. where 
4a? 2k,L?/c?>Pr?/(¢,—00)®+4A?’. 


It will be noted f. depends upon the two constants A 
and L. 
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Section 3. TE Fields of Type C 


The specific case considered will be one whose 


























p= Mr?*-2e2e2, (3.01) 
€= €oU0/ pM. (3.02) 
For fields of type C 
dx'=dz, dx’=dr, dx*=dO, 
a=1, f$=1, y=". (3.03) 
The non-vanishing field components are 
Eo=w/icr- Y; B,= 1/r- d¢/ dr, B,= —1/r- dp/ dz. (3.04) 
The propagation equation is, from Table II, 
d(1 d¢ 0(1 09) we 
a |b ea, (3.08) 
Or\ru Or sirup Oz cr 
Suppose that 
u=pilr)-ue(z), (3.06) 
€= €,(r) - €2(z), (3.07) 
g=R(r)-Z(z), (3.08) 
then 
ruy(r) d 1 —| feo(z) -| 1 dZ 
0= — — — — 
R= driru,(r) dr Z dz\p2(z) dz 
w? 
+~—ni(r)€1(7) w2(z)e2(2). (3.09) 
ce 
This equation is separable if either 
ui(r)-e,(r)=k, (k,-separability), (3.10) 
Mo(2)-€2(z) =k, (k.-separability). (3.11) 
For k,-separability 
rus(r) d 1 dR 
| —?+ A,7=0, (3.12) - 
R= drirpi(r) dr 
o(z) d 1 dZ w 
O= | _: - | A ——k,o(z) €2(z) (3.13) 
Z dz\olz) dz c 
While for k.-separability 
rui(r) dj 1 dR) & 
—— — —}+—hk.ui(r)e(r)=r2?, (3.14) 
R= dr\rp,(r) dr c 
o(z) d 1 dZ 





—}+A2=0. (3.15) 
Z dz\p2(z) dz 


Up to this point no use has been made of Eq. (3.01) 
and (3.02), and the equations might be solved by accu- 
rate or approximate values of the functions ;(r), €:(r) in 
Eq. (3.14) or arbitrary values of e(z), €2(z) in (3.13). If pn 
and ¢ have the values given in (3.01) and (3.02), we isa 
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01) 
5.02) 


03) 


5.05) 


5.06) 
3.07) 
3.08) 


3.09) 


3.10) 
3.11) 


3.12) 


3.13) 


3.14) 


3.15) 


3.01) 
accu- 
(r) in 
.Tfp 
eisa 


‘SICS 





constant, and the equations for the factors yu, we, €:, and 
€, become 


w= Mk, po= 24, 


(3.16) 
(3.17) 


Both separability conditions are met, so either (3.12), 
(3.13) or (3.14), (3.15) can be used. Substituting these 
values in (3.12) and (3.13) gives 


= bo€o/Mr?*-2, €2= e~ 74, 





MY “| 1 dR 


R dri Mr dr 
and 
e242 d dZ 
—— —} e747 } — {i?— wk, /c?} =0 
Z dz dz 
or 
0= 2” —2aZ’— {d12— w o€0/c?} Z. (3.19) 
This is immediately solved by 
Z=exppz (3.20) 
where 
p=ai(w*poeo/c?—d,?—a?)}. (3.21) 
Writing R=r*S(r) Eq. 3.18 becomes 
S”+1/r-S’+ {(A1)?— k?/r?} S=0. (3.22) 
Thus it is clear that the radial function is 
R=r*{AJ,(Ar)+BN,Qur)} (3.23) 
and 
g=r*{AJ,(Ar)+ BN ,(Ayr) fe”?. (3.24) 


In this problem we started with the arbitrary distri- 
bution of u and ¢ given by (3.01) and (3.02), and showed 
the solution could be expressed in terms of Bessel 
Functions and exponentials, a generalization of the 
solution applying when yu and ¢ are constant, which is | 


go=r{ AJ (Ai) + BN (Air) }e??. (3.25) 
The non-vanishing field components are 
Eg= —iw/c-r*®{ AJ (Air) + BN x (Air) }e??, (3.26) 
r= — pr" AT (Aa(r)) + BN i(Aur) } e?*, (3.27) 
B,=\yr*"'{ AJ x1 (Arr) + BN yi (Air) fe”, (3.28) 


since Bessel functions obey 
(dZ,./d(dyr) J= Zi k/d, LZir. 


The solutions agree with the classic solutions for a region 
where uw and ¢ are constant, as is seen on taking k=1, 
a=0. 

This choice of the function u(r, z) leads to an infinite 
value of either uw or € on the axis. For this reason it is 
necessary to specify that the medium does not extend all 
the way in to the axis. An interesting case is that of a 
co-axial line where the space between the conductors is 
filled with a medium specified by Eqs. (3.01) and (3.02). 
If the medium fills a co-axial line, and is bounded by 
highly conducting metal cylinders of radii rp and r;, then 
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the condition for the vanishing of the tangential electric 
field is 

J x(Aaro)/N (Aire) =Je(Qato)/N (Arto). (3.29) 

The roots in A, of this equation determine the values 


of the propagation constant p. This constant is complex 
at all angular frequencies above 


f-= 1/2x-c} (A,?+ a*)/ po€o} 4 


Below this frequency the propagation constant is a real 
number. 


Section 4. TM Waves of Type C 


Since to each solution of the field equations repre- 
senting a TE wave ¢;= ¢(u, €) there is a corresponding 
TM wave generated by ¥;:=y(e, u), it is possible to 
write down immediately the TM solutions corresponding 
to (3.01), (3.02), and (3.24), namely 


ex Myr?*—2e2e2, (4.01) 
= Uoeo/€, (4.02) 
v=r*{CJ.(hr)+ DN ,(hr)}\e*, (4.03) 
where 

p=ai{ wpoeo/c?—h?—a?*}?. (4.04) 

The non-vanishing field components are 
Ho= —w/c-r*® {CI (hr) + DN (hr) }e??, (4.05) 
r= —ipr® {CJ .(hr)+ DN ;(hr)\ e??, (4.06) 
D,=th-r*“"{CJ _i(hr) + DN yi (hr) }e?*. (4.07) 


If the medium described by Eqs. (4.01) and (4.02) fills 
the space between two co-axial conductors of radii ro and 
r;, the boundary conditions D,(ro) = D.(r:)=0 give 


J x—s(hro)/N x—s(hro) = J x-s(heri)/Nx—s(hr:). (4.08) 
These results obviously reduce to the classic results for a 
co-axial guide when k= 1, a=0. 

Section 5. TEM Waves 


For the case of a co-axial line filled with a medium 
described by (4.01) and (4.02), TEM waves can be 
propagated if D.=0. The fields for this case are de- 
scribed by 


0/02} 1/€-dy/dz}+w?/c?- py=0, (2.02) 
D,=—1i/r-dp/dz, He=—w/re-y. (2.03) 
For this particular problem 
d | dy) w 
oot woe ty 0 (5.01) 
dz dz e 
If 
y=e7, 
p=ai{ w*u€o/c?—a?}}. (5.02) 


When w?<a’c?/uo€, the propagation constant # is real. 
If w is very small p= }w?y€9/ac? for waves propagated 


1147 








in the positive z direction. The impedance ratio becomes, 
from (2.04) 


Z= iac/weF | uo€o/€?— a*c?/we*} 3. (5.03) 


The + sign indicates that the impedance ratio is differ- 
ent for right and left traveling waves, in magnitude as 
well as in sign. The lower sign refers to waves traveling 
in the positive z direction. (The time factor is e+?#*‘, since 
n= w/c.) 

For waves traveling in the positive direction 


D,= pAe?*/ir, He=—wAe?*/cr. (5.04) 


For a co-axial line, the characteristic impedance defined 


as 
ri 2r 
Zy=V/1= f Ede / f H-ds 
To 0 


is of greater importance than the impedance ratio 
Z=E,/Hg. In this case 


1 
Zo= seetmecinaies 


a’ 
Ho€ég— —— 
24M wc? 





a 
{" 


When k=1, a=0, this reduces to 
Zo(1, 0) =1/27- (p0/€o)! log.ri/ro 


2—2k ro"? 


k 
fetes (5.05) 
2—2k 


(5.06) 


in agreement with the classic impedance of a co-axial 
line. 


Section 6. Waves in a Region Where e Varies 
but u is Constant 


The previous examples have dealt with cases where 
both uw and ¢ were functions of position. In the Type C 
examples, the refractive index, (ue)', was constant, 
although yw and ¢ varied. Another type of example, of 
evident practical importance, is the case where y is 
constant, but ¢ is some function of position. Referring to 
Table III, when dx'= dz, dx’?=dr, dx*=d6, the propaga- 
tion equation was 


Oz 


—}+—|——}4---p=0. 


re 02 Cr 


1 dy O(10~) wp 
(6.01) 





Or re Or 


In this case yp is constant, but e may be taken to be the 
product of two factors 





€= €,(r) - €2(z). (6.02) 
Factorizing y into y= RZ, (6.01) becomes 
re, 1 dR 4% di1dZ wwe) €2 
“|< oo ——| =0. (6.03) 
R dr\ re; a TF dzlé, dz c? 
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Fic. 5. Relation between the propagation constant I and the 
quantity N =wro(ueo)*/c for a co-axial line where the ratio of outer 
to inner diameter is y, filled with a medium where p= constant, 
€=€0(ro/r)*. 


Applying the operator 0?/drdz to (6.03) gives 
O=de,/dr-de2/dz 


The equation is separable if ¢ is a function of r only or of 
z only. For co-axial line propagation, e= e(z) leads to the 
well known results for a tapered transmission line. 
Therefore only the case e=e(r) will be considered. In 
this case, with e.=1 








9 


¢c° 


re(r) dj 1dR w*ywe(r) 
—\— +( “es r) =0, (6.04) 
R dr 


re rs 


Z" = pZ. (6.05) 
The Z factor is clearly 
Z=e+??, (6.06) 


The R factor depends on the chosen distribution of «. 


For it the equation may be written 
R" — R’ -d/dr logre+ (p? + w?ye(r)/c?)R=0. (6.07) 


In the particular case where ¢= €(7o/r)?** is chosen, 
the Eq. (6.07) becomes 


R’+ 1/r-R’+ (p?+ w*peoro?/c?r?)R=0 (6.08) 
whose solution is 
R=A J inatra\ tote 3 /e (pr) a BN icorg (yee s/c (pr). (6.09) 


This leads to a surprising exchange of role between p 
and wye/c?. 


5 Schelkunoff, Electromagnetic Waves (D. Van Nostrand Com- 
pany, Inc. New York, 1943), p. 205. 
** Again, a more general problem could be solved by taking 


wye/=A+Br, 
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To derive an approximate expression for the relation 
between '=ip and N=wro/c. (ue)! for low frequencies 
or small radii, it is necessary to use the usual positive 
power expansion for Bessel’s functions. Since the solu- 
tion contains Bessel’s functions of non-integral order 
(order being imaginary), the solutions of the propaga- 
tion equation may be rewritten as 


v= {AJin(pr)+ BJ_in(pr)}e”* (6.10) 


where 


Jin(pr)= (X aon (pr)+2m) /26 | iN, (6.11) 


J_in(pr)= (r om * + (pr)—iN+2m} /2-iN| —iN (6.12) 
and 
dom= | Ni/(|m\|m+iN (2i)”). (6.13) 


At the surface of a cylindrical conductor of radius ro 
the boundary condition is 


—B/A =J in’ (pro)/J-in’ (pro). (6.14) 


For a co-axial line with conductors of radii 79 and 
r=", calling u= pro 


J in’ (uo) /J—in’ (uo) = J in’ (yo) /J—in’ (yuo). (6.15) 


Using the expansions (6.11) and (6.12) and the values 
of dam from (6.13) in (6.15) finally gives the boundary 
conditions of the co-axial line in the form 


X mtd WV )=0 (6.16) 
with 
A(N)= —i E {esmiae-on®(2m-+N) 
x (2s—2m—iN)y22-2-iN 
—om*A2s—2m(2m—1iN)(2s—2m+iN)y2* "4", (6.17) 
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Introducing the expression 


Pm, e1?™ *= |iN | —iN(2m+iN) 
X(2s—2m—iN)/|\m+iN|s—m—iN (6.18) 


then by (6.17), (6.13), and (6.18) 





iA,= (—)#2!-* ) 7242" Om, . 
m=(0 


Xsin(¢m,2—aN)/|m\s—m (6.19) 
with 
o=logey. 
For small radii or low frequencies, we have 
O0= Ao(N)+7A(N) (6.20) 
leading to the approximate equation 
— uo? = Tr? =4N(1+N?)/{ (y+ )N 
+(7?—1)(2+N?) cotoN} (6.21) 
and for extremely small values of V 
Pre {20/(y?—1)}*-N. 


It is interesting to note that I'rp tends to the usual 
value for a co-axial line as y—1, for evidently, with 
o=logy, 


limy—1 T?r9?= w?weoro?/c?. 


Figure 5 shows the relation between N and I'7p for low 
frequencies. 

It is hoped that these examples will serve to illustrate 
the application of this theory to radio and communica- 
tion problems. 

The author wishes to thank Hilda E. Smith for 
assistance with the manuscript and proof. 
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Hypersonic Research Facilities at the Ames Aeronautical Laboratory 


Victor I. STEVENS 
National Advisory Committee for Aeronautics, Ames Aeronautical Laboratory, Moffett Field, California 
(Received June 14, 1950) 


Two wind tunnels recently completed at the Ames Laboratory of the NACA—the 10- by 14-in. super- 
sonic wind tunnel and the supersonic free-flight wind tunnel—are capable of providing test Mach numbers 
well in excess of 5. Since at this time such facilities are relatively uncommon, this paper is primarily de- 
voted to a description of these wind tunnels and their associated equipment. 

The treatment of the 10- by 14-in. supersonic wind tunnel is concerned for the most part with the design 
and operation of the nozzle and diffuser which provides Mach numbers of 3.5 to about 8. Some mention is 
also made of the pressure measuring and flow visualization equipment. In the case of the supersonic free- 
flight wind tunnel high test Mach numbers are obtained by firing models at high speed into an oncoming 
supersonic air stream. Consequently the main emphasis is placed upon the launching techniques, the avail- 
able range of test conditions, and the methods of obtaining data. 





INTRODUCTION 


NLY a few years ago, interest in high Mach 

number flows was largely academic and as a re- 
sult relatively little effort was directed toward solving 
the problems associated with generating and studying 
such flows. Recently, however, interest in these flows 
has greatly intensified and much more pressure has been 
brought to bear to develop research equipment which 
will facilitate the study of air flow at Mach numbers of 
5 and above. The NACA at its Langley, Lewis, and 
Ames Laboratories and other research groups have been 
devoting increasing effort to the development of such 
equipment. 

Perhaps the greatest obstacles to the progress of 
hypersonic research are the difficulties encountered in 
providing the high compression ratios required for the 
generation of high Mach number flows and in providing 
the instrumentation to cover the broad ranges of tem- 
perature, pressure, density, etc., that must be observed 
and recorded in the investigation of hypersonic flow 
phenomena. Two wind tunnels recently completed at 
the Ames Laboratory—the 10- by 14-in. supersonic 
wind tunnel and the supersonic free-flight wind tunnel— 
incorporate techniques which at least partially solve 
some of these problems. It is the purpose of this paper 
to give a brief description of these wind tunnels and 
their associated equipment. 


10- BY 14-IN. SUPERSONIC WIND TUNNEL 


The 10- by 14-in. supersonic wind tunnel has only re- 
cently been completed and is now being calibrated. It 
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Fic. 1. Diagram of supersonic nozzles equipped with 
two types of diffusers. 
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is a closed-throat, non-return, continuous-flow tunnel 
capable of producing any air-stream Mach number from 
3.5 to something in excess of 8. The wind tunnel was de- 
signed to utilize existing compressors having a maxi- 
mum exhaust pressure of only 6 atmos. absolute; conse- 
quently, it was important to keep the compression ratio 
required for a given Mach number as low as possible, 
Use of a conventional laval nozzle followed by a sub- 
sonic divergent-wall diffuser as shown in the upper 
half of Fig. 1 would require compression ratios of the 
order of 200 for a Mach number of 8. With a supply 
pressure of only 6 atmos. the exit pressure would have 
to be less than 0.03 atmos.—a value which is unac- 
ceptably low, for it would require very bulky vacuum 
equipment. Most of this compression ratio is required 
to overcome the head loss through the normal shock; 
therefore, use of a supersonic convergent-divergent 
diffuser (see lower half of Fig. 1) which decelerates the 
air before the normal shock, appeared advantageous to 
reduce this head loss and thereby reduce the compres- 
sion ratio required and increase the allowable exit 
pressure. The limited data available at the time this 
design was undertaken indicated that small gains could 
be realized through use of this type diffuser for Mach 
numbers of 2 to 3, but there was little or no informa- 
tion available to direct the design of such a diffuser 
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Fic. 2. Arrangement of nozzle, test section, and diffuser for the 
Ames 10- by 14-in. supersonic wind tunnel. 


JOURNAL OF APPLIED PHYSICS 














nel 
rom 
 de- 
axi- 


atio 
ible. 
sub- 
pper 
the 
pply 
have 
nac- 
uum 
lired 
ock; 
‘gent 
s the 
us to 
pres- 
exit 
» this 
could 
Mach 
yrma- 
ffuser 


a~/ | 


wii 


for the 


'YSICS 








for Mach numbers as high as 8. Therefore, in 1947 an 
investigation of a 1- by 1-in. pilot tunnel was under- 
taken to develop a nozzle and diffuser for the 10- by 
{4-in. supersonic tunnel. 


Nozzle and Diffuser 


The nozzle and diffuser configuration developed is 
shown schematically in Fig. 2. The side walls are flat 
and parallel and all contour variation is in the top and 
bottom blocks. These blocks are rigid and are supported 
on pins at A and B. Jacks attached to these pins con- 
trol the vertical position of the blocks and thus control 
the nozzle and diffuser throat openings. In a somewhat 
oversimplified view, opening or closing the jacks at A 
lowers or raises the test-section Mach number, whereas 
the position of jacks at B determines the location and 
strength of the normal shock. 

Just downstream of the diffuser throat are located 
boundary-layer scoops. The investigations in the pilot 
tunnel revealed that without these scoops the normal 
shock boundary-layer interaction was very severe and 
the resulting erratic behavior of the normal shock and 
boundary layer made it necessary to force the normal 
shock far downstream of the diffuser throat in order to 
preserve supersonic flow ahead of the diffuser throat. 
The extra compression ratio required to keep the normal 
shock a safe distance downstream nullified, to a large 
extent, the gains achieved by a convergent-divergent 
diffuser. Removal of the boundary layer, however, 
stabilized the normal shock position so that supersonic 
flow ahead of the diffuser throat could be maintained 
with the shock only a short distance downstream of the 
scoop opening. Boundary-layer removal also greatly 
reduced the separation behind the normal shock and 
thus improved the efficiency of the subsonic diffuser. 

The operation of this nozzle can probably be better 
understood by following through the sequence of start- 
ing supersonic flow and then changing the Mach num- 
ber. The starting position is as shown in the top of 
Fig. 2. With the blocks open to this position, as the 
pressure builds up, supersonic flow at a Mach number 
of approximately 3.5 is established in the test section 
and the normal shock is pushed out of the test section 
through the converging section of the diffuser and into 
the divergent section. To establish flow with this nozzle 
configuration requires a compression ratio of about 6 
which, as would be expected, is about the same as that 
required to obtain a Mach number of 3.5 in a wind tun- 
nel with a conventional divergent diffuser. It can be 
shown! that supersonic flow in the test section will not 
start regardless of compression ratio available, if the 
second throat is not open beyond a certain minimum. 
For this wind tunnel the second throat is opened so 
that when supersonic flow is established the Mach 
number at the second throat is about 3. However, after 


1 A. Kantrowitz and C. du P. Donaldson, Preliminary Investiga- 
tion of Supersonic Diffusers, NACA ACR L5D20 (1945). 
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flow is established the diffuser throat may be closed 
to give a throat Mach number of approximately 2.5. 
To increase the test-section Mach number, the blocks 
are closed as shown in the lower half of Fig. 2. With 
the nozzle throat closed to an opening of about 0.05 in. 
the test-section Mach number is 8 and the Mach num- 
ber at the diffuser throat is about 3.5. The compression 
ratio required for this Mach number is about 30:1 
which is considerably less than the estimated 200:1 
required for a conventional divergent diffuser. 
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Fic. 3. Air-flow diagram for the Ames 10- by 14-in. 
supersonic wind tunnel. 


Air Supply 


The high pressure air for this wind tunnel is supplied 
by the equipment shown on the left side of Fig. 3. This 
equipment consisting of centrifugal compressors, coolers, 
and a silica-gel drier provides air at the nozzle entrance 
at a maximum total pressure of 6 atmos., a temperature 
of approximately 100°F and an absolute humidity of 
0.0001 lb. water/Ib. air. The air after passing through 
the nozzle and test section exhausts into either the 
boundary-layer scoops or the main diffuser. The low 
energy boundary-layer air is drawn off through the 
scoops by a battery of rotary vacuum pumps and dis- 
charged to the atmosphere. The air exhausting through 
the main diffuser is discharged directly to the atmos- 
phere at test Mach numbers below 4.5. At Mach 
numbers above 4.5 this air is drawn through either 
one or two stages of turbine-driven superchargers to 
provide the required compression ratios. Since the mass 
flow through the tunnel decreases with increasing Mach 
number, it is convenient to utilize the excess air from 
the primary compressors to drive the turbines on the 
superchargers. With both superchargers operating the 
total compression ratio across the main passage is 55 
which is more than adequate for test Mach numbers 
of 8. 


Instrumentation 


The model support and force-measuring equipment 
for this tunnel are very similar to that used in other 
supersonic wind tunnels. The models are supported 
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Fic. 4. Manometer board incorporating McLeod-type gauges for 
measuring low pressures. 


from the rear on a sting which is in turn supported by 
a strut passing through the sidewalls. The forces and 
moments acting on the model are measured using a 
conventional strain-gauge balance system. 

In contrast, the low pressures and densities existing 
in the wind-tunnel test section at high Mach numbers 
required deviations in design from the conventional 
pressure-measuring and flow-visualization equipment. 
For a given stagnation pressure the test-section static 
and dynamic pressures fall very rapidly with Mach 
number so that at a test Mach number of 8 and a stag- 
nation pressure of 6 atmos. the static and dynamic 
pressures are 0.000612 and 0.0275 atmos., respectively 
(or 0.018 and 0.83 in. Hg). To measure pressures of this 
magnitude the conventional U-tube-type manometer 
board has been replaced by a board incorporating 40 
McLeod-type gauges. This manometer board is shown 
in Fig. 4. Up to 40 pressures can be simultaneously re- 
corded by photographing this board. Using these photo- 
graphic records absolute pressures of 0.001 atmos. can 
be read to approximately one percent accuracy. 

Flow about models is observed using a center-of- 
curvature schlieren apparatus which has much greater 
sensitivity to density gradients than the more common 
schlieren system. With the center-of-curvature schlieren 
the effective source and knife are located on one side 
of the test section at the center of curvature of the 
principal mirror. The mirror is located immediately 
adjacent to the test section on the side opposite the 
source and knife. Thus the light passes through the test 
section twice and there is no collimated light beam as 
in the common schlieren. The principal mirror for the 
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10- by 14-in. supersonic tunnel has a diameter of 1} ft 
and a radius of curvature of 50 ft. Although the 
schlieren system incorporating this mirror has not yet 
been fully checked, it is expected that the system yj 
have adequate sensitivity over the Mach number Tange 
of this wind tunnel. 


THE SUPERSONIC FREE-FLIGHT WIND TUNNEL 


The supersonic free-flight wind-tunnel structure was 
completed early in 1949; however, the installation of the 
equipment required to obtain aerodynamic data was 
not completed until late in the fall of the same year. 
The major calibrations are complete and the facility jg 











Fic. 5. Arrangement of the Ames supersonic free-flight 
wind tunnel. 


now being used to study the characteristics of missile- 
type configurations. Although the maximum test Mach 
number obtained to date is only slightly in excess of 8, 
the facility is capable of providing data for Mach 
numbers ranging from less than 1 to approximately 15. 
The necessity for high compression ratios at high test 
Mach numbers is obviated by generating an air-stream 
Mach number of only 2 or 3 in the wind-tunnel test 
section and providing the remainder of the total Mach 
number by launching the model at high velocities 
into the oncoming air stream. Since the air in passing 
through the nozzle is expanded only to a Mach number 
of 2 or 3, the air density and consequently the Rey- 
nolds number for a given model size are relatively high. 

Data that can be obtained in this wind tunnel in- 
clude the model static force characteristics which are 
obtained in conventional wind tunnels, as for example, 
lift, drag, and moment. However, the techniques for 
measuring these characteristics parallel those used in 
aeroballistic ranges.2 The dynamic behavior of the 
models can also be obtained directly in this wind tunnel. 
The methods for obtaining these data can probably be 
better understood after examining the wind tunnel and 
related equipment. 


2A. C. Charters, “The spark photography range,” a paper 


given at the International Congress for Applied Mechanics 
(September, 1946). 
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Wind Tunnel and Launching Guns 


The principal components of the wind tunnel proper 
are shown in Fig. 5. The wind tunnel is an intermittent- 
operation blow-down type with the air being supplied 
from the 12-ft. pressure wind tunnel at a maximum pres- 
sure of 6 atmos. The air flows from left to right as shown 
in Fig. 5 and passes, in turn, through the settling cham- 
ber, the nozzle, the test section, and the diffuser. After 
diffusion the air is ejected directly to the atmosphere. 
The test section is 1 ft. wide, 2 ft. deep, and 18 ft. long. 
The Mach number of the air flow in the test section is, 
of course, a function of the shape of the nozzle blocks. 
At present, the wind tunnel is equipped with two sets 


Fic. 6. Models and 
sabots as launched from 
guns. (a) Fin-stabilized. 
(b) Spin-stabilized. 





(a) (b 


of interchangeable blocks which give an air-stream 
Mach number of either 2 or 3. The models are fired from 
guns located in the diffuser and after passing through 
the test section and nozzle are stopped by the model 
catcher in the reservoir. The model catcher is a steel 
cylinder 2} ft. in diameter and about 6 ft. long which is 
tightly packed with cotton waste backed up by wood 
and steel. 

Launching of models at high velocity from guns 
requires techniques which in the past have been quite 
foreign to wind tunnels. The techniques which we use 
at present are closely patterned after those developed 
at the Naval Ordnance Laboratory, the Watertown 
Arsenal, and the Ballistic Research Laboratories at 
Aberdeen Proving Ground. While in the gun the models 
are supported in carriers or sabots illustrated in Fig. 6. 
The purpose of the sabot is to provide a gas seal and 
at the same time protect the model from the hot 
powder gases and to keep it properly aligned during 
launching. There are two basic types of sabots which 
we are using at present—one for fin-stabilized models 
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Fic. 7. Drawing showing sabot in two stages of separation 
from fin-stabilized model. 


and one for spin-stabilized models (see Fig. 6). Both 
types are so constructured that when the sabot and 
model emerge from the gun, the sabots separate from 
the model and leave it free to fly on undisturbed through 
the wind tunnel. Sabot separation on a fin-stabilized 
model is illustrated in Fig. 7. 

The launching guns available for use in this wind 
tunnel range in size from caliber .22 through .50, 20 
mm, 37 mm, and 3 in. The launching velocities are 
varied by changing the powder charges loaded into the 
cartridge case—the limiting velocity being determined 
by the maximum pressure that the gun can withstand. 
In the .220 Swift, which is a sporting rifle, we have 
realized launching velocities of 5000 ft./sec. which, with 
the Mach number 2 nozzle blocks installed, gives a test 
Mach number of 8. It may not at first be evident how a 
launching velocity of 5000 ft./sec., which is a nominal 
sea-level Mach number of 43, can add to the test section 
of 2 and yield 8. This, however, is traceable to the fact 
that the air in expanding through the nozzle is chilled 
to temperatures of about —150°F. At these low tem- 
peratures the speed of sound is of course lowered; 
hence, the launching velocity of 5000 ft./sec. in itself 
produces a Mach number of 6 which when added to the 
air stream Mach number of 2 gives 8. Special test 
barrels are being procured which should permit launch- 
ing velocities of the order of 8000 ft./sec. With the 
Mach number 3 nozzle blocks installed in the wind tun- 
nel this launching velocity would give a test Mach 
number of 15. It should be noted that a compression 
ratio of only 4 is required for tests at this Mach number 
and that to realize the same Mach number and air 
density in the region of the model in a conventional 
wind tunnel would require a stagnation pressure of 
more than 100,000 atmos.! 

Due to the comparatively high air density in the 
wind-tunnel test section the test Reynolds numbers are 
very high for a given model size. For example, if a 6-in. 
model were launched in this tunnel to give a test 
Mach number of 7, the resulting Reynolds number 
would correspond to that obtained on a 50-ft. missile 
flying at the same Mach number at an altitude of 
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100,000 ft. Such a rocket is comparable in size to a 
V-2. In contrast, to obtain the same Reynolds number 
in a conventional tunnel operating at the same stagna- 
tion pressure (6 atmos.) would require a model over 
10 ft. long. 


Equipment and Techniques for Measuring 
Model Characteristics 


As stated previously, the aerodynamic characteristics 
of the models are determined in this wind tunnel using 
techniques which parallel those used in aeroballistic 





© rroroces. 











Fic. 8. Diagram illustrating operation of 
time-distance equipment. 


firing ranges. To obtain drag, for example, the time- 
distance history of the model is recorded as the model 
flies through the test section and from this history the 
velocity, deceleration, and hence drag can be evaluated. 
In this wind tunnel the time-distance history is ob- 
tained using a four-station shadowgraph and a chrono- 
graph as shown in Fig. 5. As the model flies through the 
wind tunnel, each station in turn takes a shadowgraph 
of the model and a distance scale so that the distance 
the model travels from station to station can be meas- 
ured on the shadowgraph. At the same instant each 
shadowgraph is taken, the chronograph records the 
time. 

The operation of this equipment is more easily fol- 
lowed using Fig. 8, which isolates one of the shadow- 
graph stations and the principal components of the 
chronograph. When the model leaves the launching 
gun and enters the test section, it first encounters a 
light beam which projects through the wind tunnel 
and impinges on a photoelectric cell. As the model 
interrupts part of this light beam the output of the 
photoelectric cell is modified. The resulting signal is 
amplified and passed through a suitable time delay to 
allow the model to travel to the shadowgraph station. 
When this time delay has elapsed, the spark source is 
triggered and the resulting light forms a shadow image 
of the model on the photographic plate. Although not 
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shown in Fig. 8, the distance scale is suspended belo, 
and along one edge of the photographic plate so tha 
its image is also formed on the plate. When the spay 
is triggered, part of the light escapes from the side of 
the spark housing where it is picked up by a mirror ang 
reflected along a vertical axis to a rotating prism whic, 
in turn reflects the light out to the 35-mm film on the 
periphery of the chronograph. Thus a latent image jy 
formed on the chronograph film at the instant the 
shadowgraph is taken. As the model reaches the second, 
third, and fourth stations this same procedure is rp. 
peated; however, since the prism in the chronograph js 
rotating, the spark images are spaced approximately 
90° apart on the 35-mm film. To provide a time bag 
an H-6 mercury arc lamp is pulsed at frequencies which 
are regulated at any desired frequency from 10,000 ty 
100,000 cycles/sec. and the resulting pulsed light super. 


imposed on the chronograph film. Since the pulse rate § 


can be varied from 10,000 to 100,000 cycles/sec. the 
resulting interval between pips on the film varies from 
100 to 10 usec. 

A sample of the shadowgraph and chronograph rec. 
ords is shown on Fig. 9. The shadowgraph was obtained 
on a 60° cone-cylinder model at a test Mach number 
of 7. The sharply defined notches of the distance scale 
can be seen on the upper side of the shadowgraph. At 
the bottom of Fig. 9 is a short segment of the chrono. 
graph record. The station marker is at the center of the 
section and the evenly spaced pips are the time base— 
each interval representing 20 usec. 

The accuracy requirements on measuring distance 


and time are rather stringent. For example, to restrict § 








Fic. 9. Sample shadowgraph and chronograph records. 


errors in drag to one percent requires in some cases dis 
tance measurements to the accuracy of 0.001 in. and 
time to 0.01 ysec. The requirement that time be meas 
ured to this order of accuracy becomes more significant 
when it is realized that in 0.01 usec. light travels a dis: 
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tance of about 10 ft. It is evident, then, that in the 
design of equipment of this type the speed of light and 
light-path lengths must be considered. 

Several other forms of aerodynamic data can be ob- 
tained using the time-distance record. With three la- 
teral shadowgraph stations (omitted from Fig. 5 for 
clarity) and the four vertical stations already described, 
it is possible to define the three-dimensional flight path 
of the model. From this flight path, lateral and vertical 
accelerations, hence side force and lift, can be obtained. 
It is also possible to obtain base pressures using the 
method of characteristics to determine the conditions 
just ahead of the model base and using any one of the 
shadowgraphs to obtain the flow expansion around the 
base. Stability parameters such as lift-curve slope, 
aerodynamic-center position, damping-in-roll, etc., can 
be evaluated by disturbing the model during the 


 jaunching and observing the resulting motion. The be- 


havior of the model during these tests can be recorded 
using either the shadowgraph equipment already de- 
scribed or by using a high speed motion-picture camera. 

A sample of the data which have been obtained in 
this facility is given in Fig. 10 which presents the drag 
of a 60° cone-cylinder model as a function of Mach 
number. The models were launched using a .220 Swift 
rifle and a Lucite sabot as shown in Fig. 6. The primary 


3A. C. Charters and R. A. Turetsky, “Determination of base 
pressure from free-flight data,” Aberdeen Ballistic Research 
Laboratory (March, 1948). 
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Fic. 10. Variation of drag with Mach number for 60° 
cone-cylinder model. 


purpose of the sabot for these tests was to take the 
rifling of the gun and thus leave the model aerody- 
namically smooth. As shown in Fig. 10, data were ob- 
tained for Mach numbers from 1.5 to greater than 8. 
Over this range the experimental data deviate from the 
faired curve an average of about 0.8 percent and the 
maximum scatter is only three percent. Since the drag 
of this model is relatively high, it might be expected 
that the scatter would be greater for better aerodynamic 
shapes having less drag. However, we believe that with 
the foreseeable improvements in equipment and meas- 
uring techniques the scatter should not be significantly 
increased. 
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An equation relating the ultimate strength of glass and porcelain 
to time under load is derived using the rate-process theory of 
Eyring. The data of Preston and co-workers are used to calculate 


the constants in the equation. The agreement between theoreticg| 
and experimental results is excellent. 





I. INTRODUCTION 


ECENT work of F. W. Preston and his co- 

workers'~* has provided data on the ultimate 
strength of glass and porcelain as a function of the time 
under load over a wide range of time. Because of the 
nature of these data it is possible to apply to ceramic 
materials the rate-process theory of plastic flow, de- 
veloped originally by Eyring and others for textile 
fibers. Minor modifications of the mathematical treat- 
ment as presented by Eyring are necessary, probably 
because of the inherent difference between glass and 
fibers. These modifications do not affect the rigor of the 
mathematical derivation, but the physical reasons for 
them are still obscure and are the basis for further 
study. 

Tobolsky and Eyring‘ have pointed out that in all 
unit processes of deformation, stress produces a two- 
fold effect on rate of strain. There is, first of all, an 
elastic component for which the rate of strain varies 
linearly with rate of stress and, secondly, a contribution 
to the rate of strain by relaxation processes. The latter 
can be readily measured for rubber, plastics, and metals, 
but data on ceramic materials are meager. Stress-strain, 
and other relationships can be derived in many ways, 
but it is simplest to derive them by the use of models in 
which the elastic component is represented by a pure 
spring and the relaxation process by a spring-dashpot 
combination. 


Il. PRESENT WORK 


To analyze Preston’s data, a model such as that 
illustrated in Fig. 1 was used. In this model the element 


* This work was supported by the ONR, United States Navy 
Department, Research Contract No. N7 onr-451, Task Order 1, 
Project Number NR-032-168. 

Presented at the Spring meeting of the American Ceramic 
Society, Glass Division, April, 1948. 

t Now at American Lava Company, Chattanooga, Tennessee. 

t Now at Department of Engineering Materials, Cornell Uni- 
versity, Ithaca, New York. 

1T. C. Baker and F. W. Preston, J. App. Phys. 17, 162-170 
(1946). 

*T. C. Baker and F. W. Preston, J. App. Phys. 17, 170-178 


946). 

+ J. L. Glathart and F. W. Preston, J. App. Phys. 17, 189-195 
(1946). 

4A. Tobolsky and H. Eyring, J. Chem. Phys. 11, 125-134 
(1943). 
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shown as a spring-dashpot combination S2—D repre. 
sents a unit of the material which moves from one 
equilibrium position to another under the influence of an 
external applied force and in which bonds broken in one 
position are reformed in a successive position. The 
element shown as a pure spring, S; represents a network 
of bonds, probably primary, which once broken do not 
repair. (There is evidence that these bonds may repair 
at elevated temperatures; in this case, the pure spring 
should be replaced by a spring-dashpot combination.) 

The spring S; has a modulus g;, the spring S,, a 
modulus g2, and the dashpot constant is a=a),/2kT, 
where a is a cross-sectional area of the flow unit normal 
to the direction of the flow, Az is the distance between 
equilibrium positions of the flow unit, & is the Boltzmann 
constant and T is the absolute temperature. A detailed 
discussion of this definition of a is given elsewhere.* In 
this equation az is the volume of the hole available for 
flow. 

When an external force fo is applied to the system, let 
the load on S; be f; and the load on S2 and D be fe. Let 
the elongation of S,; be /,, that of S2, /, and that of D, |;. 
After the load is applied and the initial elastic deforma- 
tion of the system has taken place, the rate of flow of the 
dashpot is given by the equation 


dl;/dt= K sinhafe, (1) 


where K is the rate constant for the dashpot.® If the 
spring S2, after the initial force has been applied, is 
stressed so that the force on it is f20, then the force on S; 
at any time will be f2o— gol;. 

From this, by substitution in Eq. (1), we obtain 


dl;/dt=K sinha(f2o— gals). (2) 


It is important to note at this point that Eq. (1) and the 
equation f2= f2o— go; are valid whether element 2 of the 
model is in compression or tension. Motion of the 
dashpot will always be in the direction of the applied 
force and this motion will decrease the force on the 
spring So. 

If f20— gels is large, we can write, as a reasonably close 


5 The derivation of this equation can be found in Glasstone, 
Laidler, and Eyring, Theory of Rate Processes (McGraw-Hill Book 
Company, Inc., New York, 1941). K is defined by 


K=(2kT/h) exp(—AF*/RT). 
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in derivations. 


Ss, Se 
Fic. 1. Model used | | 
f 





approximation 


dl; K exp[la(f2o—gols) | 
dt 2 





which upon separation of the variables becomes 


dl; Kdt 


=—. (3) 
exp[_a(f2o— gels) | 2 


Integration of Eq. (3) between the limits of /;=0 when 
t=0 and /;=/; when ¢=¢ yields 


(1/age) exp[ — a(f2o— gals) |= Kt/2 
which can be expressed in logarithmic form and arranged 
to give 
f2o—gals= —(1/a) In(ageK/2)—(1/a) Int. (4) 


Since f2o— gals= fe and fo=fothi, Eq. (4) can be 
written 


fi=fot+(1/a) In(ag2K/2) 
+(1/a) Int if Sis in tension (5a) 





or 


fi=fo—(1/a) In(ageK/2) 
—(1/a) Int if S is in compression. (5b) 


This equation is equally valid with the proper sign 
when f2 is a tension force and when it is a compression 
force. We shall consider f2 to be a compression force and 
use Eq. (5b). 

It has been shown by Tobolsky and Eyring‘ that with 
a Statistical breaking of bonds, the rate of decrease of 
the number of primary bonds is given by the equation 


dN NkT fia 
exp(— AF*/RT)2 sinh 
dt h 2kTN 








(6) 


where N is the number of primary bonds at time /, AF* is 
the free energy of activation, k is the Boltzmann con- 
stant, 4 is Planck’s constant, R is the gas constant, f; is 
the load on these bonds which causes an elongation \,, 
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and T is the absolute temperature. Substitution of the 
value of f; given in Eq. (Sa) in Eq. (6) gives 
—dN/dt=(NkT/h) 

XIn(ageK/2)—(1/a) IntAi/2kTN}. (7) 


If the bonds do not repair after breaking, Eq. (7) may 
be written as an exponential: 


AF,* 
—dN/dt=(NkT/h) exp} — 
RT 





+ [ fo—(1/a) In(ageK/2)—(1/a) Int]Ay 
2kTN ; 





Substituting c= (1/a) In(ag2K/2) in Eq. 8 gives 


—dN/dt=(NkT/h) exp(—AF*/RT) 
Xexp[(fo—c)Ar/2kTN tren Te), (9) 


Equation (9) cannot be integrated unless further as- 
sumptions are made. In the definition a=ad2/2kT, the 
numerator, a2, is the average volume of the unit, the 
bonds of which break and repair. It is presented in the 
model by the dashpot. For the other bonds, those which 
do not repair after breaking and which are represented 
in the model by the pure springs, the volume is \,/N. 
As an approximation, we assume that the ratio of the 
volume of the non-repairable bonds to the volume of the 
repairable bonds is substantually constant until fracture 
occurs. With this assumption Eq. (9) becomes: 


—dN/dt=(NkT/h) exp—(AF;*/RT) 
Xexpl(fo—e)Ar1/2RTN Jt-@r!*2) (10a) 


which is equivalent to 
dN 


~ (NRT /h) exp—(AF*/RT 
, ) PT On /2kTN] 


When t= 0, N= No and when /= hh, N= 0, y1= di/No and 
V2= a2. Equation (10b) has been integrated by Tobolsky 
and Eyring and gives 


¥ Int=—(fo—c)d/2kTNo—In(fo—c)A/ 2kT No 
+(AF*—RT Iny)/RT. (11) 


Ill. EFFECT OF TEMPERATURE UPON 
BREAKING STRENGTH 


If a constant load be applied to a glass specimen, it is 
well known that the apparent strength depends upon 
the temperatures. That is to say that if a constant load 
is applied to a specimen of glass at various temperatures 
the glass requires different times to fracture. Further if 
the time required to fracture a specimen of glass at 
constant load be measured and plotted versus the 
temperature, then a minimum is observed in the plotted 
curve. 

We shall assume that 2; and v2 are approximately 





=t-(1ld¢, (10b) 
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independent of temperature, and that AF*=AH* 
—TAS* where AH* and AS* are not temperature de- 
pendant. If a minimum occurs in the time-temperature 
relationship, the temperature at which this minimum 
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occurs is*that temperature at which dt/dT=0. Hence 
differentiating Eq. (11) with respect to temperature and 
setting di/dT=0, we find 








y dt (fo-c)ns1 1 = 


tat dt 

















tdT UT NT fy—c 
1 dc AH;* 
—" 12 
f—caT RP") 
or 
(fo— c)0; V1 1 dc AH;* 
— nomen Cl 
2eT? = \2kRT fo—c/ dT RT? 
now 
c=(1/a) In(ageK/2) 
or 
C= (2kT /v2) In(veg2/2h) —_ (2RAH2*/Rvz) 
+(2kTAS2*/Rv2) (13) 
and 
dc/dT = (2k/v2) In(veg2/2h)+ (2RAS2*/Rv2). (14) 


Thus after substituting the value of dc/dT from Eq. (14) 
into Eq. (12a) and multiplying through by (fo—c)2k7? 
we find 


(fo—c) (vi fot (2RAH*y/R)) 
+2kT[c+(2kAH2*/Rv2)]=0 (15) 


or substituting for c and rearranging 
nfo 2AH,*y 

mv 
X (fov,/2k+ AH2*/R)/ (In (v2g2/2h)+ AS2*/R) ]=0. 


Solving for T by the quadratic formula, we find, 
ufo AH,*y 
T=—+ 


vy fi o AH i*y 4 
“sa 
4k R 4k R 


—_ [ (v1 fo/2k+ AH;*/R) (fove/2k+ AH.*/R)/ 


T? 





) T+[(v1fo/2k+AHi*y/R) 








4 
(n(eaga/2h)-+A5:*/R)]} . (16) 


It is obvious that at both the above temperatures we 
cannot possibly observe minima. To find at which 
temperature a minimum occurs, we solve for d°t/dT? and 
substitute the above temperatures. If d*t/dT?>0, then 
at that point we observe a minimum. When this is done 
we find that at the lower temperature we have a mini- 
mum and at the higher a maximum. 


IV. RESULTS AND DISCUSSION 


The data of Preston have been used to calculate the 
parameters in Eq. (10a) and Figs. 2 and 3 show the 
results. The smooth curves are plots of the equation 
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TaBLE I. Values of constants in the breaking strength equation. 











AF * di/No c 
Material y _ kilocalories in? psi 
a auticealaial 
Disannealed Pyrex (dry) 0.272 17.1% 5.5610 11,000 
Scratched Pyrex (wet) 0.271 17.2* 114 X10 5,500 
Annealed lead (wet) | 0.375 17.6* 7.3 X10 7,500 
Annealed soda lime (wet) 0.239 16.9* 4.0810 5,700 
Porcelain A 1.000 199 789 X10 9,100 
Porcelain B 1.000 199 78.3 X10 8850 
Porcelain C 1.000 196 98.9 K10-* 8150 








* AFi* as tabulated is the apparent AF.:* and should be increased by 
0.5961n(1/y). 


when the values listed in Table I are used, and it appears 
that the breaking equation fits the data rather well. 
Further, the values obtained for the free energy of 
activation appear reasonable, since they are of the same 
order of magnitude as the strengths of alkali-oxygen and 
alkaline earth bond strengths in glass as determined by 
other methods.* However, as previously pointed out, a 
model was used in which a dashpot associated with 
spring S, has been neglected because the constant of 
this dashpot is such that it does affect the results at 
temperatures below 300°C, approximately. The simpli- 
fied model presented here cannot be used in analyses of 
the temperature dependence of properties such as 
viscosity and birefringence which are now under way in 
these laboratories. 

Data were not available with which to check reliably 
the breaking strength temperature results. However, 
calculations on a typical glass yield approximately 
300°K for the minimum and 4000°K for the maximum 


6 Kuan-Ham Sun, J. Am. Cer. Soc. 30, 277-281 (1947). 
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strengths, respectively. Obviously the second tempera- 
ture is so high that the maximum would never be 
observed. 

It was assumed in our derivation that there was only 
an initial elongation when a load was applied, which is in 
accord with the known absence of “creep” in glass at 
ordinary temperatures; the theoretical admissability of 
this assumption will depend upon the slope of potential 
energy barrier for glass forming oxides. 

The breaking equation predicts that failures in glass 
will be failures in tension, which is, we believe, in accord 
with Preston’s views. 

The brittle nature of glass can be explained in a 
qualitative manner by these results. If the strength of 
the alkali-oxygen and alkaline earth-oxygen bonds is of 
the same order of magnitude as the free energy of 
activation of the viscous element bond, a force sufficient 
to start viscous flow will also be sufficient to rupture 
these primary bonds. In other words, a force sufficient 
to cause flow, which we believe arises from the presence 
of “holes” in the structure is large enough to rupture 
bonds which do not repair. The nature of these “holes” 
is at present the subject of further investigation. This 
condition will be altered somewhat at elevated tempera- 
tures when the influence of the dashpot on spring Sj, 
neglected here, becomes appreciable. 
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In previous efforts to derive an equation for the temperature-viscosity relation of glass it has been assumed, 
tacitly or otherwise, that glass is a simple liquid. Since glass is not a simple liquid, it is necessary to find a 
model that will, in its reaction to applied stresses, have the same characteristics as a specimen of glass. By the 
use of Eyring’s rate-process theory, such a model is proposed and several equations relating viscosity to time 
and to temperature are derived. The equations include an equation that relates the viscosity of any glass 
specimen to time, one which defines the rate of removal of internal strain, and an equation which relates the 
viscosity of a specimen an infinite time after beginning of a test to the temperature of the test. This final 
viscosity is the viscosity usually reported in the literature. It is found that the parameters in the equation 
reduced to infinite time can be calculated from the chemical composition of the glass and the viscosity of any 
given glass can be predicted at any temperature over a very wide range. Curves and tables are included to 
show the agreement of experiment and theoretical values. 





I, INTRODUCTION 


HE equation most generally used to define the 

viscosity-temperature relation of glass was de- 
rived by Sheppard! on the basis of the Maxwell- 
Boltzmann Distribution law. Over a limited tempera- 
ture range, usually not exceeding 300°C, the deviations 
between observed and calculated viscosities are not 
large. Over extended temperature ranges, however, such 
as from 900°K to 1900°K, the agreement between 
theoretical and experimental values is not good. In fact, 
with some glasses the deviation is as much as tenfold, 
the reason for which is readily apparent. Implicit in 
Sheppard’s derivation is the assumption that glasses are 
simple liquids. In view of the extensive literature indi- 
cating that glasses are not simple liquids, it is not 
surprising that an equation based upon the assumption 
that they are does not yield results in agreement with 
experiment. 


td thidLididl, 





s S, 


Fic. 1. Model used in 
derivations. 
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In the temperature range where the viscosity of glass 
is greater than 10"° poises, viscosities are usually meas. 
ured experimentally by measuring the rate of elongation 
of a glass rod that is held at constant temperature and 
is subjected to a constant load. The quotient of the 
stress and the rate of elongation is, by definition, the 
viscosity. Data so taken can be handled readily by the 
type of mathematical analysis that was employed in a 
previous paper’ from these laboratories to derive an 
equation relating time under load to the ultimate 
strength of glass. In that paper a model was used which 
consisted of pure springs and dashpots so joined that the 
behavior of the model under the influence of an external 
load represented the behavior of a glass specimen under 
load. It was found that a model consisting of two spring- 
dashpot combinations in parallel permitted the deriva- 
tion of a theoretical equation for breaking strength 
which gave values in close agreement with experiment. 
The mathematical treatment of the problem was 
simplified by neglecting one of the dashpots; this was 
permissible because the characteristic of the neglected 
dashpot was such that it did not affect results at room 
temperature. 

It was pointed out in that paper, however, that since 
the characteristic of this neglected dashpot is tempera- 
ture dependent, the simplification would probably be 
inadmissible at higher temperatures, such as those at 
which the viscosity of glass is usually measured. This 
has been found to be the case, and in the work on 
viscosity, herein reported, both springs and _ both 
dashpots have been used in the mathematical deri- 
vations. 

The model shown in Fig. 1 represents a glass rod 
subjected to a constant, external, tensile stress; since 
the viscosity of a given glass, as measured by a method 
that applies a constant tensile stress to a glass rod, 


? Hodgdon, Stuart, and Bjorklund, J. App. Phys. 21, 1156 
(1950). 
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maintained at a constant temperature, does not differ 
from the viscosity at that temperature, as measured by 
other methods, the mathematical analysis applied to 
this model should yield results which are applicable, 
regardless of the experimental method employed. It has 
been shown by Lillie* and by Dale and Stanworth‘ that 
the viscosity of a given glass depends, among other 
things, on its thermal history ; a satisfactory approach to 
the problem of viscosity should therefore consider, first 
of all, the manner in which a glass specimen, maintained 
at constant temperature, will approach an equilibrium 
value for viscosity with time. This is the value for 
viscosity, of course, most generally reported in the 
literature. Therefore, the viscosity-time relation at con- 
stant temperature for a specimen initially free from 
internal strain, will be considered first. This is, mathe- 
matically, the simplest of the time-temperature-viscosity 
relations. Such freedom from strain can be attained in 
the laboratory by maintaining the specimen for a long 
period of time at a temperature very near to that at 
which viscosity measurements are to be made, as was 
done by Lillie. 

The second relation to be considered will be that of 
the rate of removal of strain initially present in a speci- 
men. In this case, it will not be possible to verify the 
rate equation which will be derived by direct comparison 


' of predicted and experimental values, as is usually done, 


because there is no known way to measure, quanti- 
tatively, the amount of strain present in a sample at any 
time. It is true that the amount of strain may be 
estimated by the use of polarized light but the assump- 
tion that the amount of strain is proportional to the 
birefringence® has never been established. 

The third and final relation to be analyzed is the 
temperature dependence of viscosity under all conditions 
of initial internal strain. This is the most difficult, 
mathematically, of the time-temperature-viscosity rela- 
tions and requires the equation for the rate of strain 
removal for its solution. It will be possible to check the 
validity of the assumptions which will have to be made 
to derive this equation in two ways. First of all, by 
assuming that the initial strain is zero, it should be 
possible to reduce the general equation to the one 
derived for the special case of no initial strain and as a 
second check, a comparison between observed and pre- 
dicted values of viscosity over a wide temperature range 
can be made. It will be shown that equilibrium vis- 
cosities are independent of the amount or nature of 
initial strain present in the specimen. 

It will finally be shown that it is possible to correlate 
the values of the parameters in the equilibrium vis- 
cosity-time equation with the chemical composition of 
the glass. It will be shown that it is possible, given the 
chemical composition of the glass as determined by 


7H. R. Lillie, J. Am. Cer. Soc. 16, 619-631 (1933). 


‘A. E. Dale and J. E. Stanworth, J. Soc. Glass Tech. 29, 414- 
427 (1945). 


°G. W. Morey, Properties of Glass (Reinhold Publishing 
Corporation, New York, 1938), pp. 342ff. 
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Fic. 2. Comparison of theory and experiment, log viscosity 
vs. time, for annealed glass at 486.7°C (after Lillie, see refer- 
ence 3). 


analysis, to predict the equilibrium viscosity at any 
temperature. 

Two limitations are placed upon the comparison of 
calculated and observed values for viscosity at any 
temperature: the specimen must be at uniform tempera- 
ture throughout its length and the viscosity determina- 
tions must be made under conditions of constant 
temperature. That these conditions exist is implicit in 
the derivations of the time-temperature-viscosity rela- 
tions and represents, in any case, only those experi- 
mental conditions which would yield reproducible 
results. 


Il. NOTATION 


The model used in the mathematical analyses is 
shown in Fig. 1. The springs represent those bonds in 
the glass which are stretched to their elastic limits under 
the influence of an external applied force and then 
break. They do not reform in any manner. The dashpots 
represent those bonds which break and then reform 
under the influence of the same applied force. It is not 
necessary that they reform in the same manner or posi- 
tion as that in which they originally existed ; in fact, it is 
highly improbable that they do. No assumptions are 
made regarding the nature of the forces which constitute 
these bonds. 

It is a fundamental assumption of Eyring’s rate- 
process theory that all flow processes, of which viscous 
flow is one, proceed by a series of “‘jumps,” in which 
discreet units of molecular dimensions move from one 
equilibrium position to another under the influence of an 
external applied force. This motion is analogous, mathe- 
matically, to the motion of a dashpot. No attempt is 
made to differentiate between dashpots; they differ only 
in that they have different temperature dependent 
characteristics; that is, there will be a difference in the 
change in their rates of flow with temperature. Both 
dashpots, however, obey the hyperbolic sine law; that 
is, their rates of flow are proportional to the hyperbolic 
sine of the applied force. A complete discussion of these 
dashpots is given elsewhere.*® 


6 Glasstone, Ladler, and Eyring, Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941). 
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The following symbols are used throughout this At any time é the total rate of elongation will be the sum 


paper. 


{=the total external applied force per unit area. 
fi=the total stress on unit 1. 
f2= the total stress on unit 2. 
fi,o= the total stress on unit 1 at ¢=0. 
fo,o= the total stress on unit 2 at ¢=0. 
fi’ =the stress on unit 1 due to f. 
fe’ =the stress on unit 2 due to f. 
f’ =the total internal stress. 
fi’ =the stress on unit 1 due to f”. 
f2'' =the stress on unit 2 due to f”. 
l= the total strain (elongation per unit length). 
1,=the total elongation of spring S; at any time. 
l,= the total elongation of spring S2 at any time. 
1,’=the elongation of spring S; at any time caused by fi’. 
1,’ = the elongation of spring S2 at any time caused by /,’. 
1,’ = the elongation of spring S; at any time caused by /”. 
1,’ =the elongation of spring S2 at any time caused by /”. 
gi= the spring constant of spring S; so that fi= gil). 
go= the spring constant of spring S2 so that fe=gole. 
k= Boltzmann constant—1.37 X 10~* ergs per degree. 
h= Planck’s constant—6.624X 10 erg seconds. 
R=gas constant—1.988 calories per degree. 
T= temperature in degrees Kelvin. 
n= viscosity in poises. 
¢=time in seconds. 
AF ,*=free energy of activation of unit 1 in calories per mole. 
AF;* = free energy of activation of unit 2 in calories per mole. 
AH,*=heat of activation of unit 1 in calories per mole at absolute 
zero. 
AH,* = heat of activation of unit 2 in calories per mole at absolute 
zero. 
AS,*= entropy of activation of unit 1 in calories per degree. 
A4S,* = entropy of activation of unit 2 in calories per degree. 
a,=“constant”’ of dashpot 1. 
a2=“‘constant”’ of dashpot 2. 
K,= “characteristic” of dashpot 1. 
K.= “characteristic” of dashpot 2. © 
?,= volume of the “hole” necessary for flow of unit 1 in cubic 
centimeters. 
ve= volume of the “hole” necessary for flow of unit 2 in cubic 
centimeters. 
\, = distance in the direction of flow between equilibrium posi- 
tions of unit 1 in centimeters. 
\2= distance in the direction of flow between equilibrium posi- 
tions of unit 2 in centimeters. 
a,= cross-sectional area of the “‘hole’’ necessary for flow of unit 
1 in square centimeters. 
@2= cross-sectional area of the “hole” necessary for flow of unit 
2 in square centimeters. 


The following mathematical relations exist : 


a=v/2kT, 
v=an, 
and 
K=(2kT/h) exp(—AF*/RT). 


Ill. VISCOSITY-TIME RELATION IN THE ABSENCE 
OF INTERNAL STRAIN 
In Fig. 1, S; and S; are pure springs, to each of which 
is connected, in series, a dashpot of the kind proposed by 
Eyring and others; that is, the dashpots are such that 
their rates of flow are proportional to the hyperbolic sine 
of the applied force: 


dl/dt=K sinhaf. 
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of the rate of elongation of each spring and that of its 
associated dashpot, 


dl/dt=dl,/dt+-K, sinha;f,, (1a) 
dl/dt=dl./di+Kz sinhae fs. (1b) 
Since, by Hooke’s law, fi=g./; and f2=gols, it follows 


that: 
dl,/dt=(1/g,)(dfr/dt) 


dl,/dt=(1/g2)(df2/dt). (2b) 


Since fi+/2= f, the total external applied force per unit 
area, which is constant: 


df,/dt= —df»/dt. (3) 
Thus after elimination of /,, /2, and /;, Eqs. (1a) and (1b) 
become : 
dl/dt= — (1/1) (df2/dt)+K, sinha;(f— fe) 
= (1/g2)(dfo/dt)+Ke sinhazf,. (4) 
If ai(f—fe) and a2f2 are small, as a reasonably close 
approximation, Eq. (4) may be written: 
dl/dt= — (1/g1)(df2/dt)+Kia,(f—f2) 
=> (1/g2)(dfo/dt)+ Keasfe. (5) 


m= Kyayf, 
n= Kia;+ Kea, 
p= 8182/(gi+g2), 


(2a) 


and 


If 


Eq. (5) becomes 


df2/dt= p(m—nf2) (6) 
which has the solution 
fo=m/n—De-”*. (7) 


In a previous work? it was assumed that when the 
external load was applied, an immediate elastic de- 
formation occurred and that further elongation of the 
model was caused by movement of the dashpots. The 
force on the spring, before the dashpots had started to 
move, was called fo. Using this notation we have, at 
t=0 and fo= fro 


D=m/n— f2,0=(Kiarf/(Kia:1+-K2a2) ]—fo0 (8) 


by means of which the constant of integration can be 
evaluated. Since dl/dt=(1/g2)(dfo/dt)+Keaef, [Eq. 
(4) ], we obtain, by substitution of the value of fe in 
Eq. (7) 


dl/dt= Kzaxm/n+ D(np/g2— Ke2a2)e-"”*. (9) 
Substitution of the previously assigned values of m, n, 
and p, in Eq. (9) gives 
dl/dt= Kya, K202f/(Ky0:+K2a2) 

+ D{((Kieit K2a2)gi— (git-g2)K 2e2 |/(gi+g2)} 
Xexp[— (Kiai1+ Kea) gigot/(gitge) |. 


JOURNAL OF APPLIED PHYSICS 





sum 
of its 


(1a) 
(1b) 


llows 


(2b) 


unit 


(3) 
(1b) 


(7) 


1 the 
> de- 
f the 
The 
ed to 
e, at 


(8) 
in be 
(Eq. 
f 2 in 





Since, by definition the viscosity 7 is f/dl/dt, it follows that 


1 


1 





At equilibrium, when f= , Eq. (11) reduces to 
n= (Ki0,+Kea2)/KiaK 2a. (12) 


By the use of the equations defining K, a, and v, Eq. (12) 
becomes 


n=L(exp(AF,*/RT))/v1+ (exp(AF2*/RT))/v2). (13) 
In his work on viscosity, Lillie* held a glass at 477.8°C 
for 64 hours before making measurements. From his 


data, the following values for the parameters in Eq. (17) 
have been calculated 


K 101K 202/(K101+K2a2)=8X10-" reciprocal poises, 
(D/f)[(K 101g1— K 2e2g2)/(git-ge) | 
=5.2X10~'* reciprocal poises, 
[(Ksor+K 202) g182/(gitge) | 
= 1.66 10- reciprocal seconds. 


With these empirical values of the parameters, the 
viscosity-time curve which is shown in Fig. 2 was 
plotted. The smooth curve represents calculated values; 
the points represent Lillie’s experimental observations. 


IV. RATE OF STRAIN REMOVAL 


Assume that the springs of the model shown in Fig. 1 
are stressed in some way before they are connected to 
their respective dashpots. No assumptions are made 
regarding the nature of these stresses or the manner of 
their origin. Further, no assumption is made that the 
stress in each spring is the same. These stresses will, 
according to Hooke’s law, satisfy the equations 


fr” - gil” 


fo!’ = gale”. (14b) 
The total rate of elongation of the system will be given 
by the equation: 
dl” /dt= dl,"’/dt+K, sinha; fy’ 
=dl,!"/dt+Ke sinha f.’’. (15) 
Since f= f1’+ fe" =gili’+gole”, Eq. (15) can be 
written 
df” /dt=g,(dl,""/dt)+ go(dlz"’/dt) 
= gi(dl’’/dt) om giKy sinha; fy’ 
+ g2(dl’"/dt)—goK» sinhae fe”. (16) 
If the internal stresses are small, that is, if the glass is 
not badly strained, dl’’/dt will be negligible; it will be 
true also, as a reasonably close approximation, that the 


hyperbolic sine is equal to its argument. With these 
approximations Eq. (16) becomes: 


df” /dt= —gi Kia fi — goK 2022". (17) 


(14a) 
and 
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" Kya:K2a2/(Ky01+ K2a2)+ D/f[(Kiaigi— K2aog2)/(g1+-g2) ] exp[ —(Kiei+ Kes) g1gst/(gi+g2)) 





(11) 

A solution of this differential equation is 
fil’ =(Bi/aye~ Rit, (18a) 
fa!’ = (B2/cxa)e~ 92K 203! (18b) 


where 8; and f: are dimensionless constants of integra- 
tion. Since f’’= f;’’"+ fe’, it follows that 


f= (B1/ay)e791K1e1 ty (Bs/a2)e~ 92K 2e2t, (19) 


If the internal forces are not small, a solution of Eq. (17) 
is 


f= (git ge)l!’+(2/a) tanh Rye~1 1X14 
+(2/a2) tanh Ree~2292K2t4+C (20) 


where R,, R2 and C are constants. Equation (20) will 
reduce to Eq. (19), when /” is approximately zero and 
e~a1Kit and ¢—2202K2t are small. 

The above solutions to Eq. (17) are not general. They 
are, however, valid and sufficient for the present 
purpose; a complete analysis of this problem and its 
applications to annealing will be presented in a subse- 
quent paper. 


V. VISCOSITY-TIME RELATION IN THE PRESENCE 
OF INTERNAL STRAIN 


Assume that strain is present in the specimen when 
viscosity measurements are started. This condition will 
be realized experimentally if measurements are made on 
a freshly drawn fibre, as was done by Lillie* and by Dale 
and Stanworth.‘ 

When internal strain is present, the total stress on 
each unit of the model shown in Fig. 1 is the sum of the 
internal stress on that unit and that part of the external 
load taken by the unit. That is 


hi=fith’ 


fo= fo’ +fe. (21b) 


Since f=f,'+/fe’, and at constant load, df/di=0, it 
follows that 


(21a) 
and 


df,’ /dt= —df.'/dl. (22) 
From Eqs. (1a) and (ib): 
dl/dt=dl,/dt+-K, sinha; /;=dl2/di+ K2 sinhazfo, 


or, as a reasonably close approximation, if the forces are 
small: 


dl/dt= (1/g1)(df:/dt)+ Kia fi= (1/g2)(df2/dt)+Keaefs. 
Since df2/dt=(df"/dt)—(df,/dt), it follows that 
(dfi/dt)(1/gi+ 1/g2)+f1(Ki0it+K2a2) 

= (I/go)(df"’/dt)+-Kroaof"+Keae2f. (23) 
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Fic. 3. Comparison of theory and experiment, log viscosity 
vs. time, for freshly drawn glass at 477.8°C (after Lillie, see 
reference 3). 


It was shown in Eq. (19) that 
f= (Brauer 0144 (By/exg)e-a200R2t, 


Hence 
df” /dt= — angi Ki fi" — ctog2K of” 


from which it follows that 


df,/dt+ figige(K 101+ K202)/(gitg2) 
= Kra2gigef/(gitge)+Leige/(gitge) J 
 (Keaae— (g1/g2)Kice1)(Bi/an)e~X1*, (24) 
If 
m= (Ky0,+ K 2002) g1g2/(gi+g2), 
n= K 2000gig2f/(gitge), 
p= (gig2/(gi+ge) |[K2a2— (g1/g2)K 1a ](81/a), 


Eq. (24) can be written 


df,/dt+-mfi=n-+ pet, (25) 
For which a solution is 
fi=n/m+(p/(m— 0K igs) Jem" *1*+-Ce-™*, (26) 


When /=0, fi=f1,0 and fo= feo, where fi,9 and f> 9 have 
the meanings previously given. By means of these 
boundary conditions it is possible to evaluate the con- 
stant of integration in Eq. (26): 


Keaof 
(Kia1+ Kea) 
(Keaogef—Kiaigi— Kya1g2)a1]. (27) 
Differentiation of Eq. (26) with respect to time gives 
df,/dt= —[parK 1g:/(m— 01K g:) | 
Ke-aKit—_mCe-™*, (28) 


Since dl/dt= +-(1/g:)(dfi/dt)+K.ias fi, (Eq. (5) ], Eq. 
(28) can be written in the form: 


dl/dt= pe-mKit 


*((Kiar— agi K 1/g1)/(m— aK ig:) | 
+e-™*(—mC/gi.+KiaiC)+Kian/m. (29) 


Substitution of the values of m, n, and p, previously 





C= fio —([(g2K 202+ 1K 101)8;/ 
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assigned, in Eq. (29) and simplifying gives 








Kia K2a2f C(K101g:+ K2a2g2) 
dl/di= + 
(Ky0.+ Kea) (gi: +g2) 
— (K 101+ Keee) gigot 
xexr| 
(g it g2) 


A comparison of Eq. (30) with Eq. (10) shows that it 
differs only in the constant C: If the initial strain is zero, 
Bi:=0 and 


C= fi,o— Kra2f/(Kioi+Kea2). 
Since fi,0o= f—f2,0, we can write 
C= Kai f/(K101+ K2a2)— foo 


which is identical with the value of D in Eq. (8). At 
infinite time, Eq. (30) will reduce to Eq. (13). 


n= h(Lexp(AF\*/RT)/v,;+exp(AF ,*/RT)/22 ]}. 


The values of the parameters in Eq. (30) for glasses 
having internal strain have been calculated from the 
data of Lillie* and of Dale and Stanworth.‘ With these 
values which are listed in Table IV, the viscosity-time 
relation of the glasses used have been calculated. The 
results are shown in Figs. 3 to 5 inclusive. The smooth 
curves represent theoretical values; the points are 
observed values. 


VI. RELATION OF VISCOSITY TO COMPOSITION 


An examination of the general viscosity equation 
[Eq. (19) _] shows that it contains four temperature de- 
pendent parameters AF,*, AF2*, v;, and v2. In order to 
correlate viscosity and composition, it was necessary to 
establish the form of the function for each of these 
parameters. This cannot be done in an exact mathe- 
matical manner in the present state of the knowledge of 
glass structure, and it was therefore necessary to rely 
upon purely empirical relations. The relations which 
were finally adopted probably do not have any real 
significance ; the best justification for them is that their 
use permits the calculation of the viscosity of a glass to 
a high degree of accuracy over an extended temperature 
range. 


40 . 
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ee ee 


Time - Minutes 
Fic. 4. Comparison of theory and experiment, log viscosity 


vs. time, for freshly drawn glass at 505.5°C (after Lillie, see 
reference 3). 
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It was first assumed that the free energies of activa- 

tion were defined by the equations: 

AF;*= AH;*— TAS;*, 

AF,*= AH:*¥— TAS;* 
and that AH,* and AH.* were independent of the 
temperature. In other words, it was assumed that the 
free energies of activation were linear functions of 
temperature and that the changes in them with temper- 
ature could be considered entropy changes. 

A satisfactory form of the function for 7, and v2 was 
more difficult, but repeated trials finally led to the 
definitions: 

1=), exp(—diT+m,T”), 

v2= be exp(—d2T+ msT?) 
where ;, b2 di, d2, mi, and mz are constants. However, it 
was found that unless the temperature T was very high 
the J? terms can be neglected. It was found that m, was 
of the order of magnitude of —2X10-°. 

Substitution of the above empirical functions in the 
viscosity equation, neglecting the terms in T°, gives 
n=hLexp(4H,*/RT—AS,*/R+d,T—Inb;) 

+exp(AH2*/RT—AS,*/R+d2T —I\nb:) | 
from which it follows, after factoring out (expAF,*/RT)/ 
11, that 


logn= (AH,;*—AS;*T)/2.3RT+4,T/2.3+logh/b; 
+log{1+exp[(AH.*—AH,* 
+(AS;*—AS2*)T)/RT+ (d2—d,)T+1nb,/b2]}. (31) 
If 
M=exp{[AH.*—AH,*+ (AS\*—AS,.*)T ]/RT 
+ (d.—d,)T+1nb;/b2} 
the viscosity equation can be written: 
logn=logh+AH,*/2.3RT — (AS,*/2.3R+logb;) 
+4,T/2.3+log(M+1) (32) 
where M has the meaning given above. 
At temperatures where AF;* is much greater than 


AF,*, M becomes negligible and the viscosity equation 
reduces to 


logn=logh+ AH,*/2.3RT 
oie (AS,*/2.3R+logb:)+d,T/2.3. (33) 


TABLE I. Values of parameters in viscosity-time equation. 








KiaiKra2 C(Kiaigi —K202g2) (Kiai — K2e2) 2122 
Temper- - 








Class ature Kia1+Kaa2z t(gi +22) git+ee 
designation = poises™! poises™! minutes™! 
H. R. Lillie 447.8 1.26 X107™ 3.10 X107"4 2.41 X10 

505.5 3.80 X10716 31.4 X10716 3.27 X107% 


Dale and Cs 595 5.623 X10 =193.9 XK10713 2 
Stanworth Cy» 610 1.995 K10718 54.2 10718 2. 
Cw 550 3.122 X10" 398.1 X1074 9.60 X1073 
Cao 585 3.162 X107% =174.6 X10" 1.2 
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Fic. 5. Comparison of theory and experiment, log viscosity vs. 
time, for glass at different temperatures (after Dale and Stanworth, 
see reference 4). A temperature 505°C, Glass No. C 40; (] temper- 
ature 550°C, Glass No. C 40; O temperature 595°C, Glass No. C9. 


This is the form of the equation which should be used 
when a calculation of parameters shows that AF;* is 
much greater than AF,*. With ordinary commercial 
glasses, this condition will hold when the temperature 
is in excess of approximately 1000°C. 

An examination of the reduced viscosity equation, 
Eq. (33), reveals that it contains two constants, 5; and 
AS;*, which are not separable. While a separation is 
desirable from the standpoint of an elucidation of the 
structure of glass, it is fortunately unnecessary if 
viscosities only are to be calculated. The same condition 
applies to the constants 62. and AS;* in the general 
equation [Eq. (31) ]. It is probable that this difficulty 
will arise, regardless of the manner in which the general 
viscosity equation [Eq. (19) ] is expanded. For example, 
another expansion of that equation can be made in this 
manner: 


n=h{(exp(AF,*/RT)/v;)+(exp(AF2*/RT)/v2) | 
which can be written 
n=e%+e> 
which is equivalent to 
n= 2e'e7+>v)/2 cosh[ (ax—by)/2 ]. 
We can then write 


n= 2(h/byb2)! exp3[ (AF i*+AF,*)/RT+d4,T+4,T | 
Xcosh}[ (AF ,*+ AF2*)/RT+1nb,/b2+diT—deT | 


from which it can readily be seen that the same combi- 
nations of constants will appear. 

The final assumption necessary to relate composition 
to viscosity is concerned with the manner in which each 
constituent oxide of the glass contributes to the value of 
each of the four parameters in the viscosity equation. It 
was found that the contribution of each oxide to the 
parameters with subscript 1 in Eqs. (31) and (33) was 
linearly proportional to the mole fraction of that oxide 
present. This is also true of the parameters with sub- 
script 2 when alumina is not present. When it is present, 
it is necessary to assume that a compound with the 
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TABLE II. Composition of glasses used for the calculation of viscosity. 

















a Composition mole percent 
Owen-Illinois SiO: AlszOz Fe20;3 B20; Na:O K:0 CaO MgO SrO SO; Bad 
a 

No. 17-1 0.7738 0.0018 0.1750 0.0478 0.0016 
17-2 0.7499 0.0006 0.1747 0.0731 0.0016 
17-3 0.7187 0.0013 0.1809 0.0975 0.0016 
17-4 0.7775 0.0123 0.1725 0.0362 0.0015 
17-5 0.7465 0.0125 0.1775 0.0620 0.0016 
17-6 0.7197 0.0133 0.1805 0.0849 0.0016 
17-7 0.7773 0.0244 0.1727 0.0240 0.0016 
17-8 0.7478 0.0249 0.1765 0.0491 0.0016 
17-9 0.7205 0.0254 0.1795 0.0230 0.0016 
15.5-1 0.7918 0.0013 0.1564 0.0490 0.0016 
15.5-2 0.7614 0.0006 0.1623 0.0749 0.0008 
15.5-3 0.7328 0.0006 0.1650 0.0999 0.0016 
15.5-4 0.7902 0.0124 0.1592 0.0367 0.0016 
15.5-5 0.7648 0.0131 0.1592 0.0621 0.0015 
15.5-6 0.7339 0.0127 0.1642 0.0876 0.0016 
15.5-7 0.7700 0.0253 0.1574 0.0372 0.0010 
15.5-8 0.7497 0.0258 0.1606 0.0629 0.0010 
15.5-9 0.7205 0.0263 0.1634 0.0887 0.0010 
14-1 
14-2 0.7793 0.0018 0.1458 0.0741 0.0010 
14-3 0.7497 0.0013 0.1474 0.1000 0.0016 
14-4 0.8092 0.0129 0.1402 0.0368 0.0008 
14-5 
14-6 0.7512 0.0127 0.1475 0.0869 0.0016 
14-7 0.7926 0.0247 0.1446 0.0372 0.0008 
14-8 0.7637 0.0258 0.1470 0.0619 0.0016 
14-9 0.7352 0.0261 0.1490 0.0872 0.0025 
10-B-0 0.7227 0.0006 0.1507 0.0643 0.0616 
10-B-1S 0.7149 0.0017 0.0093 0.1517 0.0622 0.0602 
10-B-3S 0.6866 0.0006 0.0265 0.1567 0.0647 0.0640 
10-B-5S 0.6808 0.0012 0.0428 0.1519 0.0627 0.0606 
10-B-1D 0.7293 0.0006 0.0086 0.1534 0.0551 0.0531 
10-B-3D 0.7367 0.0006 0.0232 0.1526 0.0438 0.0431 
10-B-5D 0.7405 0.0006 0.0425 0.1538 0.0312 0.0314 
10-B-1N 0.7248 0.0012 0.0076 0.1418 0.0631 0.0615 
10-B-3N 0.7317 0.0012 0.0230 0.1204 0.0634 0.0604 
10-B-5N 0.7305 0.0012 0.0401 0.1026 0.0636 0.0620 
12-B-0 0.7210 0.0012 0.0000 0.1319 0.0745 0.0715 
12-B-1S 0.7113 0.0012 0.0093 0.1331 0.0735 0.0716 
12-B-3S 0.6950 0.0012 0.0254 0.1322 0.0746 0.0716 
12-B-5S 0.6815 0.0006 0.0399 0.1305 0.0758 0.0718 
12-B-1D 0.7243 0.0012 0.0093 0.1322 0.0673 0.0658 
12-B-3D 0.7279 0.0012 0.0248 0.1343 0.0573 0.0546 
12-B-5D 0.7351 0.0012 0.0422 0.1345 0.0439 0.0431 
12-B-1N 0.7228 0.0012 0.0084 0.1221 0.0743 0.0713 
12-B-3N 0.7273 0.0012 0.0237 0.1027 0.0736 0.0716 
12-B-5N 0.7304 0.0012 0.0399 0.0830 0.0738 0.0718 
10-0 0.7227 0.0006 0.1507 0.0643 0.0616 
10-15 0.7200 0.0012 0.0038 0.1518 0.0643 0.0606 
10-3S 0.7095 0.0012 0.0110 0.1536 0.0634 0.0613 
10-5S 0.6961 0.0012 0.0187 0.1563 0.0641 0.0635 
10-1D 0.7309 0.0012 0.0038 0.1530 0.0564 0.0548 
10-3D 0.7439 0.0012 0.0111 0.1557 0.0444 0.0437 
10-5D 0.7572 0.0012 0.0190 0.1585 0.0319 0.0322 
10-1N 0.7280 0.0012 0.0038 0.1429 0.0637 0.0605 
10-3. 0.7356 0.0012 0.0113 0.1260 0.0632 0.0626 
10-5 0.7456 0.0012 0.0183 0.1089 0.0640 0.0619 
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TaBLeE II.—Continued. 
=— 
aun " : - Composition mole percent 
BaO Owen-Illinois SiOz AlOs Fe203 B203 Na:O K:0 CaO MgO * SrO SO; BaO 
No. 12-0 0.7210 0.0012 0.1319 0.0745 0.0715 
12-15 0.7163 0.0012 0.0037 0.1329 0.0740 0.0720 
12-3S 0.7038 0.0012 0.0109 0.1354 0.0759 0.0729 
12-5S 0.6915 0.0012 0.0190 0.1367 0.0766 0.0751 
12-1D 0.7261 0.0012 0.0037 0.1330 0.0698 0.0662 
12-3D 0.7389 0.0012 0.0113 0.1352 0.0581 0.0553 
12-5D 0.7512 0.0012 0.0192 0.1384 0.0459 0.0441 
12-1N 0.7163 0.0012 0.0037 0.1322 0.0741 0.0726 
12-3N 0.7312 0.0012 0.0112 0.1059 0.0766 0.0740 
12-5N 0.7409 0.0012 0.0189 0.0877 0.0764 0.0749 
Ba-0 0.7199 0.0012 0.1317 0.0744 0.0714 0.0015 0.0000 
Ba-1S 0.7153 0.0012 0.1306 0.0759 0.0718 0.0015 0.0038 
Ba-3S 0.7034 0.0012 0.1340 0.0756 0.0726 0.0015 0.0117 
Ba-5S 0.6960 0.0006 0.1347 0.0755 0.0720 0.0015 0.0197 
Ba-1D 0.7266 0.0006 0.1328 0.0686 0.0661 0.0015 0.0039 
Ba-3D 0.7403 0.0012 0.1343 0.0570 0.0539 0.0015 0.0118 
Ba-5D 0.7499 0.0012 0.1374 0.0459 0.0441 0.0015 0.0200 
Ba-1N 0.7227 0.0012 0.1221 0.0749 0.0733 0.0015 0.0043 
Ba-3N 0.7306 0.0012 0.1069 0.0756 0.0725 0.0015 0.0117 
Ba-5N 0.7389 0.0012 0.0867 0.0775 0.0749 0.0015 0.0193 
J. P. Poole 
1 0.7523 0.2477 
2 0.7601 0.1993 0.0405 
3 0.7594 0.1446 0.0960 
4 0.7568 0.0929 0.1503 
5 0.7074 0.2407 0.0519 
6 0.6629 0.2344 0.1028 
7 0.6135 0.2343 0.1522 
8 0.6979 0.2073 0.0948 
9 0.6514 0.1989 0.1496 
10 0.6126 0.1905 0.1969 
11 0.7356 0.2002 0.0462 
12 0.7724 0.1417 0.0860 
13 0.7720 0.1024 0.1255 
14 0.6969 0.2551 0.0483 
15 0.6747 0.2394 0.0859 
16 0.6035 0.2593 0.1372 
17 0.6962 0.2168 0.0870 
18 0.6481 0.2238 0.1281 
19 0.6223 0.2116 0.1661 
20 0.7455 0.0309 0.2236 
21 0.7385 0.0605 0.2010 
22 0.7214 0.0334 0.2452 
23 0.6833 0.0632 0.2535 
24 0.7352 0.0262 0.1361 0.1025 
25 0.7265 0.0559 0.1063 0.1112 
26 0.7374 0.0351 0.1507 0.0769 
27 0.7346 0.0648 0.1503 0.0503 
28 0.7122 0.0369 0.1482 0.1027 
30 0.7095 0.0377 0.2009 0.0519 
31 0.6572 0.0350 0.1996 0.1081 
32 0.6117 0.0351 0.2492 0.1040 
33 0.7572 0.0345 0.1522 0.0561 
34 0.6566 0.0364 0.1517 0.1553 
35 0.7500 0.1528 0.0521 0.0450 
36 0.6488 0.2533 0.0523 0.0458 
37 0.6640 0.0652 0.1555 0.1053 
38 0.7149 0.0207 0.1556 0.1088 
39 0.6699 0.2352 0.0950 
+40 0.6346 0.2161 0.1493 
41 0.5988 0.2056 0.1956 
42 0.6771 0.2222 0.1006 
43 0.6684 ; 0.1794 0.1521 
44 0.6027 0.2053 0.1920 
45 0.7577 0.1233 0.1190 
46 0.7683 0.2317 
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TABLE III. Comparison of observed and calculated viscosities. 

















Glass No. 

Owen- Temp. Temp. Temp. 

Illinois °K obs. — obs. °K obs. calc. 
17-1 1727 2.000 1141 5.000 935 7.650 7.712 
17-2 1683 2.000 1116 5.000 927 7.650 7.796 
17-3 1605 2.000 1097 5.000 922 7.650 7.751 
17-4 1822 2.000 1144 5.000 945 7.650 7.769 
17-5 1700 2.000 1133 5.000 941 7.650 7.628 
17-6 1655 2.000 1122 5.000 937 7.650 7713 
17-7 1833 2.000 1186 5.000 960 7.650 7.768 
17-8 1752 2.000 1147 5.000 951 7.650 7.850 
17-9 1689 2.000 1127 5.000 944 7.650 7.910 
15-1 1797 2.000 1161 5.000 950 7.650 7.810 
15-2 1700 2.000 1130 5.000 940 7.650 7.670 
15-3 1650 2.000 1119 5.000 936 7.650 7.650 
15-4 1850 2.000 1169 5.000 957 7.650 7.700 
15-5 1761 2.000 1152 5.000 951 7.650 7.835 
15-6 1661 2.000 1133 5.000 947 7.650 7.712 
15-7 1900 2.000 1243 5.000 966 7.65 7.908 
15-8 1777 2.000 1169 5.000 962 7.65 7.808 
15-9 1689 2.000 1152 5.000 957 7.65 7.526 
14-2 1761 2.000 1158 5.000 957 7.65 7.533 
14-3 1683 2.000 1143 5.000 954 7.65 7.491 
14-4 1858 2.000 1211 5.000 976 7.65 7.593 
14-6 1745 2.000 1158 5.000 963 7.65 7.663 
14-7 1939 2.000 1211 5.000 986 7.65 7.629 
14-8 1827 2.000 1191 5.000 981 7.65 7.731 
14-9 1755 2.000 1169 5.000 975 7.65 7.688 
10-0 1747 2.000 1163 5.000 978 7.65 7.704 
10-1S 1744 2.000 1155 5.000 975 7.65 7.696 
10-3S 1700 2.000 1147 5.000 966 7.65 7.812 
10-5S 1666 2.000 1139 5.000 961 7.65 7.804 
10-1D 1750 2.000 1161 5.000 975 7.65 7.645 
10-3D 1750 2.000 1161 5.000 964 7.65 7.734 
10-5D 1783 2.000 1158 5.000 955 7.65 7.697 
10-1N 1755 2.000 1172 5.000 983 7.65 7.666 
10-3N 1777 2.000 1202 5.000 1000 7 65 7.495 
10-5N 1852 2.000 1216 5.000 1014 7. 65 7.400 
12-0 1736 2.000 1194 5.000 1000 7.65 7.594 
12-1S 1756 2.000 1183 5.000 994 7.65 7.678 
12-3S 1705 2.000 1172 5.000 989 7.65 7.642 
12-5S 1689 2.000 1164 5.000 983 7.65 7.734 
12-1D 1755 2.000 1189 5.000 994 7.65 7.735 
12-3D 1777 2.000 1189 5.000 986 7.65 7.606 
12-5D 1794 2.000 1183 5.000 977 7.65 7.576 
12-1N 1772 2.000 1191 5.000 1008 7.65 7.384 
12-3N 1794 2.000 1222 5.000 1027 7.65 7.557 
12-5N 1855 2.000 1244 5.000 1047 7.65 7.167 
10-B-0 1747 2.000 1164 5.000 978 7.65 7.705 
10-B-1S 1686 2.000 1152 5.000 974 7.65 7.742 
10-B-3S 1636 2.000 1141 5.000 968 7.65 7.735 
10-B-5S 1594 2.000 1116 5.000 963 7.65 7.970 
10-B-1D 1722 2.000 1164 5.000 978 7.65 7.554 
10-B-3D 1683 2.000 1144 5.000 973 7.65 7.563 
10-B-5D 1666 2.000 1136 5.000 974 7.65 7.338 
10-B-1N 1741 2.000 1169 5.000 981 7.65 7.751 
10-B-3N 1739 2.000 1186 5.000 1002 7.65 7.585 
10-B-5N 1755 2.000 1200 5.000 1014 7.65 7.567 
12-B-0 1736 2.000 1194 5.000 1000 7.65 7.593 
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TaBLe III.—Continued. 











Glass No. lo 
tan T 7 [a] T ’ log ’ lo 
franola Kk. obs. calc. K. obs. : calc, me obs. " calc. 
12-B-1S 1708 2.000 1.952 1177 5.000 5.989 994 7.65 7.593 
12-B-3S 1666 2.000 2.092 1147 5.000 5.197 983 7.65 7.942 
12-B-5S 1622 2.000 2.136 1133 5.000 5.168 979 7.65 8.057 
12-B-1D 1750 2.000 2.001 1183 5.000 5.020 996 7.65 7.586 
12-B-3D 1730 2.000 1.948 1161 5.000 4.999 991 7.65 7.540 
12-B-5D 1716 2.000 1.839 1152 5.000 4.802 990 7.65 7.409 
12-B-1N 1752 2.000 2.047 1186 5.000 5.678 1003 7.65 7.649 
12-B-3N 1786 2.000 1.926 1180 5.000 4.969 1019 7.65 7.565 
Ba-0 1737 2.000 2.110 1195 5.000 5.038 1001 7.65 1535 
Ba-1S 1738 2.000 2.077 1195 5.000 5.113 991 7.65 7.753 
Ba-3S 1688 2.000 2.158 1168 5.000 5.180 985 7.65 7.757 
Ba-5S 1698 2.000 2.067 1154 5.000 5.254 977 7.65 7.842 
Ba-1D 1746 2.000 2.080 1188 5.000 5.069 994 7.65 7.580 
Ba-3D 1753 2.000 2.000 1192 5.000 4.915 991 7.65 7.459 
Ba-SD 1756 2.000 1.952 1183 5.000 4.895 975 7.65 7.612 
Ba-1N 1739 2.000 2.119 1202 5.000 4.995 1008 7.65 7.491 
Ba-3N 1770 2.000 2.064 1212 5.000 4.941 1018 7.65 7.436 
Ba-5N 1842 2.000 1.928 1245 5.000 4.737 1050 7.65 7.009 
J. P. Poole 
1 824 9.808 9.537 761 12.075 12.038 
2 850 10.077 10.107 783 12.578 12.790 
3 890 10.050 10.349 823 13.013 12.962 
4 948 10.124 9.857 851 13.798 13.494 
5 851 9.477 9.601 779 12.160 12.446 
6 845 9.820 9.936 782 12.788 12.490 
7 826 10.816 11.079 784 12.979 12.857 
8 848 10.354 11.014 784 13.357 13.040 
9 889 9.198 9.530 821 12.321 12.194 
10 889 9.417 10.069 822 12.753 12.727 
11 855 9.414 9.705 767 12.262 13.163 
16 855 10.659 11.227 767 13.910 14.797 
13 948 10.483 9.273 855 13.423 12.276 
14 805 10.183 10.177 754 12.151 12.258 
15 805 10.135 10.642 743 12.300 12.712 
16 806 10.211 10.300 753 12.441 12.339 
17 834 9.673 10.153 752 12.934 13.421 
18 854 9.462 9.414 766 13.014 12.667 
19 854 10.040 9.818 774 13.396 12.715 
20 853 9.768 9.959 768 12.879 13.320 
21 874 10.267 10.922 792 13.193 14.048 
22 853 9.565 9.458 765 12.822 12.889 
23 852 10.263 10.240 764 13.676 13.662 
24 953 9.645 9.435 854 13.218 12.934 
26 916 9.929 10.461 833 12.852 13.534 
28 915 10.052 10.830 853 12.421 13.106 
30 876 9.865 10.433 804 12.587 13.191 
31 875 10.302 10.877 827 12.278 12.716 
32 849 10.234 10.597 791 12.969 12.906 
33 915 9.788 10.277 822 12.917 13.732 
34 951 9.303 9.910 847 13.456 13.702 
35 873 10.152 10.592 800 12.672 13.925 
36 824 10.104 9.956 790 11.520 11.272 
38 916 9.719 10.017 832 12.989 13.161 
39 829 9.860 9.760 749 13.434 13.281 
40 829 10.026 10.271 766 13.060 13.116 
41 829 10.139 10.576 766 13.409 13.523 
42 795 10.148 10.329 717 13.960 14.108 
43 795 10.078 10.940 712 14.230 15.233 
44 794 9.954 10.127 714 13.952 14.047 
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Taste IV. Factors for calculation of parameters from chemical composition. 











AS: AS: 
—— +logh: —— +logbz 
Constituent AH: 2.3R 4:/2.3 AH: 2.3R d3/2.3 
SiO, 77,000 — 13.0 0.00395 164,000 7.26 0.00714 
Al.O; 76,000 —30.0 0.00255 —_ _ Ri: 
Fe.0; 800,000 207.0 0.00780 10,000 30.00 0.05400 
B20; 25,000 ~11.0 0.00300 150,000 ~17.70 ~0.01500 
3Na20.Al,O; —_ — — 40,000 35.50 0.04200 

CaO 37,000 —34.0 — 0.00640 140,000 — 29.10 —0.01909 
MgO 37,000 — 34.0 0.00640 80,000 — 24.00 —0.00100 
BaO 10,000 — 30.0 —0.00600 136,000 1.00 —0,00400 
srO 36,000 —23.4 —0.00194 140,000 — 29.20 —0.028009 
Na2,O 30,000 — 26.0 — 0.00400 34,000 —8.72 —0.00090 
SO; 25,000 — 20.0 0.00160 -—— — pes 








formula 3Na2,0- Al,O; is formed in order to evaluate the 
parameters with subscript 2, and to recalculate mole 
fractions after making adjustment in composition which 
this assumption requires. The proportionality constants 
for the oxides are listed in Table IV. The product of this 
constant and the mole fraction of the corresponding 
oxide present will give the contribution of each oxide to 
each parameter. 

The viscosities of a large number of glasses have been 
calculated by means of the above equations. The results 
of these calculations, together with the compositions of 
the glasses, expressed as mole percent, are shown in 
Tables II and ITI. 


VII. DISCUSSION OF RESULTS 


The agreement between observed and calculated 
logarithms of viscosity (Table ITI) is, in general, good. 
There are several possible reasons for the deviations 
which occur. An error of 0.1 percent in the chemical 
analysis for silica will introduce an error of almost three 
percent in the calculated logarithm of viscosity. It is 
unfortunate that this condition exists but it is probably 
impossible to obtain a viscosity-temperature equation 
which does not contain several terms, dependent upon 
temperature, that combine in such a way that analysis 
errors are greatly magnified. This condition, therefore, 
points to the need for extreme care in analysis if 
viscosities are to be calculated and indicates that 
analyses cannot be calculated from batch weights, as is 
so frequently done, if accuracy in predicting viscosities 
is desired. 

There are other possible sources of error: it may be 
that the forms of the temperature dependent functions 
of the parameters in the viscosity equation are not 
correct. As has been pointed out, these forms are purely 
empirical and were used only because they yielded 
reasonable results. Further, only in the case of soda and 
alumina was any assumption made regarding the forma- 
tion of compounds; other compounds may exist which 
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exert an influence on the values of the parameters. It 
cannot be emphasized too strongly that the factors for 
the oxides, herein presented, are tentative values, based 
on the best available data on viscosity, but subject to 
change when better data become available or our 
knowledge of glass structure increases. A third possible 
source of error is the tacit assumption that no phase 
changes occur in the temperature ranges considered. If 
such changes do occur, it will be necessary to apply 
corrections to the entropy terms. It is also possible that 
a separation of the entropy and volume terms, AS and b, 
might allow a better calculation of viscosity values. 
It should also be pointed out that by reason of the 
form of the model used to derive the various equations, a 
one-to-one ratio of units designated by the subscript 1 
and the subscript 2, appears to exist. It is unlikely that 
this is so. The determination of the correct ratio, how- 
ever, involves the derivation of the viscosity-time- 
temperature equations on a purely statistical basis. 
When work on such a derivation can be completed, it 
may serve to explain the discrepancies between the 
values of AF,*, found in this paper and the values found 
from breaking strength data and by other methods. 
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Circuit Analysis of Linear Varying-Parameter Networks 


Lotri A. ZADEH 
Columbia University, New York, New York 
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This paper describes a theory of linear varying-parameter networks which is essentially a generalization of 
the familiar frequency domain theory of fixed linear networks. Such basic concepts as impedance, admittance, 
gain, etc., are extended to linear varying-parameter networks and their important properties are outlined. 
Extensions are given also of the general mesh and node equations, Thevenin’s theorem, dualization, and some 
other relations that hold in the case of fixed networks. On the whole it is shown that many theorems, prop- 
erties, and relations that hold in the case of fixed networks may be extended with proper modifications to 


linear varying-parameter networks. 





I. INTRODUCTION 


LINEAR varying-parameter network is essen- 

tially a linear system in which one or more 
parameter-values are functions of time. Familiar ex- 
amples of such networks are the various types of 
amplitude and phase modulators, variable bandwidth 
amplifiers, variable delay networks, etc. One may also 
add to this list the ordinary fixed linear networks, for 
these are simply a degenerate form of linear varying- 
parameter networks. 

In mathematical terms, the behavior of a linear 
varying-parameter network is governed by a system of 
linear differential equations with time-dependent coeffi- 
cients. These equations interrelate the voltages and 
currents in various parts of the network. A typical rela- 
tion of this kind involving only two variables u(t) and 
o(!), each representing a voltage or a current, may be 
written in the following form: 


[an(t)p"+---+ai(t)pt+ao(t) jo(?) 
=[bn(t)p™+---+bi(t)p+bo(t) ju(t), (1) 


where p=d/dt and the a’s and 6’s are known functions 
of time. The variable on the right, u(#), is usually re- 
ferred to as the input while the variable on the left, v(¢), 
is referred to as the output or the response to u(t). The 
standard problem in connection with Eq. (1) is to find 
the response 2(/) to a given input (/) on the assumption 
that the network is unexcited prior to application of u(2). 
The latter condition means, more precisely, that if u(¢) 
is zero for, say, !<0, then v(¢) must also be zero for <0. 

Most of the papers!’ having direct or indirect bearing 
on the subject of linear varying-parameter networks are 
concerned with various methods and techniques for 
obtaining approximate solutions to the problem stated 


1J. R. Carson, Phys. Rev. 17, 116 (1921). 

2K. Dahr, Die operatorenrechnung und ihre weiterentwicklung 
nebst anwendungen auf systeme variabler parameter (Pettersons 
Bokindustri, Stockholm, 1938). 

+L. A. Pipes, Phil. Mag. 25, 585 (1938). 

*C. Blanc, “Sur les equations differentielles lineaires a coeffi- 
oan lentement variables,” Bull. Tech. Suisse Romande 74, 185 

). 

P O48) C. Gray and S. A. Scheikunoff, Bell Sys. Tech. J. 27, 350 

®L. A. Zadeh, Proc. I.R.E. 38, 291 (1950). 

™L. A. Zadeh, J. App. Phys. 21, 642 (1950). 
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above. In the present paper, however, a different aspect 
of the theory of linear varying-parameter networks will 
be considered. Specifically, the purpose is to extend to 
such networks the concepts, principles, procedures and, 
more generally, the techniques commonly used in the 
circuit analysis of fixed linear networks in the frequency 
domain. The basis for such an extension has been 
established in reference 6. Thus, by using the frequency 
analysis approach described in reference 6 it is possible 
to introduce into the theory of linear varying-parameter 
networks such familiar and useful notions as impedance, 
admittance, gain, phase, poles, zeros, etc.—all of these 
becoming time-varying quantities. It is also possible to 
extend to linear varying-parameter networks such well- 
known theorems as the superposition theorem, compen- 
sation theorem, Thevenin’s theorem, etc., with practi- 
cally no modifications. In addition it is possible to 
extend to linear varying-parameter networks the familiar 
and powerful techniques of dualization, impedance and 
frequency transformation,® spectrum analysis,? network 
expansion, vector representation in the complex plane, 
pole and zero analysis, etc. 

The above list is by no means exhaustive, but is 
sufficient to indicate that many if not most of the con- 
cepts and techniques used in the circuit analysis of fixed 
networks may be extended to linear varying-parameter 
networks. Our objective in this paper is limited to that 
of extending only the more basic of such concepts and 
techniques. It appears that the exploration of the be- 
havior and properties of linear varying-parameter 
networks from the frequency domain point of view offers 
a fruitful field for further study and investigations. 


Il. GENERAL THEORY 


In order to simplify the terminology, the term 
“variable network” will frequently be used hereinafter 
in the same sense as “linear varying-parameter net- 
work.” 

As a preliminary to the extension of the basic fre- 
quency domain concepts such as impedance, admittance, 
etc., to linear varying-parameter networks, it will be 
necessary to introduce the notion of the so-called system 


§L. A. Zadeh, Proc. I.R.E. 38, 1339 (1950). 
*L. A. Zadeh, Proc. I.R.E. 38, 1342 (1950). 
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function of a variable network. Briefly, the system 
function of a variable network WN is defined by the 
relation 


; v(t) 
H (jw; t)=— ; (2) 
U(t) Ju(thmedeot 


In other words, the system function of N is a function 
H(jw; t) such that H(jw; t)e**' represents the response 
of N to u(t)=e’**. It is evident that for a fixed network 
H(jw; t) reduces to H(jw) and the above definition of 
H(jw;t) reduces to the conventional definition of the 
system function of a fixed network. 

The salient characteristic of the system function is 
that H(jw;?) connects the output and input of a vari- 
able network in much the same manner as H(jw) con- 
nects the output and input of a fixed network. Specific- 
ally, it may readily be shown that the output v(t) of a 
variable network is given by the following relation: 


1 ss . . . 
u=— f H (jw; t)U(jw)e* ‘dw, (3) 


T Vw 


where U(jw) is the Fourier transform of u(t). It is seen 
that Eq. (3) is similar in form to the relation connecting 
the output and input of a fixed network: 


1 we 
o(t)=— f H(jw)U (jw)e** de. (4) 


2a J» 


In view of this similarity and also of the fact that in 
Eq. (3) the variable ¢ in H(jw;?) plays the role of a 
parameter, it follows that the output of a variable 
network may be expressed in the same forms as the 
output of a fixed network. The more important of these 
forms are as follows: 


(a) Fourier Transform Form 


The Fourier transform equivalent of Eq. (3) is: 
v(t) =F { Hj; t)U(jw)}, (5) 


where $—! represents the operation of inverse Fourier 
transformation, and the variable ¢ in H(jw; ¢) should be 
treated as if it were a constant parameter. It should be 
noted that while v(/) is the inverse Fourier transform of 
H(jw; t)U(jw), the latter quantity is not the Fourier 
transform of v(/). In fact, it may readily be shown® that 
the Fourier transform of v(¢) is given by the relation 


V (jw) = f '(jo’; jo) U(ju!’)de’, 6) 


where the so-called bi-frequency system function T'(jw’ ; jw) 
is the Fourier transform of H(jw’; t)e**’'. 


1° The properties of this function are discussed in detail in 
reference 6. 
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(b) Laplace Transform Form 
The Laplace transform equivalent of Eq. (3) is 
v(t) = £-"{ H(s; t)U(s)} (7) 


where s is the complex frequency (s=o¢+jw), U(s) is the 
Laplace transform of u(#), £-' represents the operation 
of inverse Laplace transformation, and the variable ¢ jn 
H(s; t) should be treated as a constant parameter. For 
example, assume that the input is a unit impulse func. 
tion (Dirac’s 6-function) 6(¢), i.e., 


u(t) =4(t), (8) 
and that H(s; 2) is of the form 
H(s; t)=1/[s+a(d)], (9) 


where a(t) is a given function of time. Since the Laplace 
transform of 6(¢) is unity, it follows from Eq. (7) that 


v(t) = £-"{1/[s+a(2) ]} (10) 
and hence 
v(t) =e, (11) 
which thus represents the response of the network toa 
unit impulse applied at /=0. 
(c) Operational Form 
The operational equivalent of Eq. (3) is: 


v(t) = H(p; t)u(t), (12) 


where is the usual differential operator. As in (a) and 
(b), in the process of operating by H(p; ¢) on u(t), the 
variable ¢ in H(p;?¢) should be treated as if it were a 
constant parameter. 


From the above discussion it is seen that the system 
function of a variable network, particularly in its. 


operational form, provides a very convenient means for 
describing the behavior of the network. Thus through 
use of the notion of the system function the behavior 
of a given variable network becomes identified with that 
of a linear time-dependent operator H(p;?) which 
operates on the input to the network, u(¢), in accordance 
with the standard rules of operational calculus and thus 
yields the output 2x(/). A significant advantage of the 
system function over other means for describing the 
behavior of a variable network is that once H (jw; ¢) has 
been obtained, the response to a given input may be 
determined in most cases by using only a table of 
Laplace or Fourier transforms. 

The problem of the determination of the system func- 
tion of a variable network may be approached in several 
different ways. The most straightforward approach is to 
start with Eq. (1), which represents the relation between 
the output and input of the network. For convenience 
of the discussion, this relation will be rewritten in a 
compact form 


L(p; t)o(t)= K(p; t)u(d), (13) 
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where L(p; ¢) and K(p; ¢) stand respectively for the left- 
hand and right-hand operators in Eq. (1). Applying this 
relation to the case where u(t)=e’*', and making use of 
the fact that for this case the output is equal to 
(jw; t)e***, Eq. (13) gives, 


L(p; t){ H Gu; tei*!} = K(p; tet". (14) 
By use of the identities 
K(p; te" eK Gus; 1) (15) 


and 
L(p; ){HGw; He} =e'L(p+ jw; )HGw;t), (16) 
Eq. (14) reduces to the following relation: 
L(p+ jo; t)H Gu; t)= K (jw; t). (17) 


This relation is in effect a linear differential equation in 
which ¢ is the independent variable, jw is a fixed 
parameter, K (jw; ) is the forcing function, and H (jw; ¢) 
is the dependent variable. The problem of solving this 
equation for H(jw;t) is considered in reference 6. 
Insofar as the purposes of the present analysis are con- 
cerned, it will be sufficient to assume that Eq. (17) can 
be solved for H(jw;?) and thus yield an explicit ex- 
pression for the system function of the network. 

An indirect and frequently more convenient approach 
to the problem is provided by the techniques described 
in the present paper. In principle, the approach consists 
in expressing the system function of a given network in 
terms of the system functions of its constituent elements. 
This process is quite similar in form to the conventional 
circuit analysis of fixed networks and for this reason will 
be referred to by the same name. It should be empha- 
sized, however, that the primary objective of this paper 
is not that of developing a method of obtaining an 
explicit expression for the system function of a variable 
network; rather, it is that of extending the conventional 
circuit analysis techniques to variable networks and, in 
particular, of establishing rules of combining the system 
functions of various basic combinations of networks. 

An important rule of combination of system functions 
—one which will be found very useful later—concerns 
the manner in which successive operations by two or 
more system functions on a given input may be replaced 
by a single operation with a so-called product system 
function on the same input. 

Consider two system functions H;(s;?) and H2(s; ¢) 
and let 


v(t) = Hi(9; t)u(?) 
w(t) = H2(p; t)v(t). (19) 


These two relations may be combined into the one 
relation 


(18) 
and 


w(t)= H2(p; t)LAi(p; t)u()], (20) 


which means that w(t) is the result of successive opera- 
tion by H,(p; ¢) and H2(p; #) on u(Z). 


VOLUME 21, NOVEMBER, 1950 


Now let it be assumed that Eq. (20) may be replaced 
by 
w(t)=H3(p; t)u(t) (21) 


where H;(p;?) is an as yet unknown system function 
such that the result of operation by H;(p;¢) on u(t) is 
identical with the result of successive operation by 
H,(p; t) and H2(p; t) on u(t). H3(p; t) will be referred to 
as the product system function of H,(p;t) and H,(p; t). 

To obtain the expression for H;(s;¢) in terms of 
H(s; t) and H2(s; t), let u(t) =e* in Eq. (20). Then from 
Eq. (20) the corresponding w(t?) is found to be 


w(t)= H2(p; t)LAi(s; the**] (22) 
or, equivalently 
w(t)=e"H2(pt+s; t)Ai(s; t). (23) 


On the other hand, substituting u(t)=e*t into Eq. (21) 
we obtain 


w(t) = H;(s; the**. 


From comparison of Eqs. (23) and (24) it follows that 
the product system function of H,(s;¢) and H,(s;?) is 
given by the operational relation 


H;(s; t)=H2(pt+s; t)Hi(s; 8). 


In this relation the variable ¢ in H2(p+s; 1?) should be 
treated as a constant parameter and H;(s;/) should be 
treated as a function of time involving s as a parameter. 
It is evident that H2(p+s;/) should be interpreted as a 
bilateral operator, since in general H,(s; ¢) would not 
vanish for negative /. 

Equation (25) may be written in a symbolic form 


H3= HoH, (25a) 


where the operation * is distributive, associative and, 
in general, non-commutative. As should be expected, 
for the particular case of fixed networks Eq. (25) reduces 
to the familiar relation 


H;(s)= H2(s)H,(s). (26) 


The relation given by Eq. (25) expresses essentially 
the group property of system functions under multipli- 
cation. In connection with this property it is convenient 
to introduce at this point the notion of inverse system 
functions. Thus we shall say that two system functions 
H,(s; t) and H,(s; ¢) are the inverses of each other if and 
only if the associated product system function is equal 
to unity. The inverse of a system function H(s; ¢) will be 
denoted as H-"(s; ¢) or [H(s; ¢) |-'. With this notation 
the relation between a system function and its inverse 
assumes the following form: 


H(p+s; )H-\(s; )}=H-(p+s; )A(s;t)=1 (27) 
or, more simply, 
H+H™"=H"+H=1. (27a) 


This relation represents a generalization of the corre- 


(24) 


(25) 
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sponding relation in fixed networks, namely, 
H(s)H-(s)= H-"(s)H(s)=1. (28) 


Specific applications of the relations given above to 
the circuit analysis of linear varying-parameter networks 
will be made later. At this point it will suffice to note 
that the concept of the system function provides the 
necessary basis for the extension to variable networks 
of the frequency domain techniques commonly used in 
the analysis of fixed linear networks. In what follows we 
shall consider first such basic network functions as 
impedance, admittance, etc., and then will extend to 
variable networks some of the more important prop- 
erties and relations that hold in the case of fixed 
networks. 


Ill. BASIC NETWORK FUNCTIONS AND 
THEIR PROPERTIES 


(a) Impedance 


Consider a two-terminal variable network NV. Let 2(¢) 
be the voltage across the terminals of N and let i(t) be 
the current flowing through NV. The instantaneous input 
impedance of N or simply, the input impedance of JN, is 
defined as a function Z(jw;?) such that Z(jw; fe! 
represents the output voltage v(/) when the input current 
i(t) is a complex exponential i(/)=e***. In other words, 


oe o(t) 
Z(jw;t)= -| (29) 
i(t) i(t)mejwt 


It is seen that Z(jw; ¢) is essentially the system function 
connecting v(/) and i(/). From this it follows immedi- 
ately that the voltage v(/) corresponding to a given input 
current i(/) may be expressed in the four equivalent 
forms represented by Eqs. (3), (5), (7), and (12). For 
example, in operational form, 


v(t) =Z(p; Hild), (30) 


where, as usual, the variable ¢ in Z(p;?¢) should be 
treated as if it were a constant parameter. 

From the general relation represented by Eq. (17) it 
follows that if v(/) and i(¢) are connected to each other 
by a differential equation such as Eq. (13), then Z(s; ¢) 
satisfies the following differential equation 


L(p+s; 1)Z(s; t)=K(s; 0). (31) 


A useful interpretation of Z(jw; /) may be obtained by 
using the usual vector representation of voltages, cur- 
rents, impedances, etc., in the complex plane. In such a 
plane Z(jw;/) may be represented as a time-varying 
vector whose magnitude is |Z(jw;?)| and whose argu- 
ment is the phase of Z(jw;/). This vector may be 
interpreted as the instantaneous amplitude of the output 
voltage v(/) resulting from an input current of the form 
i(t) = ei**, 

A very basic and quite obvious property of Z(s; ¢) is 
related to the manner in which any number of impe- 
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dances in series may be combined into a single 
impedance. Thus consider » variable networks N,, Ny, 
‘++, N, im series with each other, and let the input 
impedances of these networks be respectively Z,(s; #), 
Z2(s; t), +++, Zn(S; t). Because of the linear character of 
system functions it follows immediately that the input 
impedance of the over-all network is given by: 


Z(s; t)=Zi(s; t)+Z2(s;t)+---+Zn(s;t). (32) 


As a simple illustration of this relation consider 
network consisting of a series connection of a variable 
resistance R= R(t), a variable inductance L= L(t), anda 
variable capacitance C=C(i). The impedances of these 
elements are respectively R(), L(t)s+L(d),and 1/C(#)s," 
where the dot represents differentiation with respect to 
time. From Eq. (32) it follows that the input impedance 
in question is: 


Z(s;)=RO+LOs+LO+1/(CWs]. (33) 


The input impedance of a variable network has many 
other properties in addition to those discussed above. 
Only a few of these will be considered in the following 
sections. The consideration of other properties is outside 
the scope of the present paper. 


(b) Admittance 


The notions of admittance and impedance of a two- 
terminal variable network are duals of each other. Thus, 
the input admittance of a network JN is defined as a 
function Y(jw;?) such that Y(jw; ¢)e*** represents the 
current flowing through NV when a voltage of the form 
v(t) =e? is applied across the input terminals of N. In 
other words, 


— ] 
Y (jw; t)=— ; (34) 
V(t) J o(tmedot 


It is seen that Y (jw; ¢) is the system function connecting 
i(t) and v(t). The dual of Eq. (30) is 


i(t)=Y(p; é)o(0). (35) 
Also, the dual of Eq. (31) is 
K(pt+s; t)Y(s; t)=L(s; t). (36) 


Corresponding to the property of series addition of 
impedances there is the property of shunt addition of 
admittances. Thus, let Y(s; 7?) be the admittance of a 
network consisting of a parallel connection of Ni, N2, 
--+, N,, the admittances of these networks being 
Y,(s; t), Yo(s; 2), ---, Yn(s; 4), respectively. It is evident 
that Y(s; 2) is given by 


Y(s; 1)=Vil(s; #)+Y¥2(s;)+---+¥.(s;4) (37) 


which is the dual of Eq. (32). 
An important mutual property of the input impedance 
1 These expressions follow from the relations i=d(cv)/dt and 
v=d(Li)/dt. 
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and admittance of a variable network is that Z(s; ¢) and 
y(s; #) are inverse system functions in the sense defined 
in section II. This fact follows immediately from the 
relations 

v(t) =Z(p; t)i(?) (30) 
and 


i(t)=Y(p; v(t). (35) 


Application of Eq. (27) to Z(s; t) and Y(s; t) yields the 
following relation between the impedance and ad- 
mittance of a variable network 


Z(p+s;t)V(s;)=V(pts;)Z(s;)=1 (38) 
or 


Z*Y = Y*Z=1. (39) 


This relation represents a generalization of the familiar 
relation 

Z(s)Y(s)=Y(s)Z(s)=1. (39a) 

Equation (38) may be used for determining the ad- 

mittance of a network from the knowledge of its 

impedance and vice-versa. For example, consider a 


variable capacitor the capacitance of which is a function 
of time, C=C(t). The impedance of such a capacitor is 


Z(s; t)=1/[C(s]. (40) 


From Eq. (38) it follows that the admittance of this 
capacitor satisfies the operational relation 


1 
pornos fa 
C(t)(p+s) 


Multiplying both sides of Eq. (41) first by C(¢) and then 
by (p+s) we obtain 


Y(s;)=(p+s)C) (42) 


t)} =1. (41) 


or 


V(s; )=C()s+C(0), (43) 


which thus represents the admittance of a variable 
capacitor. 

In general, the determination of the impedance of a 
variable network from knowledge of its admittance, or 
vice-versa, is not an easy problem. For the purposes of 
the present analysis it will suffice to note that in most 
cases the solution of this problem reduces to the solution 
of an integral equation which results from the applica- 
tion of Eq. (3) to Eq. (38). In many practical cases it is 
not difficult to obtain an adequate approximation to 
Z(s;t) when Y(s,?) is given, or vice-versa, either 
directly from Eq. (38) or by using an approximate 
method of solution of the integral equation referred to 
above. 


(c) Gain (Transfer Function) 


Let e,(¢) and e2(/) denote respectively the input and 
output of a four-terminal variable network N. By 
analogy with the definitions of impedance and admit- 
tance, the gain or transfer function of N is defined as a 
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the gain of a variable 


Fic. 1. Calculation of 
network. (t) | 





function G(jw;?) such that G(jw; f)e’** represents the 
output voltage e2(/) when the input voltage e,(?) is of the 
form e;(t)=e*'. In other words, 


e2(t) 
G(jw; t) =—— (44) 
e;(t) — 


It is seen that G(jw;?) is the system function con- 
necting ¢2(/) and e,(/). As in the case of Z AG jw; t) and 
Y (jw; t), we may write 


Formally, the expression for the gain of a variable 
network may be obtained in much the same manner as 
in the case of a fixed network. Consider for example the 
network shown in Fig. 1 in which NV; and N» are two 
variable networks whose impedances are respectively, 
Z,(s; t) and Z.(s; ¢); e:(t) and e2(t) represent respectively 
the input and output voltages, and the problem is to find 
an expression for the gain G(s; 7?) in terms of the com- 
ponent impedances of the network. 

The input admittance of the network under considera- 
tion may be written as: 


Y(p; )=(Zi(p; )+22(p;) (46) 
and hence the input current i(/) may be expressed as 

i(t)=(Z1(p; )+Z2(p; t) F'er(2). (47) 
The output voltage e2(?) is related to i(¢) through 


e2(t)=Z2(p; tilt). (48) 


By combining Eqs. (48) and (47), and making use of the 
multiplication rule of system functions (Eq. (25)) it 
follows that the expression for the gain is: 


G(s; t)= ZiApt+s; )(Zi(s; t)+Z,(s; ty} (49) 
or 


G=Z4(Z,+Z2)"". (49a) 


The corresponding expression for a fixed network reads: 
G(s) =Z2(s)[Zi(s)+Z2(s) (50) 


A network configuration frequently used in practice 
consists of two or more four-terminal networks which 
are connected in tandem. Consider two such networks 
N, and N» (Fig. 2) and let their gains be respectively 
Gi(s; t) and G,(s; ¢). From Eq. (25) it follows immedi- 
ately that the overall gain G(s; #) is given by the relation 


G(s; t)=G.(pt+s; t)G,(s; t). (51) 


In this relation the variable ¢ in G.(p+s; 1?) should be 
treated as if it were a constant parameter and G;,(s; /) 
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Fic. 2. Tandem connection of two variable networks. 


should be treated as a function of time involving s as a 
parameter. It will be noticed that for the particular case 
of fixed networks Eq. (51) reduces‘to the familiar 
relation 


G(s) =G2(s)G,(s). (52) 


As an application of Eq. (51) consider the case where 
N, is an amplitude modulator whose gain is 


Gi(s; t)= A(t) (53) 
and N, is a phase modulator whose gain is expressed by 
(54) 


where @ and 8 are constants and A(t) is a specified 
function of time. 

From Eq. (51) the gain of the over-all system is found 
to be 


G(s; t) = g~8a cosBt 


G(s; 1) = ert cont} A (t)} (55) 

or 
G(s; 1) = e~** *8t4 (t— a cost). (56) 
It will be noted that in general an expression of the form 
G(s; t)=G2(s; Gi (1) (S7) 


represents a composite network consisting of a variable 
network whose gain is G2(s; ¢) followed by an amplitude 
modulator whose gain is G,(t). Thus, Eq. (57) shows 
that an amplitude modulator followed by a phase 
modulator (the order of N; and WN; in Fig. 2) is equiva- 
lent to the same phase modulator followed by an ampli- 
tude modulator whose gain is the same as that of the 
original modulator except for a delay in time. The same 
conclusion could be reached, of course, by purely phys- 
ical considerations. 


IV. BASIC NETWORK PROPERTIES 


As was stated in the introduction, many if not most of 
the theorems, properties, relations, etc., that hold in the 
case of fixed networks, may be extended to linear 
varying-parameter networks. In what follows only a few 
such theorems, properties, relations, etc., will be con- 
sidered. The topics discussed below have been chosen 
primarily because of their simplicity, basic importance 
and illustrative value. 


(a) General Mesh and Node Equations of a 
Variable Network 


The mesh and node equations of a variable network 
have the same form as those of a fixed network, the only 
difference being that all impedances and admittances in 
the former type of network are time-dependent quanti- 
ties. Thus, for example, using operational notation the 
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mesh equations of a variable network may be written jp 
the following form: 


€1:=Z1(P; ir t+Zio(p; Liet: +> +Zin(p; Din 
a=Zulp; Mit Zanld; Dirt “+ Zan(bi Nin (58) 
iilliaibie ist Zaalb: Dirt: - + Zanls Din, 


In these equations 1), i2, «++, in represent the mesh cur. 
rents; €1, €2, --*, €n represent the loop voltages; and 
Zii(p; t), Zi2(p; t), etc., represent the self and mutual 
loop impedances. 

It is important to note that the principle of reciprocity 
does hold in the case of linear varying-parameter net- 
works. Thus, in Eq. (58) Z,,(p;¢) is equal to Z,,(p;1). 


(b) Thevenin’s Theorem 


Thevenin’s theorem may be extended to variable 
networks with practically no modifications in its stand- 
ard form. Thus let aa’ be the terminals of a variable 
network N (Fig. 3) and let Z,(s;?) be an impedance 
connected across aa’. Then, insofar as Z1(s; t) is con- 
cerned, the network N may be replaced by a voltage source 
e(t) in series with an impedance Z(s; t), where e(t) is the 
open-circuit voltage across aa’ and Z(s; t) is the impedance 
looking into aa’ when all sources of voltage inside N are 
short-circuited. 

To prove the above statement we shall assume for 
simplicity that there is only one voltage source e,(t) 
inside N. Let v(/) and i(¢) denote respectively the 
voltage across aa’ and the current through these termi- 
nals. Because of the linearity of the system we can write 


i(t)=V(p; )oH+Y'(p; Ye), (59) 


where Y(p;/) and Y'(p; 7?) are some as yet unspecified 
admittances. To obtain the physical significance of 
Y(p;t) and Y’(p; ¢) we proceed as follows: 

First, let the voltage source e,(¢) be short-circuited, 
i.e., e,(f)=0. Then, Eq. (59) gives 


i(t)=Y(p; ol) (60) 


which shows that Y (9; #) is the admittance looking into 
aa’ when e,(t) is short-circuited. 

Next, let the terminals aa’ be open-circuited, i.e., 
i(t)=0, and let the voltage appearing across aa’ under 
these conditions be denoted by e(/). For this case Eq. 
(59) gives 

















0=¥(p; Del) +¥'(p; Devt). (61) 
Combining Eqs. (59) and (61) we find 
i()=Y(p; Lo) —e(t)] (62) 
or, equivalently 
v(t)—e(t)=Z(p; t)i(t) (63) 
a iw ae 
N vo Z(s;:t) = [ew ws Z(s:t) 


Fic. 3. Extension of Thevenin’s theorem to variable networks. 
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where in view of Eq. (60) Z(p; ¢) represents the impe- 
dance looking into aa’ when all voltage sources in N are 
short-circuited. Equation (63) constitutes essentially a 

roof of the stated extension of Thevenin’s theorem to 
linear varying-parameter networks. 


(c) Dualization 


A widely used technique in both the analysis and 
synthesis of fixed networks is that of dualization. This 
technique may also be used in variable networks in 
much the same manner as in the case of fixed networks. 
In fact, the only new aspect of dualization in the case of 
variable networks is that the relations between dual 
circuit-elements assume the following form: 


Dual of a capacitance C= f(t) is an inductance L=f(t) and 
vice-versa. 

Dual of resistance R=h(t) is a conductance G=h(t) and 
vice-versa. 


It will be noticed that for the particular case of fixed 
networks the above relations reduce to the standard 
form. It should be emphasized that all dual properties 


and relations that apply to fixed networks, apply also to 
linear varying-parameter networks. For example, if the 
input impedance of a network N is Z(p;?), then the 
input impedance of the dual of N is the inverse of 


Z(p; t). 
V. CONCLUDING REMARKS 


The results obtained in the preceding sections show 
that the basic notion of the system function and the 
derived notions of impedance, admittance, gain, etc., 
provide the necessary basis for the extension of the con- 
ventional “fixed network” techniques of circuit analysis 
to linear varying-parameter networks. Much further 
work along these lines remains to be done, particularly 
in connection with the difficult problem of finding the 
inverse of a given system function. Nevertheless, even at 
its present stage of development, the circuit analysis 
approach outlined in this paper not only enhances 
understanding of the behavior of variable networks but 
may also be used with advantage in the solution of many 
problems arising in connection with the analysis and 
synthesis of linear varying-parameter systems. 





Convection Currents in Porous Media. III. Extended Theory of the Critical Gradient 
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The theory of the critical gradient for onset of thermal convection in a fluid entrapped in a porous medium 
is extended to allow for the exponential dependence of viscosity upon temperature and for non-linear 
vertical temperature-distributions which characterize transients in heat flow. Although there are approxi- 
mations in the mathematical treatment, the extended theory agrees rather well with experimental data, 
as the simple theory does not in certain instances. New experimental data are reported for the critical 
gradient, obtained largely with silicone fluids in unconsolidated sands. 


N earlier paper’ under this same general title de- 
veloped from basic considerations the expression 


B.=42°h?u/kgpoaD*, (1) 


for the (negative) mean thermal gradient which must 
obtain in a fluid entrapped in a porous medium in order 
for convection to occur. Here h? represents the thermal 
diffusivity of fluid and medium in situ, k the flow- 
permeability of the medium, yu and pp the viscosity and 
bottom density of the fluid, a the coefficient of cubical 
thermal expansion of fluid relative to medium, and g 
the acceleration of gravity. In the development y was 


* Post office: China Lake, California. 

1C. W. Horton and F. T. Rogers, Jr., J. App. Phys. 16, 367 
(1945). A paper by E. R. Lapwood, Proc. Camb. Phil. Soc. 44, 
605 (1948), carried out this and related developments in a some- 
what more comprehensive manner. 
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for simplicity taken to be everywhere constant, and 
the temperature was taken to be essentially linear in 
the distance above the bottom of fluid and medium. 

A subsequent paper* reported the results of experi- 
ments designed to test the validity of Eq. (1). It was 
clear from these experiments that Eq. (1) is substantially 
correct, except for its prediction of excessive! 8,-values, 
but that its applicability is severely limited by the 
underlying assumptions. In the experiments » was of 
necessity not constant, and in most of them convection 
began before a linear (i.e., steady-state) condition of 
heat flow could be established. The viscosity depended 
upon temperature according to 


p&p expl—»(O—Oo)], (2) 


2H. L. Morrison, F. T. Rogers, Jr., and C. W. Horton, J. App. 
Phys. 20, 1027 (1949). 
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where vy is a constant for a given fluid and po is the 
viscosity at temperature Qo, whereas data such as are 
shown in Fig. 1 imply departures of vertical tempera- 
ture-distribution from linearity given by 


66, sin(xz/D)+ 62 sin(27z/D), (3) 


6, and 42 being constants, z being distance above 
bottom, and D being bottom-to-top distance through 
the convective fluid. That the experimental results 
could be represented by the empirical equation, 


kpo \ 5 
) : (4) 
h? un K 


where K=10- sec.?/cm* deg. C for c.g.s. units, bears 
out both points made at the beginning of this para- 
graph; here ys is the viscosity corresponding to the 
average temperature in the convective fluid. 





Be, obs== 


——*( 
kgp,D? 


THE EXTENDED THEORY 


The object of extending the simple theory for 8, is to 
obtain an improved form of Eq. (1), which accounts for 
experimentally observed critical gradients as well as 
does Eq. (4), and perhaps to find a physical basis for 
Eq. (4). The process of extension is merely to allow 
for the sense of Eqs. (2) and (3) in a repetition of the 
calculations in reference 1. Thus Eq. (14) of reference 1 
now appears as 


0*w Ow 
—— vB—— Aw+A)0 exp[»(6z+6) ]=0, (5) 
02? Oz 


where A=?+m? and A\=kgpoa/puo, uo being identified 
as the bottom viscosity. Likewise, Eq. (15) of reference 1 





80 T T T T T 


> 
\ H,O TEST NO. 18 
MU 





TEMPERATURE (°C) 





H,O TEST NO, i6 








20 | | | l l 


.e) 5 10 15 
Z (CM) 





Fic. 1. Resolution of two typical non-linear vertical distribu- 
tions of temperature, into linear and non-linear portions; see 
Eq. (3). These are the same distributions as are shown in Fig. 1 
of reference 1. (Note: the axis of abscissae in Fig. 1 of reference 1 
should have been labelled D—z rather than z.) 


1178 





is now 


00 3? 
nd-+up-+w——it( Pmt )o=0, 6) 
dz 072 


reflecting the fact that 6-derivatives may be comparable 
to 8 itself. Since the precision of available data dog 
not seem sufficient to warrant retention of the seconj 
term in Eq. (3), the sense of Eq. (3) is, approximately 
that 0=8,, sinsz; use of this in Eq. (6) leads, for small » 
and for n=0 to 


w(B+50m) 
Po eee, (7) 
ho . 
where o=s*+P+ mm’. Then substitution of Eq. (7) into 
Eq. (5) yields (8= —8-) 
0*w dw A 


—+vB.—— Aw+—(B.— 50m)e-?*w=0, (8) 
02? Oz B 


where B=h’o/\, which must be solved for 6, under 


the boundary conditions w(0)=w(D)=0. 


Case I: v=0 


If the viscosity were actually constant, as was 
assumed in reference 1, but if the vertical temperature 
distribution were not linear, then the first derivative 
and the exponential in Eq. (8) would be missing. In this 
event Eq. (8) would have as its solution a linear com. 
bination of sine and cosine with the argument 2(A/B)! 
X (8-—s8m— B)}, and in order that boundary conditions 
be satisfied, this argument would equal m for z=D. 
Hence, since A=z/D and o=2A by arguments ad- 
vanced in reference 1, 


Anh?) = Om 
> 


kgpoaD? D 





v=(0. (9) 























Equation (9) clearly shows how, as reference 2 reported, 
a negative non-linearity, @,, can lead to drastically 
smaller critical gradients than Eq. (1) would predict. 
Case II: vBD small 
For v>0 but vBD small, Eq. (8) has the series solution 
w=)>> a;2', 
j=! 
where 
r QiG-» . a; , 
a;=| —_-..-|_ —_,_ j odd, 
L(j—2)! Jj(j—1)! 
, ox j—2) vBa, 
et PU sere TE he 
L(j—2)! 4j(j—1)! 
and 


Q=A+A(sOn—B)/B, 
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TABLE I. New observations of the critical gradient, with D=10 cm and k= 140X 10~* c.g.s. All units are c.g.s. 








Test No. 103 Xa 


Temperatures at onset 


MAY 
(poises) 





Liquid 103 Xh? p zo (cm) z=0 2 6 10 Observed Be 
Glycerol 5 0.495 2 1.26 3.6 100 66 44.5 38.5 0.62 6.15 
Glycerol 6 0.495 2 1.26 3.6 90 60.2 36 34.8 0.98 Se 
1-DC-200 2 1.38 1.6 0.818 4.1 38.5 31 27.9 27.8 0.0074 0.93 
1-DC-200 3 1.38 1.6 0.818 3.8 30 24.8 22.2 22 0.0080 0.80 
1-DC-200 5 1.38 1.6 0.818 a 30 26 24 23.7 0.0080 0.63 
10-DC-200 1 1.12 1.7 0.940 4.0 67 44 31 29.6 0.080 3.1 
10-DC-200 3 1.12 We | 0.940 4.1 70 47.6 34.2 32.8 0.078 3.72 
10-DC-200 5 1.12 1.7 0.940 4.1 50 38 29 27.3 0.085 2.27 
100-DC-200 1 0.923 1.7 0.968 3.0 90 56 34.4 32 0.67 5.80 
100-DC-200 4 0.923 1.7 0.968 K 85 50 28 28 0.74 5.40 
100-DC-200 6 0.923 ee 0.968 KH 100 60 34.5 33.6 6.60 





0.675 








to the first order in yBD. By suitable manipulation, this 
can be rearranged, so that the boundary condition 


_w(D)=0 leads to 


r[(8./B) — (s@m/B)—1]* sinr[(8./B)—(s0n/B)—1]} 
—vB.D cosr[(8./B)—(s0m/B)—1]} 


+higher-order terms in vyBD=0. (10) 


The first two terms in Eq. (10) suffice to determine 8, 
for the present case; since B./B—s0,,/B must be close 
to 2, some reduction yields 


4n*h* U9 
kgppaD? D 
wD 4n%htug’ 


1+—_— 
mw kgpoaD? 


TOm 


vBD small. 





(11) 


The outstanding feature of Eq. (11) is its insistence that 


a non-constant viscosity should reduce the critical 
gradient. 


Case III: vBD large 
Equation (8) can be put into the form of Bessel’s 


equation® by the transformations y=w exp(v6.s) and 
¢=[4A(8./B—s0,,/B)/v?B2]}! exp(— 38.2), 
n 1+(4A/°B.”) 
n” 2g + 1— 
i - 


and this is well suited to the study of less simple con- 
vective environments. In terms of 

qg=(1+4A/rp2)}, 

fo= 2(B./B—s0m/B)*/vB.D, 





=0, (12) 


and 
fp=fo exp(— vB.D), 


its solution, a linear combination of Bessel functions of 


TABLE II. (Negative) critical gradients calculated by various forms of the theory. 








Be, Critical gradients at onset (°C/cm) 
Calculated by 





HO 2B v Om 
Liquid Test No. (poises) (°C/cm) be Ct) Observed Eq. (1) Eq. (4) Eq. (11) Eq. (14) 
Glycerol 2 0.0012 1.60 0.0860 40 9.4 550 14 — 6.5 
Glycerol 5 0.0148 13.76 0.0860 25 6.15 572 11 4.76 (1.76) 
Glycerol 6 0.0316 29.2 0.0860 27 $.32 904 14 13.75 (1.23) 
CCl 3 0.0084 pe 0.0126 0 0.8 2.86 1.1 2.58 (0) 
Water 1 0.00448 16.34 0.0142 13 3.8 26.3 ma 8.33 —_ 
Water 5 0.00303 19.72 0.0142 20 6.1 34.1 3.5 8.57 _ 
Water 6 0.00385 19.94 0.0142 18 5.4 38.4 Ke 9.08 _ 
Water 7 0.00436 15.88 0.0142 14 3.95 26.3 3.1 7.88 — 
Water 8 0.00436 15.88 0.0142 15 4.1 27.0 a8 7.63 — 
Water 9 0.00469 8.72 0.0142 17 2.2 14.1 1.6 3.62 _ 
Water 11 0.00317 18.06 0.0142 25 6.9 33.0 4.4 5.81 _ 
Water 13 0.0028 436 0.0142 _ >FS 460 <12 <32 (>0?) 
Water 15 0.00412 15.00 0.0142 17 3.75 24.3 3.0 6.75 _— 
Water 16 0.00468 8.72 0.0142 15 a 14.1 1.6 3.96 (6.25) 
Water 18 0.00368 20.94 0.0142 20 5.6 40.2 _ 4.7 8.82 (10.79) 
1-DC-200 2 0.0072 2.94 0.0120 6.5 0.93 3.02 1.1 0.84 (13.88) 
1-DC-200 E 0.0080 3.27 0.0120 4 0.80 3.26 1.1 1.84 —_ 
1-DC-200 5 0.0080 3.26 0.0120 Pe 0.63 3.26 13 ye | — 
10-DC-200 1 0.0475 22.08 0.0152 23 3.1 36.4 4.7 (8.85) 7.50 
10-DC-200 3 0.0469 21.80 0.0152 19 3.72 40.0 4.5 (9.46) 6.45 
10-DC-200 5 0.0601 27.94 0.0152 9.5 2.27 39.1 4.5 (13.43) 4.30 
100-DC-200 1 0.322 176.6 0.0177 26.5 5.80 367 16.4 (22.94) 2.12 
100-DC-200 4 0.362 198.6 0.0177 30 5.40 407 3 (23.58) 2.46 
100-DC-200 6 0.287 157.4 0.0177 33 6.60 370 17.6 (22.39) 2.90 








*H. Massey and C. Mohr, Proc. Roy. Soc. London A152, 693 (1935). 
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OBSERVED 8B, (°C/CM) 


Fic. 2. Comparison of the simple theory, Eq. (1) (open circles), 
and the extended theory, Eqs. (11) and (14) (filled circles), with 
observational data. Points on the straight line would represent 
perfect agreement. The general tendency of points to lie above 
the line was anticipated in reference 1, and is attributable in 
part to a choice of boundary conditions differing somewhat from 
those which obtained in the experiments. 


the first and second kinds of order g, can be written as 


J a(§0) Jad) — Ja($d)J—a(Fo) =0, (13) 
and in this form satisfies the condition w(D)=0. Since 
the domain of large v8.D-values is not of great interest 
at present, it suffices to indicate what Eq. (13) predicts 
for the typical value v8.D=5.62 (i.e., g= }); in this 
instance Eq. (13) reduces to 


whence for @,, sufficiently negative 


| 1 —4r0,,/D 
Bel om =—( 
tm yD \ 4th? yuo/kgpoaD* 


Computational experience suggests that Eq. (14) holds 
as a solution of Eq. (13), in an approximate sense for 
3<vB.D<9. 
COMPARISON WITH EXPERIMENT 

For the purpose of providing a larger body of data 
against which to compare the above extended theory, 
additional experiments have been carried out by the 
technique reported in reference 2. In most of these 
experiments silicone fluids were used, each being identi- 
fied by type (Dow-Corning DC-200) and (by a suitable 
prefix) by its nominal kinematic viscosity in centistokes 
at 25°C. Ciba oil red C Y dye was employed‘ in the 





4 
), vB-D=5.62. (14) 


‘The authors are indebted to the Ciba Company, Inc., New 
York, New York, for the gift of oil red C Y dye used in these 
experiments. 
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Fic. 3. Comparison of the improved empirical formula, Eq. (15) 


’ 


with observational data. Points on the straight line represent 
perfect agreement. Although Eq. (15) predicts critical gradients 
which depart in some instances by a factor of three from observed 
values, it is perhaps the best formula available at the present time, 


silicone experiments as a visible indicator of the state 
of fluid motion, and an unidentified blue dye in the few 
glycerol experiments. Table I exhibits typical data ob- 
tained from these new experiments. 

Table II contains the observed mean critical gradients 
for all tests reported in reference 2 as well as for those in 
Table I, together with gradients calculated by the 
various formulas of theory. 

It is obvious by inspection of Table II that the ex- 
tended theory as embodied in Eqs. (11) and (14), is in 
far better accord with the observational data than is 
the original simple theory summarized by Eq. (1). 
Figure 2 illustrates this, and at the same time demon- 
strates the quasi-statistical character of the accordance. 
For the present it does not seem worth while to expend 
much effort on mathematical refinements of the ex- 
tended theory, because many components of experi- 
mental technique deserve prior improvement.® 

While the entries in Table II show that the empirical 
Eq. (4) is in about as good agreement with observation 
as are Eqs. (11) and (14), a brief search has been made 
for a better empirical law. It has been found, as Fig. 3 
shows graphically, that a more precise relation is 


Becempir) = 0.415 (Bec eq. (4) + 0.4558 (Eqs. ay, 04), 


the notation here being self-explanatory. Equation (15) 
predicts critical gradients differing from the observed 
ones by not more than a factor of three, and so is 
probably the most accurate formula available at the 
present time. 


(15) 


5 See, e.g., “@7/dt at the Onset of Convection in Porous Media,” 
by F. T. Rogers, Jr., and H. L. Morrison, read before the 1950 
meeting of the Southeastern Section of the American Physical 
Society in Baton Rouge. 


JOURNAL OF APPLIED PHYSICS 








(15), 
sent 
ients 


jirical 
ation 
made 
Fig. 3 


(15) 


1 (15) 
erved 
so is 
it the 


fedia,” 
re 1950 
hysical 


YSICS 








Theory of Axially Slitted Circular and Elliptic Cylinder Antennas 





D. R. RHopEs 
Department of Electrical Engineering, The Ohio State University Research Foundation, Columbus, Ohio 


(Received April 20, 1950) 


A method proposed by Sommerfeld for solving boundary value problems involving discontinous surfaces 
has been applied to the general case of a plane electromagnetic wave of arbitrary direction of incidence and 
polarization diffracting about one or more sections of perfecting conducting circular and elliptic cylinders of 
infinite length. The solution is in series form, where the series coefficients are independent for the special case 
of slots of infinitesimal width (slits). Radiation from the slitted cylinder is restricted to discrete right circular 
cones about the cylinder axis, each cone corresponding to an ordinary wave-guide mode in the cylinder, while 
slots of finite width radiate over a continuous range of conical angles. For slots of small but finite width, the 
relative pattern in the cone a= ap about a circular cylinder of radius a is the same as in a plane normal to the 
axis of a cylinder of radius a sinao; patterns of the slotted elliptic cylinder are similarly related, where the 
analog of radius is distance between foci. Conical patterns are shown for the principal TE and TM wave- 
guide modes in circular cylinders containing one and two diametrically opposed axial slits. 





NUMBER of papers have appeared in the past 

ten years in which controllable radiation from long 
axial slots cut in the walls of rectangular wave guide has 
been reported. In connection with an experimental 
investigation of radiation from slotted cylinder traveling 
wave antennas conducted at The Ohio State University! 
it was apparent that a theoretical analysis of this type of 
antenna would be desirable. A rigorous boundary-value 
solution involving no assumptions that limit the validity 
of the solution for a long slot in a rectangular wave guide 
is, in general, a difficult problem. A slotted cylindrical 
wave guide whose surface is defined by a single constant 
coordinate, however, can be treated as a diffraction 
problem using a method proposed by Sommerfeld? in 
connection with scattering by a cylindrical mirror. 
Although Sommerfeld applied the method only to two- 
dimensional scalar fields incident normally on a section 
of a circular cylinder, the method is easily extended to 
include the general vector field incident at any angle on 
elliptic as well as circular cylinders of one or more 
sections. The solution involves rather lengthy numerical 
computations in general, but a very simple solution 
results when the slots are assumed to be narrow. It is the 
special case of slots of infinite length and vanishing 
width, or “‘slits’” as they shall be referred to,*® in a 
perfectly conducting circular and elliptic cylindrical 
shell of zero wall thickness which is treated in this 


paper. 


1. DIFFRACTION AROUND SECTIONS OF CIRCULAR 
CYLINDRICAL SHELLS 


The coordinate system of the slotted cylinder is 
shown in Fig. 1. The fields diffracted about the cylinder 
by a plane wave incident at an arbitrary angle with re- 
spect to the cylinder axis can be obtained by expressing 


‘Hines, Krausz, Rhodes, Rumsey, and Walter, Proc. I.R.E. 
(to be published). 

* A. Sommerfeld, Partial Differential Equations (Academic Press 
Inc., New York, 1949), pp. 29-31 and pp. 159-162. 

*The term “slit” carries the connotation of narrowness to a 
greater degree than the term “slot” and hence shall be used to 
specify a slot in this more restrictive sense. 
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the electric and magnetic fields in terms of two inde- 
pendent single component Hertzian vectors directed 
along the z axis. Each of the two scalar functions are 
then solutions of the ordinary scalar wave equation. The 
required solution is that linear combination of charac- 
teristic functions whose coefficients are such that the 
boundary conditions at the cylindrical surface and at 
infinity are satisfied. 

A single section and two equal diametrically opposed 
sections of a circular cylinder are shown in cross section 


= 


|e 
Saee 


| 120— "= 
AS 


Plrg, 2) 

















_  ———— 


Fic. 1. Coordinate system defining the spherical angles of arrival 


a and 6 of the incident plane wave along the {-axis and the 
cylindrical coordinates 7, y, z of an arbitrary point in space. 














‘J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), pp. 349-51. 
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Fic. 2. Cross section of an infinitely long circular cylinder of 
radius a with (a) a single conducting section, and (b) two equal 
diametrically opposed conducting sections. 


in Fig. 2. These two cases only will be considered. 
Boundary conditions at the cylindrical surface require 
that the tangential components of electric field and the 
normal components of magnetic field vanish over the 
conducting sections, and that all components of electric 
and magnetic field match over the aperture separating 
the interior and exterior regions of the cylinder. The 
requirement that the scattered radiation consist of 
outward traveling waves at infinity is satisfied by 
choosing Hankel functions of the second kind as the 
radiai function in the scattered waves. 

For any arbitrary polarization of the incident plane 
wave it is necessary to use both Hertz vectors. However, 
if the incident wave is resolved into two orthogonal 
components, one in and one normal to the plane of 
incidence, the diffracted field produced by each com- 
ponent can be independently determined using only one 
Hertz vector. The total field is obtained by superposing 
the two at every point in space. Elliptically as well as 
linearly polarized incident waves can be used by in- 
cluding the appropriate time phase between the two 
orthogonal components. 

The incident electric field will, in general, have com- 
ponents £,‘ and Eg‘. Each of these components is of the 
form® 


Ei= Eqetts natiot © ny (kr sine, (1) 


Considering first the component £,‘, the fields are 
derivable from a transverse magnetic Hertzian potential 
II, proportional to E,. Resolving £,' into its cylindrical 
components, the incident potential II,* is found from 
E,' to be 


,=K > i*J,(kr sina)e**e-®, (2) 


* Reference 4, p. 371-2. The notation used is essentially that of 
Stratton with the exception that the time convention been 
chosen to be e“* rather than e~™*. 
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where 
Eoa 





etkz cosatint 

k? sina 8) 
Designating the potential inside the cylinder by II,! ang 
the potential outside the cylinder by II,"", the latter of 


which can be written as the sum of the incident anq 
scattered potentials 


1," =11,'+11,', (4) 


the potentials can be written in the following form: 


ou" 


N 
TJ=K > Gnd aller sina)e*™(e-) ( 


= 


N 
Hwt=K > [i*J,(kr sina) 
n=—N 
+cnH ,(kr sina) je*™“e-®, (6) 


where the summations are limited to a finite number of 
terms. The exact solution can be approximated as 
closely as desired by series containing 2V+1 terms if 
the arbitrary positive integer N is chosen sufficiently 
large. 

The boundary conditions at r= a must determine the 
unknown coefficients a, and c, uniquely. Three neces- 
sary and sufficient independent boundary conditions on 
the potentials are the following: 








(11,7=11."")c, +¢2, (7a) 
(,4=11,"'=0)c,, (7b) 
om,t oli," 
( = ) ; (7c) 
or or Co 


Since the potentials in the two regions must match over 
the periodic orthogonal interval 0< g<2z, by Eq. (7a), 
the coefficients may be equated termwise :* 

On n=1"J nt Cn. (8) 


Boundary condition Eq. (7b) requires that 
N 
- ant utr-P=0 Je (9) 
n=—N 


and boundary condition Eq. (7c) together with Eq. (8) 
relating a, and c, requires that 


N a,—1" 





ee-0=0) : (10) 


n=—N A, Co 


Equations (9) and (10) relate the coefficients a, over 
the two subintervals C,; and C2. The solution for the 
coefficients is referred to by Sommerfeld? as a “‘non-final 
determination of coefficients,” that is, each coefficient 
depends upon every other coefficient in the series be- 
cause of the non-orthogonal subintervals. This is a very 

® The convention will be adopted that all solutions of Bessel’s 


differential equation evaluated at r=a will be written without the 
argument. 
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essential distinction from the problem of diffraction 
around a completely closed conducting surface in which 
each coefficient is uniquely determined independently of 
the others. The method of solution proposed by 
Sommerfeld is that of minimizing the total mean square 
error incurred over the two subintervals, thereby ob- 
taining the best approximation possible for the finite 
number of terms used in the series. Since it is required 
that each summation in Eqs. (9) and (10) is to approxi- 
mate the null function, the total mean square error over 
C, and C2 is given by 


N 2 
u=f x at. cne-0| dy 
C1 


n=—N 


a,—1" 


N 2 
+f | ewe-a)| . (il 
C2 zy H,® ; - ) 


Differentiating M with respect to each unknown coeffi- 
cient results in the following set of 2V+1 equations, 
which must be satisfied simultaneously for the 2V+1 
unknown @,’s: 





N 1 
2p-i pb iramniamiiiediaiaiaia —inBp 
N 4” —ing 
= —— oO, |PISN, (12) 


r—N HH 


where 5,» is Kronecker’s delta and where the integral of 
products of angular functions over C» is given by 


2 sin(n— p) go 
Anp= ’ 
n—p 


Qyp being defined as the limit when n—p. 

The analysis for transverse electric fields excited by 
the other component Eg‘ of the incident plane wave is 
exactly analogous to the preceding analysis for trans- 
verse magnetic fields, where K is replaced by 





(13) 


Eog 





K*=— 


eiks cosetiot 
me" 
nk? sina 


where n= (u/e)}. The equations relating coefficients a,* 
and c,* correspond to those relating a, and c, in Eqs. (8) 
and (12) when the radial functions are replaced by their 
derivatives. 

The fields diffracted around a multiple section cylin- 
drical shell by an incident plane wave are treated in the 
same manner as the single section cylinder. As with the 
single-section cylinder the boundary conditions must be 
satisfied over each of the conducting sections and 
apertures between sections. Minimizing the total mean 
square error over the cylinder again gives the best 
approximation in the sense of least squares. Although 
the method is applied here only to the case of two equal 


VOLUME 21, NOVEMBER, 1950 


diametrically opposed sections, it can be easily extended 
to include more than two sections. 

For the transverse magnetic component E, of a plane 
wave incident on the cylinder shown in cross section in 
Fig. 2b, boundary conditions again require that a, and 
c, be related by Eq. (8) and that Eqs. (9) and (10) must 
hold over the subintervals C,, Cs and C2, C4, respectively. 
The resulting relationship between coefficients a, then 
reduces to the following set of equations: 


N 1 
2 -irpB__ FT’ aahihataeiincn ated —ipB 
ra,J , € Pay a » zeae an 
N 4"einb 
= LD’ ———Any, |PISN, (14) 


—N H,?H,® 


where the primed summation is on even values of n 
when ? is even and odd values of m when # is odd. The 
set of equations relating coefficients a,* for the trans- 
verse electric component Eg‘ correspond to Eqs. (14) 
when the radial functions are replaced by their de- 
rivatives. 

It can be seen from Eq. (12) that the coefficients a, 
are functions of the angles a and 8 of the incoming plane 
wave. This is a severe limitation when solving for the 
pattern of the scattered field or of a detecting probe near 
the conducting surface, since it is necessary to repeat the 
solution of the system of equations for each angle of 
incidence. The limitation vanishes, however, for the 
special case of a vanishingly narrow slot in a cylinder. 


2. SERIES COEFFICIENTS FOR NARROW SLOTS 


As the slot width vanishes, the set of Eqs. (12) relating 
coefficients a, reduces to a set of independent equations, 
each equation involving only a single coefficient, since C, 
approaches the interval of orthogonality of the angular 
functions. When the angular slot width 2 ¢ is small, the 
integrals over C, are essentially independent of and #, 
reducing to 

(15) 


Consider first the transverse magnetic component of 
the plane wave incident on the cylinder. When the 
argument ka sina is not a zero of J ,, then by choosing ¢o 
vanishingly small all of the terms in the summation on 
a, become vanishingly small with respect to the 
unsummed term containing ay, Eqs. (12) then becoming 


Anp> 2%. 








: 2¢0 
dnote Fla, 6), |PISN, (16) 
where 
N 4"e*nb 
F (a, B)= 2a H, ° (17) 


When ka sina is a zero of J,, then for p¥q the set of 
Eqs. (12) reduce as before to Eq. (16). For p=q, how- 
ever, the unsummed term containing a, is zero and all 
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Fic. 3. Electric field distribution in the xy-plane within a 
slitted cylinder excited by a plane wave incident at (a) au’, and 
(b) aor. 


of the a,’s in the summation are vanishingly small ex- 
cept the one containing a,; hence at p=q the set of 
Eqs. (12) reduces to 


Qa e 'W= — iN oF (a, B), |q| <N, (18) 


which determines each coefficient a, explicitly. The 
coefficients a,,* for transverse electric excitation corre- 
spond as before when the radial functions are replaced 
by their derivatives. A similar solution follows im- 
mediately from Eq. (14) for the double section cylinder. 

The scattered radiation reduces to that of a com- 
pletely closed cylinder in the limit as go vanishes, since 
a, vanishes everywhere except at the zeros of J,. For a, 
to vanish everywhere including the zeros of J, it is only 
necessary to let go vanish before J, passes through its 
zeros. The coefficients for the scattered radiation are 
then obtained directly from Eq. (8). 


3. MODES IN THE SLITTED CIRCULAR CYLINDER 


a. Existence of Wave-Guide Modes at Certain 
Critical Incident Angles 


The electric and magnetic fields everywhere inside a 
cylinder containing one or more slits have vanishingly 
small amplitudes due to the factor go, except when the 
incident plane wave arrives at such an angle that 


J (ka sina gm) =0, (19a) 
or 


J q (ka sina gm’) =0, (19b) 


where @gm and am’ denote the incident angles for which 
the mth zeros of J, and J,’ occur, respectively. The 
series representing each field component then reduces to 
two terms, namely, those for which n=-tg. At a@gm the 
components of electric field in a cylinder containing a 
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single slit reduce to the following: 
E, = — €gEoa[ COS gmJ (kr Sina gm) 


x cosgg |N a’ (a, B), 


(20a) 


q 
E,O= ceo cosa a 


kr sina om 
XJ (kr sina gm) singe |W F(a 8). (20b) 


E,™ = ie Eval Sina gmJ o(kr sina qm) 
Xsingg JN F(a, B), (20¢) 


where €, is Newman’s number; the common factor 
exp(ikz COSagm+iwt) has been omitted. Equations (20) 
are precisely the expressions given by Stratton’ for the 
electric field components of the 7M gm mode in a hollow 
circular cylinder wave guide if Stratton’s coefficients a,,, 
are chosen to be 


A gm=1€gEpa(A/dam)N oF (a, 8), 


and if the critical angle ag» is related to the cut-off 
wave-length Agm of the TM, circular wave-guide 
mode in such a way that 


SING gm= A/X gm= Ugm/ ka, (21) 


where t%gm is the mth zero of J,. Similarly, it can be 
shown that a plane wave incident at a= agm' excites the 
TE qm mode in a slitted circular cylinder, where agm’ is 
related to the wave-length of the exciting plane wave 
and to its cut-off wave-length by Eq. (21). The field 
distribution of the lowest order TE and TM modes 
excited in a slitted cylinder are shown in Fig. 3. 

An interesting philosophical but physically useless 
observation is the fact that a non-vanishing energy 
bearing field can exist in the cylinder in the ideal case of 
a plane wave incident at the critical conical angles on a 
perfectly conducting cylindrical shell, even when the 
shell is completely closed. These fields are physically 
unobtainable, since they must collapse if any energy is 
withdrawn from the system. 


b. Modes Dependent on Slit Width 


At all angles of incidence other than those in the cones 
Qom and gm’ the coefficients of the series for the fields 
in the cylinder are proportional to the slit width. Even 
at the critical angles defined by these cones all but one 
pair of coefficients are proportional to slit width, the 
fields associated with this pair being identified with 
ordinary wave-guide modes in the cylinder. As a conse- 
quence, for incidence at angles other than the critical 
angles all fields in the cylinder vanish with slit width. 
Since there has been some interest expressed by various 


7 Reference 4, p. 541, Eqs. (75). A typographical error is apparent 
in the angular function in the expression for E,. 
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authors*'° in one special case in which these vanishing 
modes are excited, namely, the case of a plane wave 
incident normally on a slitted cylinder of arbitrary 
radius, these modes will be briefly considered. 

For a single slit in a cylinder, the axial component of 
electric field for 7M waves and the angular component 
of electric field for TE waves, for incidence at angles 
other than agm and a gm’, are given by the following: 


¥o N €p 
a. 


X([sinaJ (kr sine) cospg |F.(a, 8), (22a) 
¢g N t 
E,®= nieniig p a... 
xr =p J,’ 
XJ ,’(kr sina) cospy |F.'(a, B), (22b) 


where F,’(a, 8) corresponds to F(a, 8) when the radial 
functions are replaced by their derivatives. For a 
cylinder containing two diametrically opposed slits the 
conical pattern factors F(a, 8) and F,’(a, 8) are each 
summed over even values of ” when # is even and odd 
values of 2 when p is odd. Individual terms in the 
summation on pf in Eqs. (22) do not represent ordinary 
wave-guide modes, since no relation such as that given 
by Eq. (21) can exist for arbitrary values of a. 

At normal incidence, Eqs. (22) contain the same 
conical pattern factors which Sinclair® obtained in a 
plane normal to the cylinder axis for a very narrow axial 
slot in a cylinder when considered as a transmitting 
antenna. Sinclair resolved an assumed uniformly dis- 
tributed tangential electric field at r=a into a Fourier 
series and equated this series termwise to a second series 
representing the total electric field for r>a. Using 
Sinclair’s method, Papas and King*® computed the cur- 
rent distribution on the surface of a circular cylinder 
excited by an electric field across an axial slit. Sinclair 
has also shown” that the pattern, in a plane normal to 
the cylinder axis, of arrays of axial slits on the surface 
of conducting circular cylinders can be calculated by 
superposing the fields caused by each slit. The patterns 
of two diametrically opposed slits obtained by using 
Sinclair’s method of arraying slits are the same as given 
here. 


4. OPERATION AS A TRAVELING WAVE ANTENNA 


Operation of the slitted cylinder as a receiving 
antenna is readily apparent. As the conical angle a is 
continuously varied, the fields in the cylinder abruptly 
change at @gm and a gm from fields having vanishingly 
small amplitudes (proportional to the slit width) into a 
single TM or TE wave-guide mode whose amplitude is 
independent of the slit width. Since the zeros of J, and 


uo —. Jordan, and Vaughn, Proc. I.R.E. 35, 1451-62 
47). 
*C. H. Papas and R. King, Quart. App. Math. 7, 175-82 (1949). 
” George Sinclair, Proc. I.R.E. 36, 1487-92 (1948). 
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J ,' are distinct, no two wave-guide modes are excited at 
the same angle of incidence and hence each mode is 
distinct (exceptions are the TEom and TMi, modes, 
which are excited at the same incident angle since 
Jo’ =—J;). A receiving probe placed in the cylinder has 
an open-circuit voltage induced in it proportional to the 
field at the probe. A slotted cylinder antenna should 
exhibit directional characteristics dependent on slot 
width, approaching infinite directivity as the slot width 
vanishes. 

The critical conical angles were determined several 
years ago by Hansen" by considering axially slitted 
wave guides as transmitting traveling wave antennas. 
Maximum radiation occurs at those angles for which 
radiation from every infinitesimal element of the slit 
aperture interferes constructively. Referring to Fig. 4, 
maximum constructive interference occurs when a@ gm Or 
Qqm is related to the excitation wave-length and to the 
guide wave-length by 


COS gm=A/Xg. (23) 


Equation (23), obtained from simple interference con- 
siderations, is equivalent to Eq. (21) obtained by 
rigorous solution of the boundary value problem. 

The critical cones associated with each wave-guide 
mode are distinguished by the roots ugm and tgm. For 
any given wave-guide mode these cones are related to 
the electrical radius of the cylinder by Eq. (21). The 
angles agm and a gm’ are plotted in Fig. 5 as a function of 
the electrical radius a/A for cylinders not exceeding a 
radius of one wave-length. The critical cones asymptoti- 
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—_— 
Fic. 4. The slitted cylinder as a traveling wave antenna. Maxi- 
mum constructive interference occurs in cones defined by cosagm 


=/Xg, where \ is free space wave-length and A, is guide wave- 
length. 


1 W. W. Hansen, U. S. Patent No. 2402622. 


1185 








ee, Vee 























Fic. 5. Critical conical angles agm and agm’ as a function of 
electrical radius of the slitted circular cylinder. 


cally approach the cylinder axis as the excitation fre- 
quency is increased. In contrast to the unbounded upper 
frequency limit, each mode has a sharply defined low 
frequency limit. The low frequency limit occurs when 
maximum radiation is in the plane normal to the 
cylinder axis, and corresponds to the condition of cut-off 
in the cylindrical wave guide. For all frequencies below 
the low frequency limit the wave guide is operating 
below its cut-off frequency, and the energy propagating 
inside the cylinder is rapidly attenuated. 

The slitted cylinder antenna is fundamentally linearly 
polarized, the electric field radiated by TM modes being 
E, and that by TE modes being Ez. 

The theory of the slitted cylinder can be used to 
predict the conical pattern and critical cones of wave- 
guide-fed slits in cylinders. The critical cones are de- 
termined by the phase velocity of waves traveling in the 
slit, which is determined entirely by the wave-guide 
cross-section ; the conical pattern depends on the cross 
sections of both wave guide and cylinder. For the case of 
a circular wave guide feeding a slotted circular cylinder 
as shown in Fig. 6a, the argument of the radial functions 
in the conical pattern factor F.(agm, 8) for the TM gm 
mode in the wave-guide is 


kb sina gm= (b/a) tu om. (24) 


Two or more wave-guide-fed slits in a cylinder, as 
suggested in Fig. 6b, may be independently excited and 
the radiation pattern calculated by Sinclair’s method of 
superposing fields. 


5. RADIATION PATTERNS 


The relative conical radiation patterns of the slitted 
cylinder are plots of the conical pattern factors F(a, 8) 
and F,’(a, 8). The pattern factors are complex functions 
of 8 from which the amplitude and phase patterns can be 
obtained. The conical pattern is fixed for any given 
wave-guide mode in a slitted cylinder regardless of the 
cylinder radius or critical conical angle. In Fig. 7 is 
shown the conical amplitude patterns characteristic of 
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the lowest order TE and TM modes ina circular cylinder 
containing one or two diametrically opposed slits. An 
example of the three dimensional pattern of a slitteg 
cylinder is shown in Fig. 8 for a $A diameter cylinder 
containing one or two diametrically opposed slits. The 
patterns in the critical cones are those shown in Fig, 7 
when plotted on an absolute scale. The critical cones for 
the cylinder diameter chosen are a;’=42° and api=61°. 
Since the incident angle a appears in the pattem 
factor only in the product ka sina, it follows that the 
relative pattern in any cone a=ap about a cylinder of 
radius r= a is the same as the relative pattern in a plane 
normal to the axis of a cylinder of radius r=a sinay. 


6. SLITTED ELLIPTIC CYLINDER 


The preceding method outlined for the slitted circular 
cylinder can be applied equally well to the slitted elliptic 
cylinder, the only other closed cylindrical surface defined 
by a single coordinate for which the scalar wave equa- 
tion is separable. Elliptic cylinder coordinates (x, 2, z) 
are related to cartesian coordinates (x,y,z) by the 
transformation 


x=Cy coshu cosy, y=Co sinhw sinv; 

the metric coefficients are given by h,=/,=co(cosh*x 
—cos*v)!, The coordinate system in Fig. 9 shows a 
conducting elliptic cylinder defined by “= up with a slot 
of angular width 2, located at v=2. The coordinates 
and » are radial and angular coordinates corresponding 
to r and ¢ of the circular cylinder. 

The wave functions resulting from separation of the 
wave equation consist of products of radial and angular 
Mathieu functions. Using the series expansion of a plane 
wave in terms of even and odd elliptic wave functions as 
given by Stratton,” the transverse magnetic potentials 
inside and outside the cylinder «= can be written as 
follows: 


II, = (8x)iK ¥ [(a n'/Na®)Jealc, coshu) 
n=0 


X Sen(c, cosv)Sen(c, cosB) 
+(an°/N »°)J02(c, coshu) 


XSon(c, cosv)Son(c, cosB)]. (25a) 











(a) (b) 


Fic. 6. Wave-guide-fed slits in cylinders. Patterns are calculable 
from slitted cylinder theory. 


® Reference 4, p. 386, Eq. (84). 
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Fic. 7. Relative conical patterns of a circular cylinder containing one or two diametrically opposed slits when the cylinder is 
excited in the TE,; or 7M circular wave-guide mode. 





nfl 
I,!=(8r)?K >-~ {i"Je,(c, coshu) 


n=0 1 / K, 

+c¢,°He,(c, coshu) } 
XSea(c, cosv)Sen(c, cosB) 
+(1/N n°) {i"Jon(c, cosh) 


+¢,°Ho,(c, coshu) } 
XSo2(c, cosv)Son(c, cos) | (25b) 


The boundary conditions require that II, match over the 
interval 0<v<2z and vanish over C,, and that dII,/du 
match over C2. The condition that II, must match over 
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the interval of orthogonality of the angular functions 
requires that 


An*Jen=i"Jent+Cn*Hen™, (26a) 


An? J 0n=1"J On +Cn°HO,™, (26b) 
where the radial functions are evaluated at w=. The 
other two boundary conditions relate the coefficients 
over the non-orthogonal subintervals C; and C2. Mini- 
mizing the total mean square error and letting ; vanish 
again results in a set of independent equations for the 
unknown coefficients a,. When 


Jeq.(c, coshuo) =0, (27a) 


or 


J0a0(c, coshu) =0, (27b) 
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Fic. 8. Three-dimensional pattern of a radial electric probe located at g¢= (2/2) in a fA diameter cylinder containing (a) a single 
slit located at ¢=0, and (b) two diametrically opposed slits located at e=0 and y=. The incident wave is polarized such that 
Eva = Eog=(v2/2)Eo. The patterns in the critical cones are taken from Fig. 7. Patterns at a=am are shown multiplied by a 
factor of two. 


the coefficients for p¥q are given by 





20, Se p° ; 
a p*Jey'Se P=— —_F (c, %, 8), psN, (28a) 
ep 
20,50 ,° 
ay°J0,*So ,°’=——F .(c, , B), psN, (28b) 
Ho, 
while that for p=g, is given by 
Seae’ Ne 
dq,* =—i F.(c,, 8B), geS<N, (29a) 
Na’ Seaqe 


and that for p=q, is given by 


Noo 


Fc, Vo, B), JoS N, (29b) 
v0 





where Seg,” represents Seg,(c, cos8), Seq." represents 
Seae(c, cosv), etc., and where the elliptic conical pattern 
factor is given by 
































Fic. 9. Coordinate system of the slitted elliptic cylinder. The 
cylinder is defined by u=wuo with distance between foci 2co. A 
single slit is located at »=v with angular width 22. 
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N Se nS€n™ So,®So,”° 
F Ac, %, B)= > in( moe + ). (30) 
n=0 N,*He,? N,°Ho, 


The coefficients a,°* and a,°* for TE modes are obtained 
from those for TM modes by replacing the radial 
functions by their derivatives in Eqs. (28) to (30). 

The fields in the cylinder at the critical angles .a,,, 
and ,@ gm are the ordinary wave-guide modes in the 
elliptic wave guide.” At all angles other than the critical 
angles the fields vanish according to Eq. (28). The 
elliptic conical pattern factor in a plane normal to the 
axis is the same as that derived by Sinclair" and Carter" 
for the two-dimensional TE case. Since the incident 
angle a appears in the pattern factor only in the 
product c=kco sina, the pattern in any cone a=q% 
about a cylinder «=» whose distance between foci is 
2co is the same as the pattern in a plane normal to the 
axis of a cylinder “= whose distance between foci is 
2¢o SiNay. 

The transition to the circular case follows as the limit 
when cy—0 and u—> ® , for then cy coshu—r. The solution 
for the elliptic cylinder then goes over to that for the 
circular cylinder. 
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Frequency Factor and Activation Energy for the Volume Diffusion of Metals* 


a G. J. Drenes 
Atomic Energy Research Department, North American Aviation, Inc., Los Angeles, California 


(Received May 12, 1950) 


The theoretical equations proposed for calculating Do of the diffusion-constant-temperature relation 
D= Doe #/8T 


are critically discussed in the light of presently available data. It is concluded that none of the relations 


gives satisfactory agreement with experiment. 


Empirical analysis of experimental data covering a wide range of Dy and E values showed that the quantity 
E/T m, where T is the melting point in °K, is the main factor in determining the value of Do, and that Dy 
depends approximately exponentially on E/T. In addition to many other diffusion constants, it is shown 
that the anisotropic diffusion of zinc and the widely differing diffusion constants for self-diffusion in a- and 
y-iron are included in the proposed empirical correlation. 

A possible theoretical basis for the empirical correlation is described based on the idea of local melting or 
disordering. The quantity E/T,, is identified with the entropy of activation. 





I. INTRODUCTION 


T is well known that the temperature dependence of 
diffusion can be well described by the simple expo- 
nential relation 


D= Doe #!¥T, (1) 


where D=diffusion constant; Do=constant, same di- 
mensions as D; E=activation energy ; R= gas constant; 
T=temperature in °K. Many attempts have been made 
to derive theoretical or semi-empirical expression for Do, 
the so-called frequency factor. Recently, sufficient data 
on volume diffusion have become available to judge 
critically the validity of these equations.' 

It may be pointed out that investigations over the 
last ten years or so have shown very clearly that the 
diffusion constant as well as the activation energy is a 
function of the concentration in most intermetallic 
systems. The importance of proper thermodynamic 
treatment has been emphasized (use of activities in 
place of concentrations). A review by A. D. Le Claire” 
summarizes well our present state of knowledge, and it 
is clear that the corresponding Do of such systems is 
not yet amenable to theoretical analysis. Any relation 
proposed for Do, therefore, should be tested by com- 
parison with self-diffusion data and with intermetallic 
diffusion data obtained at very low concentrations and 
far below the solubility limits so that concentration 


* This document is based on work performed under Contract 
No. AT-11-1-GEN-8 for the AEC. 
1C. J. Smithells, Metals Reference Book (Interscience Publishers, 
Inc., New York, 1949), pp. 390-412. 
2A. D. Le Claire, Section on Diffusion of Metals in Progress in 
Medal Physics I (Interscience Publishers, Inc., New York, 1949), 
pp. 306-379. 
For surveys of the field of diffusion in metals see: 
R. M. Barrer, Diffusion in and Through Solids (Cambridge Uni- 
versity Press, 1941). 
W. Jost, Diffusion und Chemische Reaktion in Festen Stoffen 
(Theodor Steinkopff Verlag., Dresden, 1937). 
W. Seith, Diffusion in Metallen (Verlag. Julius Springer, Berlin, 
1939). 
F. Seitz, The Physics of Metals (McGraw-Hill Book Company, 
Inc., New York, 1943). 
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dependence is negligible. Since grain boundary and 
surface diffusion present special problems, the present 
discussion will be limited to volume diffusion. 

It should also be remarked that evaluation of Dp 
should not be tested by comparing experimental and 
calculated values of the activation energy, E. Such a 
calculation is found to be quite insensitive to the value 
of Dy chosen because of the masking effect of the expo- 
nential factor in Eq. (1). Do values now known cover a 
sufficiently wide range for proper comparison of any 
proposed relation with experiment. 

Table I is a summary of proposed theoretical and 
semi-empirical relations. (For notation, see headings of 
Table II.) In the third column the implied linear func- 
tional relations are also indicated. Leichter* has pointed 
out that only the Langmuir-Dushman‘ equation and 
the relation proposed by him predict the right order of 
magnitude for Do. This conclusion is based on a few 
self-diffusion studies.* It is probably far more important, 
however, that none of the relations listed in Table I 
predict the correct functional dependence. Sufficient 
data are given in Table II for systems of known self- 
diffusion to verify this statement by simply plotting 
the data according to column three of Table I. Among 
others, glaring examples of deviations may be found in 
the anisotropy of Zn and in the self-diffusion of iron in 
the a- and y-phase.® 

Bradley’s® relation comes closest to showing a corre- 
lation provided the relation between Do and Evd*/Ty, 
(where T,, is the mean temperature of the experiment) 
is taken to be an exponential rather than a linear one. 
It will become clear from later discussion in this paper 
that the above is to be expected for the simple reason 
that Tx is usually not too far removed from the 
melting point. 


3M. Leichter, N.A.C.A. Tech. Note No. 1856, Washington, 
April, 1949. 

*T. Langmuir and S. Dushman, Phys. Rev. 20, 113 (1922). 

°C. F. Birchenall and R. F. Mehl, J. App. Phys. 19, 217 (1948). 

®R.S. Bradley, Trans. Faraday Soc. 33, 1185 (1937). 
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TaBLe I. Equations proposed for Do of D= Doe~*/*T. 











Investigator Proposed equation Implied linear functional relation 
Langmuir-Dushman* Do=(E/Nh)d? Do vs. Ed? 
Bradley Do=1/6(E/RT) vd? Do vs. Evd?/T ny 
Van Liempt* Do=8vd?/3x Do vs. vd? 
Eyring4 Do=(V/N)(KT/h) (1 —e7*/47) Dy vs. Vi0* 
Leichter® Do/vd?=2xW /3(3E,/E,)¢e% 1/227 LogDo/vd? vs. Ez /Tyy** 
Cichocki‘ Do=2.43X 104(M)4/V(Tm)4 Do vs. (M)4/V(Tm)* 








* Exponential can be expanded for all values of interest here. 

** Other quantities are essentially constant for values of interest here. 
* See reference 4. 

> See reference 6. 

* J. Van Liempt, Zeits. f. Physik 96, 534 (1935). 

4 See reference 11. 

* See reference 3. 

t J. Cichocki, J. de phys. et rad. 7, 420 (1936). 


II. EMPIRICAL CORRELATION 


The discussion given so far indicates that no suitable 
expression exists (theoretical or empirical) for relating 
Dp to, and for calculating it from, other physical quanti- 
ties. An analysis of presently available experimental 
data was undertaken in order to find out whether it is 
possible to abstract from the data themselves the physi- 
cally significant quantities which determine Do. Guided 
by the often proposed idea of melting, or disorder, as 
an important factor in diffusion, it was empirically 
discovered that the physically important quantity is 


E/T», 


where E=activation energy; 7,,= melting point in °K. 
This conclusion is based on the data given in Tables II 
and III. An attempt was made to include all reliable 
diffusion data within the restrictions discussed in the 
introduction. In cases where several different values 
are available, Smithell’s judgment has been accepted in 
most cases as to reliability (as given in his tables).' It 
was found that good correlation is obtained over a 
wide range of Dy values by plotting log(D)/vd*) or 
log(Do/vd*) against E/T,,. The best correlation appears 
to be given by log(Do/vd*) vs. E/T. The possibility of 


a close relation between E and T,, for self-diffusion 
has been discussed by many workers.’ It is to be 
emphasized that the present discussion is concerned 
with the relation between Dy and the above quantities, 
rather than the possible interrelation of E and T,,. 
The results are shown in Fig. 1, where log(Do/v)?) is 
plotted against E/2.303RT,, for all the items of Table IT 
and III. Several values are available for Cu with three 
typical ones given in Table II. All of these fall along 
the correlation curve and furnish no judgment as to 
the best values for this material. This is probably due 
to compensating errors in E and Dp in the various 
experimental data. In Table III all physical constants 
refer to the solvent atoms. This is obviously incorrect 
in the immediate neighborhood of a solute atom but no 
data are available for more accurate analysis. These 
variations must be minor, however, relative to the 
exponential influence of E/T,,. Within the experimental 
reliability of Do values the correlation is seen to be a 
very good one and covers a Dy range from about 10~ to 
10*4 and activation energies from 8 to 140 kcal./mole. 
This curve clearly establishes E/T, as the main factor 
which determines the value of Dy. However, since the 
influence of this factor is approximately an exponential 


TABLE II. Data for self-diffusion of metals.* 











Inter- 
Activa- Lattice atomic Debye 
tion con- dis- fre- 

Frequency energy, Melting stant, tance, quency, Molar _ Heat of 

factor, D E, point, E d, r, », Debye Av. T. of volume, fusion Ey 

Do, log— log— kcal./ Ta, — cm cm sec.-! temp. exp. Tpy V, kcal./ 
System cm? sec.~! vd? vr mole K° 2.303RTm X107-§ X10-% XI10!2 6 °K cm? mole 
Silver 8.95 X1071 2.08 2.38 45.9 1234 8.32 4.08 2.88 4.5 215 1110 10.8 2.73 
Gold 1.6 X10" 1.41 1.71 53.0 1336 8.68 4.07 2.87 3.8 170 1183 10.4 3.06 
Copper 4.7 X10! 3.74 4.04 61.4 1357 9.89 3.61 2.55 6.6 315 1113 7.1 3.11 
Copper> 1.1 X10! 3.11 3.41 57.0 1357 9.20 3.61 2.55 6.6 315 1113 7.1 3.11 
Copper* 3.00 X10™ 1.54 1.84 46.8 1357 7.55 3.61 2.55 6.6 315 1113 7.1 3.11 
a 6.6 3.17 3.48 27.9 600 10.15 4.94 3.48 1.8 88 488 18.3 1.19 

Tungsten 1.15 X10! 3.24 3.37 140.0 3655 8.37 3.16 2.73 6.6 310 ~3000 9.55 11.2 

Zinc, (||) c-axis 4.6 X10 0.55 0.55 20.4 693 6.44 4.94 4.94 5.3 250 655 9.2 1.72 
Zinc, ( 1) c-axis 9.1 X10! 4.39 4.39 31.0 693 9.77 2.65 2.65 5.3 250 655 9.2 1.72 
Iron a4 3.4 10+ 6.65 6.74 77.2 1183¢ 14.23 2.86 2.58 9.4 420 1074 7.07 3.63 
Iron +4 10 X<10-* —1.08 —0.76 48.0 1808! 5.78 3.56 2.57 9.4 420 1297 7.07 3.63 








* Data from reference 1 unless otherwise noted. 
> From Steigman, Shockley, and Nix, Phys. Rev. 56, 13 (1939). 


¢ From Raynor, Thomassen, and Rouse, Trans. Am. Soc. Met. 30, 313 (1942). 


4 Data from reference 5. é ’ 
© This is the transition temperature from a to y as explained in text. 


t This is the melting point of iron. A somewhat lower melting point for y-iron proper would not influence the results appreciably. 


7See, for example, W. A. Johnson, Trans. A.I.M.E. 143, 107 (1941), also Table X of reference 2. 
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TABLE III. Data for intermetallic diffusion.* 














__—_—_—— 
p- : Inter- 
—_ Lattice ae Debye 
con- is- fre- 
a a energy, Melting stant, tance, quan. 
“ . am . a. x... } oon. E C4 r, ¥, a Debye Av. T. of 
= ° ° —_—————= cm " 
System cm? sec.~1 vd? yd? mole °K =«-2.303RTm =X10-* = X10 Ss dog Taek 
Cd in Ag 4.9 X10~¢ —2.19 —1.89 22.4 1234 3.98 4.08 2 
Cu in Ag 60 xters —2.10 = 1-80 24.8 1234 4.39 4.08 288 is 318 104s 
a in : , —2. - 1234 4.33 4.08 : 
Sb in Ag 5.3 X10-¢ —2.15 —1.85 21.7 1234 3.85 4.08 2/88 ‘3 218 104s 
Sn in Ag 7.8 X10 —1.98 —1,69 21.4 1234 3.80 4.08 2.88 4.5 215 1045 
Cu in Al 8.4 X10 0.79 1.10 32.6 933 7.65 4.04 2.86 8.34 398 784 
Cu in Au 1.1 X1073 —0.77 —0.47 27.4 1336 4.48 4.07 2.87 3.8 170 1000 
Al in Cu 1.8 X1072 0.31 0.61 37.7 1357 6.07 3.61 5 
Be in Cu 2.3 x1076 —1.57 —1.27 28.0 1357 4.52 3.61 3s 66 313 io73 
Cd in Cu 2.0 X10" —6.62 —6.33 8.0 1357 1.29 3.61 2.55 6.6 315 1073 
Si in Cu 3.7 X10 0.63 0.94 40.0 1357 6.44 3.61 2.55 6.6 315 1073 
Sn in Cu 1.1 2.12 2.42 45.0 1357 7.25 3.61 2.55 6.6 315 1073 
Cu in Ni 1.0 X1073 —1.0 —0.70 35.5 1728 4.50 3.51 2.48 7.85 375 1043 
Cd in Pb 1.8 X1073 —0.39 —0.08 15.4 600 5.62 4.94 
Sn in Pb 4.0 _ 2.96 3.27 26.2 600 9.53 4.94 3.48 13 83 338 
Ni in Pb 6.6 X107! 2.18 2.49 25.3 600 9.21 4.94 3.48 1.8 88 $75 
Tl in Pb 2.5 X1072 0.76 1.07 19.4 600 7.06 4.94 3.48 1.8 88 515 
Ag in $0:50 AgAu** 3.91071 1.75 2.05 44.7 1300 7.52 4.07 
An in 50:50 AgAu** 1.2107 1.24 1.54 44.1 1300 7.41 4.07 237 “i 190 . iil 








* Data from reference 1 unless otherwise stated. Only data obtained at very low concentrations and well below the solubility limits included. Lattice 


parameters and other physical constants refer to the solvent. 
** Data from reference 9. 


one, more subtle differences, specifically the relation of 
Dy, to lattice parameters, are extremely difficult to 
determine until a large amount of considerably more 
accurate experimental information is available. 

The correlation is seen to be non-linear, except per- 
haps over the middle range, where a line of slope 1, 
indicated by the broken line, may be drawn. Over the 
linear range Do may be expressed as 


Dy=v02Ke#! BT (2) 


with K = 10~®. Since the linear form is valid only over a 
limited range, no physical significance can be assigned 
to the value of K. 

It is to be noted that the anisotropy of Zn is properly 
taken care of in this correlation.* Furthermore, self- 
diffusion in a- and y-iron also fits into this scheme pro- 
vided the transition point between the two phases is 
accepted as the melting point of a-iron. This choice is 
not unreasonable in view of the fact that such a transi- 
tion involves a great loosening of the lattice over the 
transition range of temperatures. Bismuth, which also 
shows anisotropic diffusion, has been left out of 
Table II and Fig. 1. Available data on Bi are very 
approximate.® In the direction perpendicular to the C 
axis, a tremendously high Dy was obtained (~10*), 
which can be fitted in approximately with the present 


* The Debye temperature given in Table IT for Zn is an average 
value and, in the absence of better information, the same value 
was used for both directions. The characteristic temperature is 
unlikely to deviate by more than 30-40 percent from the average 
owing to anisotropy. This would have a negligible influence on the 
— since the frequency factors differ by more than a factor 
of 10.3 

8W. Seith, Zeits. f. Elektrochemie 39, 538 (1933). See also 
R. F. Mehl, Trans. A.I.M.E. 122, 11 (1936). 
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correlation. In the parallel direction a low Dy is obtained 
(~10-*) and the corresponding activation energy ap- 
pears to be much too high. This point would fit very 
poorly on Fig. 1; but, because of the large scatter in the 
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data, it cannot be concluded that Bi is an exception to 
the correlation presented here. More experimental data 
on diffusion anisotropy as well as on the influence of 
phase changes (analogous to iron) would be very 
helpful. 

It may be of interest also to note that Johnson’s® 
values for the self-diffusion of silver and gold in a 
50:50 AgAu alloy fall along the correlation curve. 


Ill. THEORETICAL CONSIDERATIONS 


It has been shown in the preceding sections that, 
empirically, the frequency factor, Do, depends roughly 
exponentially on a definite fraction of the activation 
energy determined by the melting point. It is natural 
to look, therefore, for local melting, or disordering, as 
the elementary activation step. Such a proposal has 
been made by Mott" recently in connection with creep 
at low stresses. It appears that a similar picture may be 
applicable to diffusion. Let us assume that the ele- 
mentary activation step is the disordering or melting 
of a small group of atoms by thermal fluctuations at a 
temperature T, which is below the melting point 7,,, 
and let us assume that this small group of atoms may 
be treated thermodynamically. The free energy per 
atom necessary to produce this local melting, or dis- 
ordering, may be written 


AF’ =AH'—TAS’ (3) 
with AF’ equal to zero, at the melting point, 7;,. Then 
AS’ = AH'/T». (4) 


The free energy of activation may be assumed to be 
proportional to AF’ (the proportionality constant de- 
pending on the number of atoms involved),"° i.e., 


F=aAF’=aAH'—TadH'/Tn (5) 
or in the usual notation 
F=E-—TE/Tn, (6) 


where E/T, represents the entropy of activation. 
Following reaction rate theory," the expression for the 
diffusion constant D may be written 


D=Dge-2!8T = Be#/RTmg—E/RT (7) 


which is of the same form as the empirical equation 
valid over the linear range of Fig. 1. Dp is identified with 


BeFlRTm, 
where B= Kp)’. 
Thus, it is possible to lend some theoretical support 
to the empirical analysis presented in this paper. 


*W. A. Johnson, Trans. A.I.M.E. 147, 331 (1942). 

1 N. F. Mott, Proc. Phys. Soc. London 60, 391 (1948). 

“S, Glasstone, K. J. Laidler, and H. Eyring, The Theory of 
Rate Processes (McGraw-Hill Book Company, Inc., New York, 
1941), pp. 519, 538. 
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It may be added that Eq. (7) has no physical meaning 
for T>Tn. At T=T 


D= Dm= K+ vd. (8) 


The analysis presented here states, therefore, that 
melting temperatures represent equivalent states for 
comparison of diffusion processes. Physically, it is fay 
more reasonable to compare diffusion constants, and 
to relate them to lattice parameters, at the meltin 
point rather than at J =~ as implied by the use of D,, 
It would be desirable, of course to know accurately the 
lattice parameters at the melting point. 

Another feature of the picture presented here may 
be pointed out qualitatively. Experimental results up 
to date indicate? that the activation energy for the 
diffusion of any metal A in dilute solution in another 
metal B is always less than the activation energy for 
self-diffusion in B. Johnson® has pointed out that the 
hole mechanism of diffusion is apparently unable to 
account for this trend and proposed that diffusion takes 
place via the motion of substituted atom-hole com- 
plexes. This suggestion has been criticized by Frenkel” 
as being improbable. 

The picture of diffusion presented here can explain 
the above phenomenon qualitatively. The free energy 
of activation in Eq. (5) may be lowered either by de- 
creasing a, 1.e., the size of the region to be melted, or 
by decreasing the heat of fusion, AH’. It seems unlikely 
that a would be changed appreciably. The heat of 
fusion, however, may be lowered considerably even in a 
dilute solution of A in B, since it is precisely around an 
atom of A that local melting must occur, and the con- 
centration of A in the small group of B atoms may be 
quite high. Some change in the melting point is also to 
be expected modifying somewhat at the correlation of 
Fig. 1. The wide applicability of this correlation shows, 
however, that the important change must be in the 
activation energy. No quantitative results can be given 
at this time. 

With the importance of melting characteristics, as 
related to diffusion, empirically established, it seems 
likely that considerable further theoretical progress may 
be made by a careful investigation of melting and 
local disorder phenomena. Modern theories of melting 
and fluctuation phenomena should form a convenient 
starting point. 


Note added in proof: Since this paper was written, the author’s 
attention has been called to a recent paper by C. F. Birchenall 
and R. F. Mehl, Trans. A.I.M.E., 188, 144 (1950), in which new 
data are given for self-diffusion in a- and y-iron which supersede 
entirely their previous results (Reference 5). These new data fit 
into the correlation scheme presented here and do not change 
the conclusions given in the text. As a matter of fact, since the 
activation energies for the two phases are now practically iden- 
tical, the explanation in terms of melting points may acquire 
added significance. 


2 J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, Oxford, 1946), pp. 27-36. 
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Thorium Sulfide as a Thermionic Emitter 
T. E. HANLEY 


Naval Research Laboratory, Washington, D. C. 
June 28, 1950 


N a recently declassified AEC report! it is stated that sulfides 

of thorium, particularly ThS, have high resistance to thermal 
shock and are “more resistant toward metals than the oxides.” 
In addition, ThS has an electrical conductivity of 10-2 cm and 
‘4s as non-volatile as the most refractory oxides.” In view of these 
characteristics it was of interest to investigate the possibility of 
using ThS as a thermionic emitter. 

A sample of this material was obtained through the AEC. 
A coating bath was set up in order to obtain uniform coatings. 
The bath was prepared by ball-milling (Pyrex balls in Pyrex con- 
tainer) 5 g of ThS with a mixture of 50 ml of methanol and 50 ml 
of acetone. This combination when used as a coating bath with a 
nickel anode would put a 0.001-in. coating on a 0.0005-in. wire 
in 10 sec. at 50 v and an initial current density of 40 ma/cm’. 

The temperature scale for ThS was obtained by heating a ThS- 
coated 0.002-in. molybdenum cylinder (0.d.=0.125 in., L=3.5 in.) 
in vacuum. The brightness temperature was measured on the 
outer coated surface, while the true temperature was obtained by 
sighting the optical pyrometer on a 0.30-in. hole in the cylinder. 
The measurements give a spectral emissivity of 0.4 for ThS. 

The thermionic emission data were taken using coated 0.005-in. 
tungsten wires in a guard ring diode structure. The Richardson 
constants of the material are approximately @=3.4 ev and 
A=100 amp./cm*/deg.*. In the vicinity of 1500°C Br the emission 
from ThS is only one-fourth as great as that from thoria (ThO2). 

Some measurements were also made to determine the rate of 
evaporation of this material by measuring the loss of weight from 
a uniformly coated tungsten strip which was held at a known 
temperature for a given length of time in vacuum. These measure- 
ments indicate a vapor pressure of 10-? mm Hg at 1870°C Br 
whereas the previously mentioned report! gives the vapor pressure 
as less than 10- mm Hg at 2200°C. Perhaps comparison of these 
data is not in order, since the conditions of the measurements for 
the values given in the AEC report are not stated. 


1 Brewer, Bromley, Giles, and Lofgren, ‘‘The preparation and properties 
of refractory sulfides,’’ University of California (November, 1945). 





On the Fredrickson-Eyring Theory of the 
Mechanical Behavior of Metals* 


J. FLEEMANT AND G. J. DIENES 
Atomic Energy Research Department, North American Aviation, Inc., 
Downey, California 
August 28, 1950 


T is generally felt that a unified theory of the mechanical 
behavior of metals must be based upon a dynamical theory 
since it is well known that the results of a stress-strain experiment 
depend markedly upon the time scale of the experiment. The first 
serious attempt to formulate a dynamical theory of the behavior 
of metals is due to Fredrickson and Eyring.' We shall refer to 
this paper as FE. It is the object of this letter to discuss some of 
the implications of their theory. 

FE have used the method of the statistical rate theory of 
processes to formulate a theory of the mechanical behavior of 
metals. The behavior of the fundamental unit of dashpot and 
spring is determined by the differential equation 


de/dt = (1/g;)(do/dt)+k; sinhaye, (1) 


where o and ¢ are the stress and strain, respectively, gi is the 
spring constant of the ith element and, &; and a; are the viscosity 
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The first term 


parameters determined by way of a quantity 4,. 
on the right-hand side of the equation describes the elastic proper- 


ties of metals according to Hooke’s law; the last term describes 
the flow properties according to the Eyring theory of viscosity 
As a model used to interpret a stress-strain curve, FE use the 
combination of springs gi, g2, and g; and dashpot elements 6; and 
82 in the form of Maxwell elements coupled in parallel. The spring 
g: and dashpot 8; combine to form unit one, unit two consists 
of the spring g2 and dashpot #2, unit three is the spring element g, 
alone. FE have applied the results of their analysis to determine 
the equation for a loading curve obtained with a constant rate 
of straining. 

To test the generality of this dynamical theory we have used 
Eq. (1) to calculate an unloading curve and (what turns out to 
be more interesting) a reloading curve calculated from the assump- 
tion that the material is reloaded immediately after unloading. 
The problem of strain relaxation, or recovery, at zero load is 
discussed separately under several simplifying assumptions. 

With the test material loaded to a stress oo" at a strain e9” 
under the conditions of a constant strain rate € the unloading 
curve can be evaluated by solving Eq. (1) subject to the initial 
condition o =¢9 at t=0. We get 

foro 


1+ [i-omer | tan 


ae 
er a 1—tanh(ag/2) (60 —e) @) 
The unloading curve for each unit of the Maxwell representation 
is calculated from Eq. (2) to a value of zero stress for the entire 
model. It turns out that after unloading the first unit is in a state 
of compression while the second and third units are in extension. 
Similarly, the reloading curve can be determined from Eq. (1) 
using the initial condition that at t=0, c=o 9, where oo” can 
be positive or negative depending upon whether it refers to unit 
one or two. We get 


a 
1+ [eee tanh| Fea] 
o® = go -+— In B 2 


(2) 
a 1—[1—Ptere"] tanh | (ee) | 
B 2 
We have calculated the unloading and reloading stress-strain 
curves for SAE 1020 steel according to Eqs. (2) and (3), re- 
spectively, 


1. at T=—70°C and a strain rate of 5X 10~ sec“, 
2. at T=—70°C and a strain rate of 500 10-5 sec.—, 
3. at T=100°C and a strain rate of 5X 10~ sec.—, 


where we have assumed the material has been loaded to a value 
of true strain equal to 0.5 and then unloaded. 

The results of these calculations are shown in Fig. 1. It will be 
noted that in all cases the reloading curve rises appreciably above 
the initial loading curve for equivalent values of strain. It appears 
that the model predicts too much strain hardening? 

It is important to determine the magnitude and rate of strain 
recovery to be expected from the FE theory. Such a calculation 
is to be carried out via Voigt-type of mechanical model repre- 
sentation. However, as a result of the non-linear character of 
Eq. (1), the equations which arise in the transformation of a 
Maxwell representation to a Voigt representation are too complex 
to interpret in a simple manner. In order to make an estimate of 
the relaxation time we have replaced the non-linear viscous ele- 
ment in the Maxwell representation by an equivalent Newtonian 
viscous element ». If we choose the viscosity 7 to be given by the 
equation 








(3) 


n=1/ak, (4) 


then the relaxation time which is calculated will always be a 
time that is greater than any relaxation time obtained from the 
FE theory. Furthermore, it can be shown that another simplifica- 
tion which may be made, without appreciably influencing the 
results is the following: letting g:=0 in the Maxwell representation 
renders the equivalent Voigt representation, consisting of springs 
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Fic. 1. The dotted curves are the loading curves as calculated by 
Fredrickson and Eyring. Curve (a) computed for T = —70°C and é¢=500 
<107* sec.~!, curve (b) computed for T = —70°C and ¢=5 X107 sec.™, 
curve (c) computed for T =100°C and ¢=5 X10-5 sec.~!. The solid curves 
are the unloading and reloading curves computed from a strain «=0.5 as 
discussed in the text. 


g:’ and g,’ and Newtonian viscous elements 7,’ and 2’ easily 
manageable. 

Using the method outlined, we have calculated the maximum 
relaxation time for SAE 1020 steel at T= — 70°C and €=5X 10-5 
sec.~! to be 2.6 days and 2.2 hours for the two units which appear 
in the Voigt representation. It is evident that strain relaxation is 
going to take place at a rate far greater than experimentally 
expected for steel in a temperature range where plastic deforma- 
tion should be essentially permanent.’ 

Thus, upon the basis of calculations presented here, we con- 
clude that the FE dynamical theory of the mechanical behavior 
of metals has inherent within it the following characteristics: 

1. It predicts too much strain hardening. 

2. It predicts a relaxation time for deformation recovery which 
is much too small and consequently it fails to account for the 
permanent deformation in steel in the temperature range —70°C 
to 100°C. 


* This letter is based on studies conducted for the AEC under Contract 
AT-11-1-GEN-8. 

t Now at the National Bureau of Standards, Washington, D. C 

1J. W. Fredrickson and H. Eyring, Statistical Rate Theory of Metals, 

Metals Tech. TP 2423, August, 1948. 

See for example: F. Seitz, The hy of Metals eg Hill Book 
Company, Inc. New York, 1943), Fig. 46, p. 72; Fig. 5 

* A, M. Freudenthal and M. Reiner, J. feo. Mech. 1s. 965 T1048). 





Base-Metal Effects in Thoria-Coated Filaments 


HERBERT NELSON 
Tube Department, Radio Corporation of America, Harrison, New Jersey 
August 11, 1950 


HE thoria-coated filament has shown promise of meeting the 
demands for a thermionic source supplying long-life emission 
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at high current densities and voltages better than does either the 
barium-strontium oxide-coated cathode or the thoriated tungsten 
filament. Investigation of the properties of this new type filament 
has therefore appeared fruitful and has been carried out in various 
laboratories of the RCA organization. The purpose of the presen; 
communication is to summarize briefly some of the results obtained 
in the part of this investigation which has had to do with base. 
metal effects. Adherence of the thoria to the metal base, ease of 
thermionic activation, and level of thermionic emission reacheq 
have been studied as a function of base material. 

With regard to adherence, a problem is created as a result of 
the rather large difference in thermal expansion between thorig 
and the refractory metals suitable for base material. The coeff. 
cient of thermal expansion for thoria! is 11.3 10~*, while for W, 
Mo, Ta, and Pt, the values are 4.2, 4.9, 7.0, and 9.0X10-6, te 
spectively. On the basis of these figures it is to be expected ‘et 
adherence is best with Pt and poorest with W. Experimental work 
has shown the foregoing to be true. Adherence was found poor 
with W, fair with Mo, good with Ta, and excellent with Pt. With 
Ta, layers of thoria as thick as 3 mils (45 mg/cm?) were found to 
adhere to the end of 3000-to-4000-hour life tests conducted jp 
diodes. With W, on the other hand, even very thin layers (8 mg/ 
cm*) did tend to chip off at the very beginning of life tests. With 
Mo, chipping difficulties were also encountered though filaments 
with as much as 20 mg/cm? of thoria were operated successfully on 
life for as long as 2000 to 3000 hours. 

Though, as suggested above, the better match in thermal 
expansion may account for the superior adherence to Pt and Ta, 
it is also possible that the relatively high ductility of these metals 
at operating temperatures may be a contributing factor. 

Since it seems reasonable to expect that for low work function, 
thoria, like BaSrO, depends upon a stoichiometric excess of metal 
in the crystal lattice, tests were made to determine whether the 
base metal, as a reducing agent, has an effect upon the ease of 
activation of thoria-coated filaments. For this purpose four tubes 
were constructed identical in all respects except that two were 
made with a base material of Ta while the other two were made 
with Pt. The tubes were exhausted and processed in identical 
fashion, the electron emission being determined as a function of 
the filament temperature during the initial glowing. The results 
obtained are shown in Fig. 1, curves A and B expressing the 
temperature-electron emission relation for thoria on Ta and Pt, 
respectively. The fact that high thermionic activity is reached at 
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a greatly lower temperature with Ta, a good reducing agent, than 
with Pt, a poor reducing agent, is consistent with the view that a 
low work function of thoria is associated with a stoichiometric 
excess of metal in the crystal lattice. 

When Mo, W, or Ta is used as base material, roughly the same 
maximum space-charge-limited emission, about 5 amp./cm*, is 
obtained at 1900°K B.T. At lower temperatures, however, higher 
yalues are invariably obtained with Mo than with Ta. At 1800°K 
B.T., for instance, the average emission with Mo was found to 
be equal to 3.1 amp./cm*, while the average with Ta was found 
to be 2.0 amp./cm?. No explanation has as yet been found for 
this superiority of Mo at low temperatures. 

Acknowledgment is made to the following members of the RCA 
organization who have made fundamental! contributions to the 
development of the thoria-coated filament: Dr. Lloyd Garner, 
Dr. Philip Smith, and Mr. M. N. Fredenburgh. 


1A. Eisenstein, J. App. Phys. 17, 443 (1946). 





Erratum: The Mechanical Properties of Glass 


[J. App. Phys. 13, 623-634 (1942)] 
F. W. PRESTON 
The Preston Laboratories, Butler, Pennsylvania 


N p. 631 there is an error in the caption for Fig. 5. The 
limiting velocity of the propagation of cracks should be 

5080 ft./sec., rather than 3 miles/sec. as stated. 
A similar error occurs on p. 624, in which the velocity of sound 
in glass should be approximately 1 mile/sec., instead of 3 miles/sec. 





Scheme for Analyzing Capillary Measurements 
on Non-Newtonian Liquids 
Orrtn H. CLARK AND M. L. DEuTSCH 
Socony-Vacuum Laboratories, Research and Development Department, 


Paulsboro, New Jersey 
August 11, 1950 


T has kindly been pointed out by Mr. A. B. Bestul that the 
formulas for analyzing non-Newtonian capillary flow given in 
our recent paper, “Scheme for analyzing capillary measurements 
on non-Newtonian liquids,”! were developed by B. Rabinowitsch, 
“Uber die Viskositat und Elastizitat von Solen,’? and have since 
been referred to in various other journals. The absence of these 
useful equations from such a book as Green’s Industrial Rheology 
and Rheological Structures is surprising and led to the regrettable 
submission by us of their derivation as original material. 


1Orrin H. Clark and M. L. Deutsch, J. App. Phys. 21, 713 (1950). 
? B. Rabinowitsch, Zeits. f. physik. Chemie A145, 1-26 (1929). 





Original Authorship of Formulas Given in 
Clark and Deutsch’s Paper 
M. REINER 
Institute of Technology, Haifa, Israel 
AND 
G. W. Scott BLaIrR 


National Institute for Research in Dairying, University of Reading, England 
September 14, 1950 


HE fact that the paper by Clark and Deutsch in the July 
issue of your Journal (p. 713) was passed by your referee as 
describing ‘‘a powerful new scheme” shows that rheological 
literature is not as widely known as it should be. May we, there- 
fore, as authors of textbooks on rheology in which the relevant 
papers are quoted (Scott Blair, 1938; Reiner, 1949) be permitted 
to point out that this method is due to Weissenberg and was first 
applied by B. Rabinowitsch (1929) for the case of the capillary 
viscometer, followed by Mooney (1931), who adapted it to the 
rotating cylinder instrument? Hersey (1932) named it the “differ- 
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entiation method” because it applies differentiation to the ob- 
served consistency curve in order to find the rheological equation 
of the material, in contradistinction to the “integration method,” 
where a rheological equation is assumed and the consistency 
curve derived by integration. 

We do not doubt that Messrs. Clark and Deutsch derived their 
Eq. (12) independently, but it will be seen that it is identical with 
Eq. (9) of Hersey’s paper. 





Application of Liouville’s Approximation 
to the Blind Navigation Problem 


J. J. Gitvarry Anp S. H. Browne* 
The Rand Corporation, Inc., Santa Monica, California 
September 8, 1950 


N a recent paper! in this journal, it has been shown that the 

problem of determining a vehicle’s position vector r from the 

reading b(#) of an accelerometer as a function of time ¢ is equiva- 
lent to solving the differential equation 


(dr /d#) +-wo?(Ro/R)*(Rok+r) = b(t), (1) 


where R (with initial value Ro) is the vehicle’s radial distance from 
the earth’s center, k is a radial unit vector at the origin, and 
wo=(go/Ro)* if go is the gravitational acceleration at the initial 
point of motion. A case not treated in that discussion presents 
itself when the vehicle’s altitude h= R—Rp relative to the earth 
is available as a function /(¢) of time from continuous measure- 
ments made by an altimeter (of radar or atmospheric-pressure 
type). The quantity A(#) is then an independently measured 
integral of the motion (thus the problem of determining position 
coordinates is actually overdetermined). In this case, Eq. (1) 
becomes 

(@r/d?) + wel (t)r = b(t) — go Ok, (2) 


where 
P(t) =[1+h(t)/Ro}*~1—3h(t)/Ro, (3) 


and the approximation indicated in (3) is valid for hKRo. 
Equation (2) is linear in the coordinates and, from the standpoint 
of computer design, presents definite advantages over the non- 
linear Eq. (1). 

Any numerical method of solving a linear differential equation of 
second order will serve as a computational method to determine 
r(é) from a given b(t) and A(#), or, when suitably mechanized, 
will serve as the basis of a computer design. For numerical com- 
putation, however, the majority of such methods are not well 
adapted to equations of the type (2), where one term (the g-term) 
is a slowly varying function, but another term (the b-term) may 
show rapid variations in time. When applicable, though, Liouville’s 
approximation? is well suited to problems of this kind, and this 
letter indicates briefly its application to (2). The approximation in 
question is known as the Wentzel-Kramers-Brillouin-Jeffries 
approximation in its application as an asymptotic approximation 
in quantum mechanics; more generally, it appears in connection 
with transformations and asymptotic developments of Sturm- 
Liouville systems.’ It is ascribed to Liouville by Schelkunoff.‘ 

The quantity I (which is always positive for | 4| < Ro) is approxi- 
mately unity except for the perturbing parameter A(#). Under the 
transformation 


= f ‘T%(¢)do, v’=T"(2), (4) 
Eq. (2) yields the approximation 
(dr’ /dt!?) +-wo*r’ = T—*/4(t) b(t) — gol™/*(¢)k, (5) 


provided the first and second derivatives of /(¢) are sufficiently 
small so that . 
T-4(PE-4 /d?)<we, (6) 


and hence the term I-**(@I-"/*/d@)r’ can be neglected in (5). 
When the right-hand side of Eq. (5) is considered a function b’ 
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of #, the equation is linear with constant coefficients in the 
reduced variables #’, r’. The explicit solution for r then follows 
directly as 


r= (Vo/wol"*) sin [+» i r'%(o)do + == 


wol"/* 


xf" [mey- eco] sin [~.( bi r'%(e)do—r) |dr, (7) 


under the initial conditions r>=O0 and (dr/dt)o>=vo. In actual 
application, [ in (7) can usually be replaced by the approxi- 
mation indicated in (3). 

Equation (7) yields a convenient solution for numerical com- 
putation, since the solution is reduced to quadratures which can 
be carried out by the trapezoid or Simpson’s rule (the sine func- 
tion under the integral sign must be expanded by the addition 
theorem). To apply the method over an extended interval (over 
which the effect of the neglected term in Eq. (5) may be sig- 
nificant), one can use (7) as the step solution in the method of 
“linear continuation” described in the previous paper.! Alter- 
natively, Schelkunoff’s “wave perturbation” method**® (with a 
slight modification for the presence of a forcing function) may be 
used; this method is based on Liouville’s approximation, but 
defines the final solution as the limit of an iterative process over 
the over-all interval. 





* Now at North American Aviation, Inc., Los Angeles, California. 

1 Gilvarry, Browne, and Williams, J. App. Phys. 21, 753 (1950). 

2 J. Liouville, J. de Math. 1, 253 (1836); 2, 16 (1837); 2, 418 (1837). 

*R. Courant and D. Hilbert, Methoden der mathematischen Physik 
(Verlag. Julius Springer, Berlin, 1931), Vol. I, pp. 250, 290. 

4S. A. Schelkunoff, Q. App. Math. 3, 348 (1945). 

5M. C, Gray and S. A. Schelkunoff, Bell Syst. Tech. J. 27, 350 (1948). 





Natural Crystal Greenockite (Cadmium Sulfide) 
as an X-Ray Detector 
E, L. CriscuoLo aNpD D. T. O’CoNNoR 


U.S. Naval Ordnance Laboratory, Silver Spring, Maryland 
September 8, 1950 


ECENTLY;,! artificially produced cadmium sulfide crystals 

have been described as sensitive x-ray detectors. Previous 
work described in the literature? refers to artificial cadmium 
sulfide crystals. 

Natural greenockite crystal fragments of the order of 1 mm? 
have been observed to pass direct currents up to 110-5 amp. in 
a 100-kv x-ray beam of an intensity of 4 roentgens per minute. 
This rough measurement was made using a micro-ammeter and a 
collecting battery voltage of 22 volts. Four samples gave similar 
results; they were light-sensitive and non-luminescent. 

The mineral specimen was obtained from the Smithsonian 
Institute through the courtesy of Dr. W. F. Foshag, Chief of 
the Division of Mineralogy and Petrology, and Dr. R. Kellogg, 
Director. 


1 Rudolf Frerichs, J. App. Phys. 21, 312-317 (1950). 
2? Robert Hofstadter, Nucleonics (April, 1949); (May, 1949). 





Measurements on the Diffusion of Interstitial 
Atoms in B.C.C. Lattices* 


C. A. WERT 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
August 14, 1950 


HE alloys of interstitial dissolved atoms in the b.c.c. lattices 
offer the possibility that one can make extremely accurate 
measurements of the rate of diffusion of the solute atoms. This is 
so because the high temperature bulk diffusion measured by 
standard metallurgical methods can be extended to lower tem- 
peratures by measurements made on an atomistic scale by use of 
relaxation measurements. The diffusion of C in a-Fe offers an 
example of this technique. Stanley' measured the rate of diffusion 
in the range 500°C to 700°C. The author*® measured diffusion in 
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the range —35°C to +200°C. Together the data extend the 
knowledge of the diffusion coefficient over some 14 cycles of 10- 
this range is somewhat higher than has been done for any other 
system. 

In an effort to extend this type of measurement to other 
systems, the author has made measurements of diffusion of C jp 
Ta and Cb and of N in a-Fe. These measurements were made by 
two manifestations of the anelastic relaxation effects; the interna] 
friction and the elastic aftereffect. The methods used are those 
described earlier.? The data are shown in Fig. 1. Here the diffusion 
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Fic. 1. Diffusion coefficient for C in Ta and Cb and N in a-Fe vs. 1/T. 


of N in a-iron and of C in Ta and Cb are seen to satisfy the 
well-known relation D= Dy exp(—H/RT). These data, of course, 
do not have the range quoted above for C in a-Fe; further meas- 
urements at much higher temperatures are needed for really 
accurate determination of Do and H. 

An attempt to examine the various factors which make up Dy 
has been made by Wert and Zener.* They expressed Do as 


Do=naatve* S/F, (1) 
where n, a, and a? are geometrical constants for a given lattice, 
»v is the frequency of oscillation of a solute atom in an interstitial 
site, and AS an “entropy of activation.” They found that if all 
of the activation energy for diffusion went into straining the 
lattice, then 

AS = —H(d |Iny/dT), 


where y is the shear modulus of the lattice. For simplicity one 
can rewrite this expression by defining 8=d(u/yo)/d(T/Tm) ob- 
taining 

AS = BH/T. (2) 


In this expression po is the modulus at T=0 and T,, is the melting 
temperature. 8 may be obtained for a large number of materials 
from some work of Késter.‘ For Ta and a-Fe the values of 8 are 
0.40 and 0.43, respectively. 

It follows from Eq. (1) that once Do is known from experiment, 
AS may be calculated. It is also true that if all the energy of 
activation goes into lattice strain energy, then AS is given by 
Eq. (2). A comparison of AS/R calculated by the two methods is 
given in Fig. 2. Here are shown data for C in a-Fe and Ta, N in 
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Fic. 2. (AS/R) as computed from Eq. (1) using diffusion experimental 
data vs. AS/R as computed from Eq. (2). For each material successive 
points are taken from the literature and the present letter as follows. 
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Oxygen in Ta T. Ke, Phys. Rev. 74, 9 (1948). 

Nitrogen in Ta T. Ke, Phys. Rev. 74, 914 (1948). 

Carbon in Ta + ~— Rev. 74, 9 (1948); C. A. Wert (present 
etter). 

in a-Fe . Snoek, Physica 8, 711 (1941); J. K. Stanley, Trans. 

Came JME. 185. 752 (1949); C. Wert wane pans. 
Phys. Rev. 76, 1169 (1949); C. Wert, Phys. Rev. (to 
be published) 

N in a-Fe J. Snoek, Physica 8, 711 (1941); C. Wert and C. Zener, 


Phys. Rev. 76, 1169 (1949); C. Wert (present letter). 


a-Fe and Ta, and O in Ta. The open circles represent the best 
data available at present; the other circles represent earlier data 
as given in the caption to Fig. 2. If AS/R computed by Eqs. (1) 
and (2) were identical, then all the points should lie on the dashed 
line. The trend of the measurements toward better agreement 
between AS/R, as computed by the two methods, is quite ap- 
parent. This trend toward better agreement presumably results 
from the better values of Do obtainable by extension of the 
measurements over a wider range of temperature. 

* This research was supported in part by the ONR (Contract No. N-6ori- 
20-IV, NR 019 302). 

1J. K. Stanley, Trans. A.I.M.E. 185, 752 (1949). 

2C, Wert, Phys. Rev. (to be published). 


*C. Wert and C. Zener, Phys. Rev. 76, 1169 (1949). 
‘W. Késter, Zeits. f. Metallkunde 39, 1 (1948). 





A Remark about Standardization and “‘A Dimen- 
sional Analysis of Metal Cutting’ * 


ANDRE MARTINOT-LAGARDE 
Associate Professor of Mechanics of Fluids, Lille University, France 
September 8, 1950 


NALOGOUS non-dimensional variables appear in both metal 

cutting and mechanics of fluids. Therefore, it seems con- 
venient to choose exactly the same non-dimensional variables. 
For instance in mechanics of fluids cp VI/K (c specific heat, p mass 
density, V velocity, / length, K thermal conductivity) is called 
the “Péclet number.” This note is to propose writing the same 
number for metal cutting, instead of its inverse, used by Drucker 
and Ekstein, and using the same designation also. The velocity 
indeed is the variable which varies the most frequently, and it is 
convenient that every non-dimensional variable be proportional 
to such a quantity. 


*D. C. Drucker and H. Ekstein, J. App. Phys. 21, 104-107 (1950). 
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Tearline Patterns in Ferrochromium 
C. A. ZAPFFE AND F. K. LANDGRAF 
Baltimore, Maryland 
August 14, 1950 


N the course of studying fractographic patterns,* special for- 

mations have frequently been observed within the fracture 
traverse which are believed to relate to conditions of original 
crystal growth. Some suggestively similar patterns, however, are 
discussed from another viewpoint in the recent paper by Kies, 
Sullivan, and Irwin in this journal.’ Their contribution is an 
important advance in the interpretation of fracture patterns, and 
specifically those previously classified as Type II expressing 
transient conformations of the fracturing stress.? It also focuses 
attention upon a principal current problem in the interpretation 
of certain fracture patterns—the distinguishing between Types I 
and II. Many fractographs, without possible question, reveal 
structural features of the solid; but others clearly refer only to 
stress. Because the correct identification often has important 
implications for theories of the solid state, several complex ex- 
amples are submitted here, taken from a study of chromium- 
rich iron. 





Fic. 1. Fractograph of ferrochromium containing 70 percent Cr and 
0.05 percent C, showing a transition from transgranular to intergranular 
fracture traverse. 


In Fig. 1, transgranular and intergranular fractures lie within 
the same general plane of focus. To the left of the diagonal 
boundary, fracture has followed a cleavage plane of the icositetra- 
hedron {112}, displaying a relatively flat traverse with traces of 
intersecting planes which can be identified as also belonging to 
the icositetrahedral form. The traverse then shifts from a planar 
to a banal path along grain or lineage boundaries. 

In Fig. 2 some of the fanlike forms visible on the banal traverse 
of the previous figure are shown in more detail. The condition 
here is particularly interesting because of an irregular boundary 
roughly bisecting the field. Patterns somewhat similar to these, 
as has been shown by Kies, Sullivan, and Irwin, can be obtained 





Fic, 2. Intergranular surfacial detail in fractured 70 percent 
ferrochromium containing 0.17 percent C. 
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Fic. 3. Fractograph of ferrochromium containing 0.75 percent nitrogen, 
showing a boundary [lightly retouched for reproduction] which sharply 
separates the upper and lower halves of the field. 


by special stress conformations during fracture of amorphous or 
rheologically isotropic bodies. However, solid metals show pro- 
nounced directionalism, both from crystal perfection and from 
crystal imperfection; and according to the theory advanced earlier 
in this study,’ the present authors prefer the interpretation that 
these formations relate to original crystal growth in which clusters 
of molecules—‘micelles’”—have assumed a common orientation 
to provide the single grain, but have carried into the solid state 
certain aspects of their original micellar form and a general im- 
perfection pattern of their cumulative mismatching. It is suggested 
that the grain under observation in Fig. 2 has grown from the 
lower right as the result of a commonly oriented accumulation of 
two major lineages and several minor ones. This growth then 
possibly halted along the observed boundary during solidification, 
beginning again with renewed nucleation, as indicated in the 
pattern. On the other hand, descriptions given by Kies, Sullivan, 
and Irwin are impressive in suggesting that at least a portion of 
this pattern might be Type II, the indicated nucleations being 
nucleations of fracture with or without further impression of 
imperfection structure. 

In Fig. 3 a particularly puzzling pattern appears in which a 


boundary of the type in the previous figure delineates with sharp 


contrasts the upper and lower portions of the field. It is possi} 
that elaborately complex stress formations during fracture ap. 
proached simultaneously from above and below, meeting at the’ 
indicated boundary to form the observed pattern. 

On the other hand, it is submitted as the preferred interpretatiog | 
here that an unusual growth condition is being observed in which 
dendritic formations, separately nucleated in the liquid phase ang 
growing with lineage characteristics, have approached from solidj. | 
fication directions above and below in the fractograph, the two 
masses mutually exhausting the remanent liquid phase as solidig. 
cation progressed, producing thereby both the boundary and the 
branching fractographic forms. 

* Investigation conducted in the senior author’s Laboratory under cog 
tract with the ONR. 

1 Kies, Sullivan, and Irwin, J. App. Phys. 21, 716-720 (1950). 


2 C. A. Zapffe and C. O. Worden, Acta Cryst. 2, Part 6, 377-82 (1949). 
7C. A. Zapffe, Am. Soc. Metals Trans. 42, 387-98 (1950). 





Note on “Interference of Growing Spherical 
Precipitate Particles” 
HERSHEL MARKOVITZ 
Mellon Institute of Industrial Research, University of Pittsburgh. 


Pittsburgh, Pennsylvania 
July 28, 1950 


N a recent article Wert and Zener! derived the differentia] 
equation 
rdW /dt=(3/2)(1—-W) Ww 
to which a solution was desired with the condition that at ¢=0, 
W =0. An analytical integration of this equation is 


¢ 2fi (tst2 -(==%)) 
7 3l2 ™\G—ae IT a) 


where W =<’. If various values of W are substituted, correspond- 
ing values of ¢ can be obtained. As far as one can tell from their 
Fig. 3, this solution seems to lead to somewhat better agreement 
with the experimental results than the numerical integration per- | 
formed by the authors. 


tC. Wert and C. Zener, J. App. Phys. 21, 5 (1950). 
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